THE BERGMAN FAN OF A POLYMATROID
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ABSTRACT. We introduce the Bergman fan of a polymatroid and prove that the Chow ring of the Bergman fan is
isomorphic to the Chow ring of the polymatroid. Using the Bergman fan, we establish the Kdhler package for the
Chow ring of the polymatroid, recovering and strengthening a result of Pagaria-Pezzoli.

1. INTRODUCTION

By definition, a matroid on a finite set E is given by a rank functionrk: 2¥ — Z-( satisfying the following:

Submodularity) For any 4, A; C E, we have rk(A; U As) 4+ rk(A; N As) < rk(4;1) + rk(As).

(
(Monotonicity) For any A1 C Ay C E, we have rk(4;) < rk(A4s).
(Boundedness) For any A C F, we have rk(A4) < |A].

(

Normalization) The rank of the empty subset is zero.

Sans “boundedness”, the axioms above define a polymatroid. Throughout this paper, we assume that the
polymatroid is loopless:

(Looplessness) The rank of any nonempty subset is nonzero.

If P is a polymatroid on E, then its rank is rk(P) := rk(FE). A flat of P is a subset F' C F that is maximal
among sets of its rank. Ordered by inclusion, the flats of P form a lattice £ p.} The intersection of two flats
is aflat, so any subset A of E is contained in a unique minimal flat clp(A), called the closure of A in P, which
is obtained by intersecting all flats that contain A.

Matroids can be viewed as combinatorial abstractions of hyperplane arrangements. More generally,
polymatroids can be viewed as combinatorial abstractions of subspace arrangements.

Example1.1. Let Vy,...,V,, be linear subspaces of a vector space V over a field F. The rank function
rk(A) = codimy (N;caV;)

defines a polymatroid P on the set of indices F = {1,...,n}, which is a matroid if and only if every V; is
a hyperplane. The map F' — N,;crV; is a bijection between the flats of P and the subspaces of V' obtained
by intersecting some of the V;’s. A polymatroid arising in this way is said to be realizable over F, and the
subspace arrangement is called a realization of P over FF. O

Much of a hyperplane arrangement’s combinatorial data is captured by intersection theory on its won-
derful compactification [DCP95]. To extend this from hyperplane arrangements to non-realizable matroids,
one must replace the wonderful compactification with a combinatorial object, the Bergman fan of a ma-
troid. The purpose of the present paper is to introduce the Bergman fan of a polymatroid, a combinato-
rial model for the wonderful compactification of a subspace arrangement. As in the case of matroids, the

Unlike in the case of matroids, the lattice of flats of a polymatroid can fail to be graded or atomic.
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Bergman fan of a polymatroid is a tropical variety of degree one. In Section 4, we show that the Chow ring
of a polymatroid satisfies the Kéhler package with respect to any strictly convex piecewise linear function
on its Bergman fan, recovering and strengthening a result of Pagaria and Pezzoli [PP23, Theorems 4.7 and
4.21].

Our construction of the Bergman fan is inspired by a geometric observation: over an infinite field, the
wonderful compactification of any subspace arrangement can be realized as the wonderful compactifica-
tion of a hyperplane arrangement, taken with respect to an appropriate building set (Remark 3.5). The
construction immediately reveals that the Bergman fan of a polymatroid and the Bergman fan of the asso-
ciated matroid have the same support. Thus, the Kéhler package for the polymatroid follows from that of
the associated matroid [AHK18] and the general fact that the validity of the K&éhler package for the Chow
ring of a fan depends only on the support of the fan [ADH23].

1.1. The Bergman fan of a Boolean polymatroid. An important special case is that of Boolean polyma-
troids. Let 7: E — E be a surjective map between finite sets. The Boolean polymatroid B(r) is the polyma-
troid on E defined by the rank function

rkp () (A) = [~ (A)| for A C E.

We write N for ZE/Z(I, 1,...,1), and, for a subset S of E, write eg for the vector Yics€in Nz ®R.

Definition 1.2. The Bergman fan ¥ g, of the Boolean polymatroid B(r) is the fan in Nz ® R with cones
OF A= cone(eﬂfl(Fl), cey e,rfl(Fk)) + cone(ei)ieg,

for every chain ¥ = {) C F; C F, C --- C Fy, C E} and subset S of E not containing any fiber of .

Throughout the paper, we write n for the cardinality of E.

Definition 1.3. An ordered transversal of 7 is a sequence sy, . .., s, of elements of F such that each fiber of 7
contains exactly one element of the sequence. The polypermutohedron Q(r) is the convex hull of the vectors
Yo ies, in RF where s1,. .., s, range over all ordered transversals of 7.

In Appendix A, we show X () is the inner normal fan of the polypermutohedron Q(=). