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ABSTRACT. We introduce the Bergman fan of a polymatroid and prove that
the Chow ring of the Bergman fan is isomorphic to the Chow ring of the
polymatroid. Using the Bergman fan, we establish the Ké&hler package for
the Chow ring of the polymatroid, recovering and strengthening a result of
Pagaria—Pezzoli.

1. INTRODUCTION

By definition, a matroid on a finite set E is given by a rank function rk: 28 — Zq
satisfying the following for all subsets A1, As C E:
(Submodularity) rk(A; U As) +rk(A; N Ag) < rk(Ap) + rk(As).
(Monotonicity) If A; C As, then rk(A;) < rk(A4s).
(Boundedness) The rank of a subset is at most its cardinality.
(Normalization) The rank of the empty subset is zero.

Sans “boundedness”, the axioms above define a polymatroid. Throughout this pa-
per, we assume that the polymatroid is loopless:

(Looplessness) The rank of any nonempty subset is nonzero.

If P is a polymatroid on E, then its rank is rk(P) := rk(E). A flat of P is a subset
F C FE that is maximal among sets of its rank. Ordered by inclusion, the flats of
P form a lattice £Lp.! The intersection of two flats is a flat, so any subset A of F
is contained in a unique minimal flat clp(A), called the closure of A in P, which is
obtained by intersecting all flats that contain A.

Matroids are combinatorial abstractions of hyperplane arrangements, and more
generally, polymatroids are combinatorial abstractions of subspace arrangements.

Example 1.1. Let Vq,...,V, be linear subspaces of a vector space V over a field
F. There is a polymatroid P on the set E = {1,...,n} defined by the rank function
rk(A) = codimy (N;jea V7).

The polymatroid P is a matroid if and only if every V; is a hyperplane. The map
F — N;erpV; is a bijection between the flats of P and the subspaces of V' obtained
by intersecting some of the V;’s. A polymatroid arising in this way is said to be
realizable over I, and the subspace arrangement is called a realization of P over F.

Much of a hyperplane arrangement’s combinatorial data is captured by intersec-
tion theory on its wonderful compactification [5]. To extend this from hyperplane

1Unlike in the case of matroids, the lattice of flats of a polymatroid can fail to be graded or
atomic.
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arrangements to non-realizable matroids, one must replace the wonderful compact-
ification with a combinatorial object, the Bergman fan of a matroid. The purpose
of the present paper is to introduce the Bergman fan of a polymatroid, a combi-
natorial model for the wonderful compactification of a subspace arrangement. As
in the case of matroids, the Bergman fan of a polymatroid is a tropical variety of
degree one. In Section 4, we show that the Chow ring of a polymatroid satisfies
the Kéahler package with respect to any strictly convex piecewise linear function on
its Bergman fan, recovering and strengthening a result of Pagaria and Pezzoli [15,
Theorems 4.7 and 4.21].

Our construction of the Bergman fan is inspired by a geometric observation:
over an infinite field, the wonderful compactification of any subspace arrangement
can be realized as the wonderful compactification of a hyperplane arrangement,
taken with respect to an appropriate building set (Remark 3.5). The construction
immediately reveals that the Bergman fan of a polymatroid and the Bergman fan
of the associated matroid have the same support. Thus, the Kéhler package for the
polymatroid follows from that of the associated matroid [1] and the general fact
that the validity of the Kahler package for the Chow ring of a fan depends only on
the support of the fan [2].

1.1. The Bergman fan of a Boolean polymatroid. An important special case
is that of Boolean polymatroids. Let w: F — E be a surjective map between finite
sets. The Boolean polymatroid B(w) on E is defined by the rank function

rkp(q)(A) = |77 (A)| for AC E.
We write N for ZE/Z(L 1,...,1), and for S C E, write eg for ), ce; in Nz ®@R.

Definition 1.2. The Bergman fan ¥p(,) of the Boolean polymatroid B() is the
fan in Nz ® R with cones

05,5 = cone(€ —1(m), - - -, €x-1(F,)) + cone(e;)ics,

for every chain ¥ = {§ C F, C F, C --- C F, C E} and subset S of E not
containing any fiber of .

Throughout the paper, we write n for the cardinality of E.

Definition 1.3. An ordered transversal of mw is a sequence sq,...,s, of elements
of E such that each fiber of 7 contains exactly one element of the sequence. The

polypermutohedron Q() is the convex hull of the vectors >, ie,, in RE , where
81,...,8y, range over all ordered transversals of 7.

In Appendix A, we show X () is the inner normal fan of the polypermutohedron
Q(m). Definition 1.2 implies that ¥ g(,) is a complete unimodular fan in Nz.

Example 1.4. If 7 is a bijection, an ordered traversal of 7 is a permutation of E,
and Q(7) is the standard permutohedron in R¥. This recovers a familiar fact: the
Bergman fan of the Boolean matroid is the normal fan of the permutohedron.

Example 1.5. When F is a singleton, an ordered transversal of 7 is an element
E, and Q(7) is the standard simplex in R¥. Thus, the Bergman fan of a Boolean
polymatroid on a singleton is the normal fan of the standard simplex.
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Example 1.6. When |E| =n — 1 and all fibers of 7 have size d, the toric variety
corresponding to Y p(r) is a generalization of the Losev-Manin space of curves which
compactifies the moduli space of configurations of n points in A? up to translation
and scaling [9, Corollary 5.6].

1.2. The Bergman fan of a polymatroid. Let P be a polymatroid on E, and
let 7: E — E be a surjective map satisfying rkp(i) = |7 ~1(i)| for every i in E.

Definition 1.7. The Bergman fan ¥p is the subfan of ¥p(,) with cones given by
05,5 = cone(€ —1(m), .-, €x—1(f,)) + cone(e;)ics,
one for every chain of flats F={0=Fy C F; C F», C--- C F, C E} of P and a

subset S of E such that rkp(F, Un(T)) > rkp(F;) + |T| for all 0 < i < k and all
nonempty 7 C S\ 7~ 1(F}).

The Bergman fan ¥p is unimodular with respect to N, defining a smooth toric
variety Xp over C. We write A(Xp) for the Chow ring of Xp. We relate A(Xp) to
the Chow ring of the polymatroid P (Definition 4.1), denoted DP(P), introduced
in [15, Section 4]. Our main result states the following.

Theorem 4.2. There is a natural isomorphism of graded rings DP(P) = A(Xp).

In Corollary 4.3, we use Theorem 4.2 to recover a Grobner basis for DP(P) found
in [15]. In Corollary 4.7, we prove the Kahler package for A(Xp) with respect to the
cone of strictly convex piecewise linear function on X p, extending the Kéhler pack-
age for DP(P) with respect to the o-cone in [15]. See Remark 4.8 for a comparison
of the two cones.

1.3. Building sets. In fact, our results hold for polymatroids P equipped with
a geometric building set G (Section 3). The statements above are specializations
of our results to the case when G consists of all nonempty flats of P. In maximal
generality, we define the Bergman fan of (P, §), denoted Xp g (Definition 3.6). The
Chow ring DP(P, §) associated to (P, §) was introduced in [15], and it is isomorphic
to A(¥pg) (Theorem 4.2). All corollaries continue to hold, including the Kéhler
package for DP(P, §).

Example 1.8. Let P be the polymatroid on E = {a,b, ¢} with flats (depicted in
Fig. 1) satisfying rkp(a) = rkp(b) = 1, rkp(ab) = rkp(c) = 2, and rkp(abc) = 3.
Define 7: E = {a,b,c1,¢2} — E by n(a) = a, n(b) = b, and 7(¢;) = ¢. The
Bergman fan Y p is a pure 2-dimensional simplicial fan in RE/R(L 1,1,1) with rays
generated by the vectors

€4, €, €cyy €cy; €aby €y,

and 2-dimensional cones

Ole}er = CONE(€cicys €0, ), Olc},er = cONE(€c,cy, €cy)

Ofa},e1 = e(eme ) Ola},ca — (eaae )

Ob},e, = cone(ep, e, ), Olb}es = cone(eb,eq)
O{acab},0 = Cone(em €ab), T(bcab},0 = cone(ep, eqp)

In Section 3, we will come to understand ¥ p as the nested set fan (Section 3) of a
matroid P, called the multisymmetric lift of P (Definition-Proposition 2.11), with
respect to a building set G constructed from the maximal building set of P.
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FIGURE 1. The lattice of flats of P (left), and of its multisymmet-
ric lift P (right). The symmetric group of order 2 acts on P by
swapping ¢; and co, and the “geometric” flats invariant under this
action (drawn in blue) are precisely the sets of the form 7~ !(F)
with I’ a flat of P. Elements of the building set G for P are un-
derlined.

Organization. In Section 2, we develop the combinatorics of multisymmetric ma-
troids and lifts, a key tool throughout this paper. We use lifts to define the Bergman
fan of a polymatroid (with respect to a geometric building set) in Section 3. Fi-
nally, in Section 4, we show that the Chow ring of the Bergman fan agrees with the
polymatroid Chow ring of [15] and derive consequences. Examples 1.1 and 2.12,
and Remarks 3.5, 3.12, and 4.6 explain the geometry underlying this work.

Acknowledgements. We thank Spencer Backman for comments and conversa-
tions. The second author is partially supported by a Simons Investigator Grant
and NSF Grant DMS-2053308, the third is supported by an NDSEG fellowship,
and the last is supported by a Sloan fellowship.

2. MULTISYMMETRIC MATROIDS

Many proofs in Section 4 reduce statements about polymatroids to known state-
ments about matroids. The key tool for this reduction is multisymmetric matroids,
a new cryptomorphic formulation of polymatroids. Let &z denote the symmetric

group on a finite set E. We continue to assume that all (poly)matroids are loopless.

Definition 2.1. A multzsymmetmc matroid is a matroid M on E equ1pped with
a partition E = E1 - U E,, such that the action of I' = G = B, XX S= g, on E
takes flats to flats. The geometric part of a subset S C E is S8 = Nyer(y - S).
We call a subset S C E geometric if S = 58,

For a multisymmetric matroid M, we write LR{ for its poset of geometric flats.

Example 2.2. Any matroid M on E can be given the trivial multisymmetric

structure by setting I' = HeeE Syey- In this case, L5, = L.

Example 2.3. If M is multisymmetric on E= El, then M is a uniform matroid,
and LY, is {0, E}.

Example 2.4. Let E be the set of edges of the complete graph K, and let M be
the graphic matroid of Kj. No transposition of G preserves the flats of M, so M
has no non-trivial multisymmetric structures.
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Closure in a multisymmetric matroid is restricted by the group action.
Lemma 2.5. If M is multisymmetric and S C E is geometric, clpr(S) is geometric.
Proof. If S C E is geometric and v € T', v - clps(S) = clys (v - S) = el (9). O

Corollary 2.6. If M is multisymmetric, then the geometric flats of M form a
sublattice of Las.

Proof. If F and G are two geometric flats, then cly/(F U G) is geometric by
Lemma 2.5. The intersection of two geometric flats is also geometric. In other
words, the set of geometric flats is closed under both join and meet, and therefore
forms a sublattice of £p;. O

Corollary 2.7. If M is multisymmetric on E=FE U---UE,, then LY, is the
lattice of flats of the polymatroid P on the set of indices E = {1,...,n} defined by
the rank function tkp(A) ==tk (Uijc a E;).
Proof. Define : E > E by setting 7= 1(i) = E;. If F is a flat of P, then for all
FCAC{L,...,n},
tky (77 (F)) = 1kp(F) < tkp(A) = rky (77 1(A)).
-1

By Lemma 2.5, cly/ (77 1(F)) is geometric, so we conclude that cly (7=(F)) =
77 Y(F). In other words, 7~!(F) is a flat of M. Conversely, if F is not a flat of
P, then rkp(F) = rkp(F U4) for some i not in F. This implies clp/ (7~ (F)) D
7 Y (F Ui), so 7~ }(F) is not a flat of M. Therefore, F is a flat of P if and only if
7 1(F) is a geometric flat of M, and we have an isomorphism of lattices

Lp — L), Fr— 1 Y(F). a
Lemma 2.8. Let M be a multisymmetric matroid on E= El L--- En
(i) If S C E, then either clp(S) N EZ = EZ or cly (S)N EZ =5nN El
(ii) If F is a flat of M, then rkps(F) = rkp (F8°) 4 |F' \ F&°°|.

Proof. A permutation of Ei \ S induces an automorphism of M that fixes S. Any
such automorphism also fixes clp/(S) because automorphisms commute with clo-

sure. Hence, if (E; \ S) N clp(S) is nonempty, then E; C clp(S). This proves (i).
To prove (ii), let {s1,...,s,} = F\ F&®°. If (ii) fails then for some 1 <i <k,

s (F5° U {51, .., 503) = tkag (FE° U {s1, ..., s141).

Therefore if s;11 € E'j then EJ— C cly(F&° U {s1,...,8;}) C F by the first part.
Consequently, s;11 € F'8°°, a contradiction. O

Lemma 2.9. A multisymmetric matroid is determined by its geometric sets and
their ranks.

Proof. Let M and M’ be two multisymmetric matroids on E :~El Ue---u Em and
suppose that for all A C {1,...,n}, tky (Usea E;) = tkpr (Usca B;). If F is a flat of
M, and F’ is the closure of F' in M', then

I‘kM/(F) S rkM/ (Fgeo) + I‘kM/ (F \ FgeO) § I'kM(Fgeo) + |F \ Fge0| = rkM(F)
by Lemma 2.8(ii). Symmetrically, rkys (F") < rkpp (F’), so
I‘kM/(F) S I‘kM(F) S I‘k]\/[(FI) S I‘kM/(FI).
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The left- and rightmost terms are equal, so F' = F’ because F is a flat of M. This
shows that M and M’ have the same flats, and that their flats have the same ranks,
so M and M’ are equal. O

Remark 2.10. The closure of a geometric set is a geometric flat by Lemma 2.8(i),
so Lemma 2.9 implies that a multisymmetric matroid is also determined by its
geometric flats and their ranks.

2.1. Lifts. Let P be a polymatroid on E = {1,...,n} and M a multisymmetric
matroid on E = Ey U --- U E,. If P is the polymatroid given by Corollary

2.7, then we say that M is a multisymmetric lift of P. If rky (E;) = |E;| for all
1 <4 < n, then we say that M is a minimal multisymmetric lift of P.

Definition-Proposition 2.11. A polymatroid P has a unique minimal multisym-
metric lift P constructed as follows. For 1 < i < n, let E; = {1,...,rkp(i)}, and
E =FE,U---UE,. Define the projection : E—>FE by 771(i) = E;.

The minimal multisymmetric lift of P is the matroid P on E with rank function

rk5(S) = min{rkp(A) + [S\ 7 ' (A)|: A C E}.

Example 2.12. Suppose P is the polymatroid realized by an arrangement of sub-
spaces V1,...,V, in V as in Example 1.1. The minimal multisymmetric lift P is
realized by any hyperplane arrangement

{Vij:1<i<n, 1<j<rkp(i)},

where V;1,...,V k() are generic hyperplanes containing V;. Here, we assume

that the vector space is defined over an infinite field. The flats of P are in bijection
with the subspaces that can be obtained by intersecting some of the hyperplanes
Vi,j- Under this bijection, the geometric flats correspond to intersections of any
collection of V;’s.

Versions of the construction in Definition-Proposition 2.11 make many indepen-
dent appearances in the literature, for example, in [10, §2] and [11, Propositions
3.1 and 3.2]. The most complete treatment we are aware of is [13, §2], whose
terminology differs from ours.

Notation. We continue to use the notations of Definition-Proposition 2.11 in the
remainder of this section. For visual clarity, we often write M = P. As usual, T’
stands for the product of symmetric groups that acts on M.

Proposition 2.13. The minimal lift M = Pis multisymmetric. Explicitly,

(i) tkps is a matroid rank function, and

(i) the action of T preserves flats.
Proof. The proof of the first part is reproduced from [14, Proof of Theorem 11.1.9].
We need to check that rkj is non-negative, increasing, submodular, and satisfies
rkps(S) < |S| for S C E.
Clearly values of rkp; are non-negative. Let S C E and s € E\S. Forall A C E,

tkp(A) 4+ [S\ 71 (A)| < tkp(A) +[SUs\ 7 1(A),
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so tkys is increasing. Moreover, by induction on |S],
rk (S U s) =min{rkp(A) +[SUs\ 7' (4)|: A C E}
<min{rkp(A) +[S\ 7 1 (A)|: ACE} +1
=rky(S)+1<|S|+1=|SUs],
so it only remains to check that rk,; is submodular. Let 51,55 C E and A, A, CFE
such that tks(S;) = rkp(4;) + |S; \ 77 1(4;)]. Then
I'kM(Sl) -+ I'kM(SQ) = I‘kp(Al) + |Sl \7T71(A1)| + I‘kP(AQ) -+ |SQ \7T71(A2)|
> rkp(A1 UAs) +rkp(41 N Az)
+ 181 \ 7 (A)] + [S2 \ 71 (A2)| by submodularity of rkp
Zrkp(Al U AQ) + I‘kp(Al n AQ)
+ ‘(51 U Sg)\ﬂ'_l(Al UAQ)‘ + |(Sl n SQ) \7T_1(A1 ﬂA2)|
> I‘kM(Sl U SQ) + I‘k]v[(S1 N Sg).

For the second part, let v € T" and S C E. For any subset A C FE, we have that
IS\ 7 L(A)| = |(v-S)\ 7 1(A)], and hence rkps(S) = rkps (7 - 9). O

The following lemma implies Pisa multisymmetric lift of P.

Lemma 2.14. Fiz notation as in Definition-Proposition 2.11, and set M = P. If
S C E is stable under T', then rkps(S) = rkp(7(S)).

Proof. Since S is stable under the action of I', S is a union of fibers of 7. Hence,

rkyr(S) =min{rkp(A) + S\ 7 1 (A)|: AC E} by the definition of rky,
=min{rkp(A) +|S\ 7' (A)|: A C7(S)} because rkp is increasing

= min { rkp(A) + Z |7~ t(i)| : A C 71'(5)} because S = 7~ (7(9))
ien(S)\A

=min { rkp(A) + Z rkp(i) : A C W(S)} by Definition-Proposition 2.11
iem(S)\A
>rkp(7(S)) by submodularity of rkp.

On the other hand, taking A = m(S) in Definition-Proposition 2.11, we have
I‘k]y[(S) < I‘kp(?T(S)) ([l
Proof of Definition-Proposition 2.11. Let P be a polymatroid, and let M = P
on E=F U U En, acted upon by I', be as in the statement of Definition-
Proposition 2.11. By Proposition 2.13 and Lemma 2.14, M is a multisymmetric lift
of P. It is minimal because

vk (E;) = tkp(n(E;)) = rkp(i) = | E;.

The uniqueness statement follows from Lemma 2.9 and the fact that the ranks of
geometric sets in any lift of P are determined by P. O
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2.2. Operations. The formation of minimal multisymmetric lifts commutes with
some polymatroid operations. Let F' be a flat of a polymatroid P on E. The
restriction of P to F, denoted P|r, is the polymatroid on F' with rank function

tkp|,(A) =rkp(4), ACF.
There is a lattice isomorphism
Lp,—{GeLlp:GL<F}, Hw~ H.
If P, and P, are polymatroids on E' and E?, respectively, then their direct sum
is the polymatroid P, & P> on E' U E? with rank function
tkp,ap,(S) = 1kp, (SN EY) +1kp, (S N E?).
There is a lattice isomorphism

LP1XLP2*>£pl@p2, (F,G)*—)FHG
Lemma 2.15. If P, and P are polymatroids, then Pl/G\B/PQ = ]31 ® ?2.

Proof. From Corollary 2.7 and the definition of P, & P, it follows that 151 P ﬁg lifts
P, & P,. If 'y and T’y are the groups acting on ﬁl and 152, then I'y x I'y acts on
P @ 152, so it is multisymmetric. It is minimal by minimality of Py and 132, so the
lemma holds by the uniqueness statement of Definition-Proposition 2.11. O

Lemma 2.16. If F is a flat of a polymatroid P, then ﬁ\‘l/r = 15|,r71(p).

Proof. The rank functions of both sides are obtained by restriction, so ]5|r1( F)
lifts P|p. If I acts on P, then a subset of I'’s factors acts on P|,-1(p), so it is

multisymmetric. It is minimal because P is, so Definition-Proposition 2.11 implies
the lemma. 0

3. BUILDING SETS AND BERGMAN FANS

Here, we recall the combinatorics of geometric building sets. We then generalize
the definition of the Bergman fan of a polymatroid given in the introduction by
associating a fan to each polymatroid equipped with a geometric building set.

3.1. Geometric building sets. If P is a polymatroid, § C Lp, and F € Lp, let
and write max G for the set of maximal elements of G.

Definition 3.1. A geometric building set of a polymatroid P is a collection G of
nonempty flats such that for all F € Lp \ {0}, the map

H LP\G - LP\F
Gemax G<

is an isomorphism, and

> k(@) =1k(F).
Gemax G<p
If £ € G, then a nested set of P with respect to G is a subset N C G such that for
all {Fy,..., Fr} C N pairwise incomparable with k > 2, we have that

Clp(Flu'”UFk) ¢9
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With respect to a fixed geometric building set, a subset of a nested set is nested,
so nested sets form a simplicial complex. All building sets are henceforth assumed
to contain EZ.

Example 3.2. The maximal geometric building set of P is the collection of all
nonempty flats. With respect to this building set, the nested sets are flags of
nonempty flats.

Lemma 3.3. Let P be a polymatroid, P its minimal multisymmetric lift, and © as
in Definition-Proposition 2.11. If G is a geometric building set for P, then

G={r"Y(G):G e G} U {atoms of L5}
is a geometric building set for P.
Proof. Let F be a flat of M = P. By Lemma 2.15 and Lemma 2.16, the map
H LM\G - LMlF
GE€max §§Fgeo
factors into a chain of isomorphisms
[T wex TI oy Lo & Luea
Gemax G< pgeo Héemax G < r(Fgeo)
and by Lemma 2.14,

Z rky (G) = Z rkp(7(G))

G Emax ggpgeo GEmax ggpgeo

= > rkp(H) = rkp(m(F&°)) = rky (F&©°).

Héemax § < (rgeo)
Consequently, by Lemma 2.8(ii), the first displayed condition of Definition 3.1 holds:

H LM\G: H LM|G X H LMl{i}

G Emax éSF GEemax §§pgeo i€ F\Feee
= Laf|pseo X H Lumigy = Lmies
i€ F\ Fseo
Also by Lemma 2.8(ii), the second displayed condition of Definition 3.1 holds:
> rka(G) =rku(FE°) + Y rka(i)
G Emax §§F i€ F\ Feeo
= rkps (F'8°°) + |F \ F8°| = rkp (F).
(]

Lemma 3.4. If § is a geometric building set for P, then N C G is G-nested if and
only if N={r=Y(F): F € N} is G-nested.

21n the realizable case, this assumption guarantees the associated wonderful compactification
is smooth and can be described as an iterated blow-up [5, §4.1]. Combinatorially, we lose nothing
by this assumption [15, Remark 4.1].
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Proof. Set M = P. Let {Fy,...,F,} C N be a set of pairwise incomparable flats.
By Corollary 2.6, the geometric flats of M form a sublattice of £js, isomorphic to
L p by Definition-Proposition 2.11. Hence,

Ay N (F)U-m Y(F,)) €9 < cp(FLU---UF;) €6. 0

Remark 3.5 (Geometry of building sets). Let {V;}; be a subspace arrangement in V,
defining a polymatroid P. Let G be a building set for P. By [5, §1.6], the wonderful
compactification of {V;}; with respect to § can be constructed by blowing up P(V)
along all subspaces N;cpP(V;) with F' € G, first blowing up those of dimension 0,
then those of dimension 1, and so on. Let {V;;};; be a hyperplane arrangement
realizing ]3, as in Example 2.12. Blowing up a codimension 1 subvariety is an
isomorphism, so Lemma 3.4 implies that the wonderful compactification of {V;};
with respect to a building set § is isomorphic to the wonderful compactification of
{Vi;}i; with respect to §.

3.2. Bergman fans. Let P be a polymatroid on F, with minimal lift P on E.
Let R be the vector space spanned by e; for ¢ € E and write eg == > _._se; for

S C E. If $ C 27 is a collection of subsets, write

€S

os =cone(eg : S €8) C RE/R(L 1,...,1).

Definition 3.6. Let P be a polymatroid on F, and § C Lp a geometric building
set of P. The Bergman fan associated to (P, 9) is ¥ p g := {on}n, where N ranges

over all 9 nested sets of P such that E g N.

If P is a matroid and § is the maximal geometric building set of P, then P=P
and § = G. In this case, X p g coincides with the Bergman fan of [1, Definition 3.2].

Lemma 3.7. Let P be a polymatroid and let G be the maximal geometric building
set of P. Then the G-nested sets of P are in bijection with the chains of flats
F = {0=F,CF CF,C---CF,CE} of Pand a subset S of E such that
tkp(FUR(T)) > tkp(F) +|T| for all proper F € F and nonempty T C S\ 7~ (F).

Proof. Let N be a nested set of G , which consists of some geometric flats and some
atoms. As the join of two geometric flats is geometric, we see that the geometric
flats must form a chain {§) = Fy C m~Y(F) C 7 1(F) € --- C 7 *(F) € E},
where Fy, ..., F}, are flats of P. Let S be the set of atoms in /. Tt suffices to check
that SU{r~1(F}),..., 7 1 (Ft)} is nested if and only if tk p (FUn(T)) > tkp(F)+|T|
for all proper F' € F and nonempty T'C S\ 7~ }(F).

If the inequality holds, then

rkp(F U (T)) > tkp(F) + |T| > tkp(x ' (F) UT)

for any F € {Fy,...,F;} and all nonempty T C S\ 7~ 1(F). The left-hand side
is the rank of the smallest geometric flat containing 7=1(F) U T, so the closure of
7~ Y(F)UT cannot be geometric. Therefore SU {71 (Fy),..., 7 1(F})} is nested.

Now suppose that SU {7~ (Fy),..., 7 1(Fx)} is nested, but the inequality fails
for some F € {F,...,Fy} and some T C S\ 7 }(F). Let G be the smallest
geometric flat containing 7 ~!(F) UT. Then

I‘k]’g,(ﬂ'il(F) UT) <rkp(G) =rkp(FUT(T)) <tkp(F) + [T
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If the first inequality is an equality, then rks(7~*(F) UT) = rk3(G), and so the
closure of 771(F) U T is a geometric flat, contradicting that A/ is nested. There-
fore tkp(m =Y (F)UT) < rtkp(F) + |T| = k(7' (F)) + [T/, so there is a circuit
C C 7 Y(F)UT with C\ 7~}(F) nonempty. For any ¢ € C'\ 77 1(F), we have
cecs(r(F)uC\ ¢), and so by Lemma 2.8(i),

7 (m(c)) Cclp(n H(F)UC\ ).

Using this for all ¢ € C\ 7~ (F), we have 7~ (7 (C))Un~'(F) C clp(r}(F )U C),
so clp(n (7w (C))ur 1 (F)) = clp(a 1 (F)UC). Note that clz (7~ (7 (C))Ur 1 (F))
is geometric. Because C'\ 7~ 1(F) C T, this contradicts that A is nested. (]

Corollary 3.8. If P is a polymatroid and G is the mazximal geometric building set,
then ¥ p g coincides with the Bergman fan Xp defined in Definition 1.7.

Lemma 3.9. If P is a polymatroid and G is a geometric building set of P, then
Yp,g @5 a subfan of the normal fan of a convex polytope.

Proof. Let E be the ground set of P and B be the Boolean polymatroid with
rkp(i) = rkp(i) for all i € E. Suppose § is a building set for P. The definition
of geometrlc building set implies for any flat ' of P, maxG<p is a partition of

F'. Hence, 9 is a building set of both B and P and there is an inclusion of fans
Ypg=Yp5C Y53 (In fact, if all single-element subsets of E are flats of P, then §

is a geometric building set for B, and we obtain ¥pg C ¥ 5 5 = X g). The lattice

of flats of B is isomorphic to the lattice of subsets of E SO E~ 5 is the normal fan
of a convex polytope by [16, Theorem 7.4]. O

By [4], for any polymatroid P and a geometric building set §, A(Xp g) has the
following presentation.

Proposition 3.10. The Chow ring of ¥ p g satisfies

A(Spg) = Zlzg : G € G\ {E})/Ipg

where Ip g is the ideal generated by

2G, -+ 2a, for any not G-nested collection {Gy, ..., G},
ZszZzF foranyzyGE
i€G JEF

In particular, the Chow ring of Xp satisfies

A(Sp) = Z|zp : F nonempty proper flat of P] ® Z[z :i € E]/Ip,
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where Ip is an ideal generated by the following polynomials where zy is replaced by
1 wherever it appears:
2p — 2, 7w Y(F)={i} is a singleton set,
Zr 2ry,  F1oand Fy are incomparable proper flats of P,
ZF H zi, F is a proper flat and T C E \ 7T_1(F> is monempty satisfying
=
tkp(FUT(T)) < tkp(F) + |T|,
ZzF — Z zg, 1 and j are elements of E.
ieF jeG

We identify A!(Xp g) with the space of piecewise linear functions on the support
of ¥p g, modulo global linear functions. Explicitly, a piecewise linear function ¢ is
a representative of

Zé(up)z}r S Al(zp’g),
up

where the sum is over all primitive ray generators ur of rays of Xpg.

Remark 3.11. A slightly different presentation of A(Xp g) is used by [8]. For F' € g,

. - ZiEG Zel F=F
Yr = .
ZF, otherwise.

In terms of the yp’s, A(Xpg) is defined by the ideal Iry generated by

Yy, Y, {Gi,-.-.,Gr} not G-nested and
Se, icE.
i€G
Remark 3.12 (Tropicalization and the Bergman fan). Suppose P is the matroid
realized by an essential hyperplane arrangement Vi,...,V,, in V' that is, the inter-

section V1 N---NV, is equal to the origin. Denote the defined the defining equation
of V; by £; = 0. The inclusion
P(V\U;V;) = P(F)™), v [li(v):...: L, (v)]

shows that P(V \ U;V;) is a very affine variety. Its tropicalization is the support
of Xp, by [17, §9.3] and [3, §3] (see also [7, Theorem 4.1]). The corresponding
statement for realizable polymatroids does not make sense: the complement of a
subspace arrangement may not be very affine, so tropicalization [12, Definition
3.2.1] is not defined. Nevertheless, if {V;}; is a subspace arrangement (so P is a
polymatroid), then generic hyperplanes {V;; };; realizing P as in Example 2.12 define

a subtorus of P(]], V/V;). Tropicalizing this torus’s intersection with P(V'\ U;V;)
gives the support of 35, which coincides with that of ¥p.

4. CHOW RINGS OF POLYMATROIDS

If 8 is a collection of sets, write US for the union of the elements of §. In [15,
Section 4], Pagaria and Pezzoli define the Chow ring of a polymatroid as follows®.

3Unlike [15], we use Z-coefficients.
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Definition 4.1. Let P be a polymatroid and § C Lp a geometric building set.
The Chow ring of (P, 9) is
DP(P,Q) = Z[Z‘F F e 9]/]]313,

where Ipp is the ideal generated by

b
.IGl"'ka( Z $H>

$3H>G
for Ge§,8={G1,...,Gx} C G, and b > rtkp(G) — rkp(US<q).
When P is realizable by an arrangement of subspaces, DP(P, §) is the cohomol-
ogy ring of De Concini & Procesi’s wonderful compactification of the arrangement

complement. In this section, we make use of the theory of Grobner bases. For
background on this subject, see [6, Chapter 15].

Theorem 4.2. Let P be a polymatroid on E with lift P on E, and 7: E — E the
projection. There is an isomorphism DP(P,§G) = A(Xpg) sending T to yr—1(p)-
Proof. Let Ipp C Z[zp : F € G be the defining ideal of DP(P,G), and let Irpy C
Zlyr : F € 9G] be the defining ideal of A(Xpg) as in [8] (See Remark 3.11). We
define the following map on polynomial rings.
p:Zlxp: Fe§ = Zlyr: F € §], TR Y1 (F)
First we show ¢p(Ipp) C Ipy. Write f for one of the defining relations of Ipp:
b
= (er)( 30 wn)
Fes§ GOH>G
By [8, Theorems 1 and 3|, Iry contains the following two types of polynomials:
Hyp, S not g—nested,
Fes
d
H yp( Z yg) , N a nested antichain, UN < G, and d = rk(G) — rk(UN).
FeN H>G
If 8 is not G-nested, then 8 := {7~ 1(F) : F € 8} is not G-nested by Lemma 3.4.

Hence, ¢(f) is divisible by a relation of the first type. Otherwise, 8 is G-nested, so
8 is G-nested. In this case, p(f) is divisible by a relation of the second type because
b>1kp(G) — tkp(US<q) = rks(n ™1 (@) — tkp(US cr1(c))

=1k5(771(G)) — rk(U maxg<ﬂf1(g)).
This proves that ¢(Ipp) C Iry, so ¢ descends to @: DP(P,9) — A(Zpg).

If F € G is a flat of rank greater than 1, then yp is in the image of . By the
linear relation ), yg = 0, it follows that y; is also in the image of . Therefore,
@ is surjective. It remains to show that ¢ is injective. By [8, Theorem 2], the
generators of Irpy in the previous paragraph are a Grobner basis with respect to
any lexicographic monomial order < in which F} C F, implies yp, > yp,. Any

such order is an elimination order with respect to {y; : i € E} By [6, Proposition
15.29], the generators of Iy in the previous paragraph that do not involve any

4Eisenbud’s proof of this statement works over Z because all leading coefficients in our Grébner
basis are 1.
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y;, i € E, are a Grobner basis for im(p) N Iry. Any such polynomial is the image
of a generator of Ipp, so cpfl(IFy) = Ipp. This implies ¢ is an isomorphism. [

The proof of Theorem 4.2 also shows the following, originally obtained from [15,
Corollary 2.8].

Corollary 4.3. The defining relations of DP(P, §) in Definition 4.1 form a Grébner
basis with respect to any lexicographic < such that xp, < vp, whenever F1 2D Fs.

This recovers the monomial basis of [15].

Corollary 4.4. The following monomials are a Z-basis of DP(P, §):
o8
where N = {G1,...,Gy} is a nested set of G, and
1<a; <1tk(F;) —rk(UNcp,) foralll <i<k.

Proof. Immediate from Theorem 4.2 and [8, Corollary 1] (or Corollary 4.3 and [6,
Theorem 15.3]). O

Remark 4.5. In [15, Corollary 2.8], degree-lexicographic order (also called “homo-
geneous lexicographic” or “graded lexicographic” order) is used. Since the defining
relations of DP(P, §) in Definition 4.1 are all homogeneous, their initial terms with
respect to the lex or degree-lex orders are the the same. Thus, they are a Grébner
basis with respect to one order if and only if they are with respect to the other.

Remark 4.6. Suppose P is a polymatroid with building set G, realized by an ar-
rangement {V;}; in V. Let {V;;};; realize P as in Example 2.12. In this case, an
alternate proof of Theorem 4.2 is possible. By [8, §4], A(Xp,g) is isomorphic to
the Chow ring of the wonderful compactification of {V;;};; with respect to § By

Remark 3.5, the wonderful compactifications of {V;; };; with respect to § and {V;};
with respect to G are isomorphic. Hence, their Chow rings are isomorphic. The
Chow ring of the latter space is isomorphic to DP(P,G) by a comparison of the
presentations in Definition 4.1 and [5, Theorem 5.2].

In the remainder of this section, we recover [15, Theorem 4.7] and generalize [15,
Theorem 4.21] using Theorem 4.2 and the tropical Hodge theory of [2]. If R is a
Z-algebra, define Rg := R ®7 Q and Rp likewise.

Corollary 4.7. Let K = Q,R. Let P be a polymatroid of rank r and G a geometric
building set. Let ¢ be any K-valued strictly convex piecewise linear function on Xp g,
viewed as an element of A (Xpg)x = DP'(P, 9)k.

(i) (Poincaré duality) There is an isomorphism
deg: DP(P,G)" ! = Z,
and for all 0 < k < r/2, the pairing
DP*(P,§) x DP"*"1(P,§) = Z, (a,b) — deg(ab)
18 non-degenerate.
(ii) (Hard Lefschetz) For every 0 < k < r/2, the multiplication map
DP*(P,G)x — DP" * " 1(P,9)x, am— "%,

18 an isomorphism.
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(i1i) (Hodge-Riemann) For every 0 < k < r/2, the bilinear form
DP*(P,G)x x DP*(P,9)x = K, (a,b) — (—=1)* deg(¢" %~ tab)
is positive definite on the kernel of multiplication by 72k,

Proof. Let M = P. By [8, Theorem 4], ¥, is a refinement of ¥p g. In particular,
the two fans have the same support. By [1, Proposition 2.4] and Lemma 3.9, both
fans are subfans of the normal fans of convex polytopes, so both fans support strictly
convex piecewise linear functions. By [8, Proposition 2|, ¥ p g is a smooth fan.

The desired statements now follow by applying [2, Theorem 1.6], [1, Proposition
5.2], and [1, Theorems 6.19 and 8.8]. Loosely, [2, Theorem 1.6] says properties (i),
(ii), and (iii) hold for A(Xpg)r = DP(P, §)r if and only if they hold for A(X)r,
and [1] verifies them for A(Xy/)g.

Properties (ii) and (iii) for DP(P, §)q follow immediately from those for DP(P, §)g.
For (i), note that [2]’s Poincaré duality arguments go through over Z. (Explicitly,
one must check statements 6.6-6.9, and Propositions 6.16, 6.17 of [2].) O

Remark 4.8. In [15], Corollary 4.7 is proved for £ in the o-cone [15, Definition 4.15],

the positive span of
- Z ra, Fe€ g
GeEG>F
in DP(P,G). The o-cone is generally a proper subset of the cone of strictly convex
piecewise linear functions on X pg. For example, if M is a loopless matroid on E
and § is its maximal building set, then for any i € E,

Bi=> zr=-> (G- 1)y

igF |G|>1
is in the closure of the cone of strictly convex piecewise linear functions on X [1,
Proposition 4.3, Lemma 9.7]. However, 8 may not be in the closure of the o-cone,
e.g. when M is Boolean of rank at least 3. For comparison of the o-cone to the
ample cone of the wonderful compactification, see [15, Remark 4.22].

APPENDIX A. COMBINATORICS OF THE BERGMAN FAN OF BOOLEAN
POLYMATROIDS

In this appendix we describe the combinatorics of the Bergman fans of Boolean
polymatroids, proving in particular that they are the normal fans of polypermuto-
hedra as stated in the introduction. We also give a description of polypermutohedra
as a Minkowski sum of simplices. Throughout this appendix, we let 7: E — E be
a surjective map of finite sets, with associated Boolean polymatroid B(w) on E
given by the rank function rkp(.(A) = |7~ 1(A)| for A C E. We write n for the
cardinality of F.

A.1. The Bergman fan as a configuration space.

Definition A.1. Let w = (w;); € RE be a weight on the elements of E. Write
Lowest, (w) for the set of i € E such that i has minimal weight among the elements
of #=1(m(i)) with respect to w. We equip Lowest,(w) with the natural partial
preorder given by i < j if w; < wy.

Adding a multiple of the all ones vector to w does not change Lowest,(w), so
Lowest, (w) is well defined for w € RE/R(L 1,...,1).
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Lemma A.2. Two points w,v € RE/(L 1,...,1) lie in the relative interior of the
same cone of the ¥y if and only if Lowest,(v) = Lowest,(w) as posets.

Proof. Recall that a cone og g of the fan Yp(,) is determined by a chain of sets
F={0CF - CF, C E}and aset SC E such that S does not contain a
fiber of m. The relative interior of oy s contains w if and only if the underlying set

of Lowest,(w) is equal to E \ S and i < j whenever there exists r such that ¢ € F,
and j € F,. Therefore Lowest p(w) can be recovered from oy 4 and vice versa. [

A.2. The Bergman fan as the normal fan of a polytope. Recall that an
ordered transversal of 7 is a sequence si,...,s, of elements of F such that each
fiber of 7 contains exactly one element of the sequence.

Definition A.3. Given real numbers 0 < ¢; < ¢ < ... < ¢y, define the as-
sociated polypermutohedron Q(m;cy,ca,...,c,) as the convex hull of the vectors
Vs1,80,...,5n ‘= C1€s, + C2€g, + ...+ Cpe€s, , Where sy, 52,...,5, runs over all ordered

transversals of 7 and e; € RE is the standard basis vector of i € E.

Lemma A.4. Let w = (w;); € RF be a weight on the elements of E, and let
$1,82,...,5n be an ordered transversal of w. Denote by (—,—) the standard dot
product on RE. Then the linear functional (w,—) achieves its minimum over
Q(m;ec1,c,...,¢p) at the vector vy, s, . s if and only if
(i) s; has minimum weight among the elements of w(mw~1(s;)) with respect to
w for all j, and

(ii) ws, <wg, < ... <ws, .

Proof. Suppose that v, s, s minimizes (w,—) over Q(m;c1,¢2,...,¢y). Assume
contrary to (i) that there is some j and r € w(7~*(s;)) such that ws, > w,. Then
replacing s; with r gives another ordered transversal of m whose corresponding
vector has smaller dot product with w:

<W,’Usl,...,sj,...,sn> =CWs, + ...+ cjws; + ...+ cpws,

> Wy + .o F W CuWs, = (W, Vs s )
This proves (i). Now assume contrary to (ii) that there is some j such that
ws; > ws,,,. Then switching the order of s; and s;;1 gives another ordered
transversal, and thus another vector v € Q(m;¢1,ca,...,¢n), where by assump-
tion (W, Ve, s,....06,) < (W, V'), Thus cjws, +cjpws,,, < cjws,,, +cjri1ws,, which
contradicts the fact that ab+ c¢d > ac + bd whenever a > ¢ and b > d. This proves
(ii).

For the other direction, assume that w satisfies the two conditions. If (w,—)

achieves its minimum over Q(m;c1,ca,...,¢,) On a vector vy o o, then by the

first direction we must have that w,, = w, . Therefore (w,—) also achieves it
J

minimum on Vg, s,.... s, - O

Proposition A.5. The inner normal fan of Q(w;c1,¢a,...,¢n), modulo the all

ones vector, is X p(x)-

Proof. By Lemma A.4, the vertices of Q(m;cy,ca,...,c,) correspond to ordered
transversals of 7, and the set of vertices on which a given linear functional (w,—)
achieves its minimum is equivalent to the data of Lowest,(w). Therefore the propo-
sition follows by Lemma A.2. O
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A.3. Minkowski sums of simplices. For S C E, let Ag be the convex hull of
the vectors e;, for i € S.

Proposition A.6. Q(m;1,2,...,n) is the Minkowski sum Z{m}gE Ar—1(gigy-

In the sum, we allow 7 = j. When = is a bijection, this recovers the description
of the usual permutohedron as the graphical zonotope of the complete graph.

Proof. The proof of Proposition A.5 shows that the inner normal fan of A -1(g) is
a coarsening of Yp(n) for any S C E. In particular, the inner normal fan of the
Minkowski sum Z{i,j}gE Ar-1(4i,5}) 1s a coarsening of Y p(r). We may then find
all vertices of the Minkowski sum by choosing a maximal cone of ¥ g () and finding
the vertex of the Minkowski sum on which any vector in the interior of this cone
achieves its minimum.

Each maximal cone of the fan ¥,y corresponds to a maximal chain of subsets
F={0CF C--CF,_1CE}andasubset S C E such that |[x(i)\ S| = 1 for
all 4. This data is equivalent to the data of an ordered transversal sq,...,s, of 7.
Choose a maximal cone of ¥ p(,) corresponding to an ordered transversal s1,. .., sy,
and choose a vector in the relative interior of this cone. We can compute the vertex
of the Minkowski sum on which this vector achieves its minimum by adding up the
minimal vertices of each summand. The minimal vertex of a summand of the form
Ar-1(;) is es,, where k is the unique element of £\ S such that 7(sy) = i. The
minimal vertex of a summand of the form Ay-1(y; 5y for i # j is eg,, where £ is
the smaller index of the two elements of 771 ({4,5}) N {s1,...,s,}. We see that the
minimal vertex of the Minkowski sum is Y ;" , ie;,, as desired. (]

Remark A.7. One can deduce from the theory of building sets, e.g., [16, Proposition
7.5], that ¥ p(,) is the normal fan of the Minkowski sum Z(Z);éng Ari(g)-
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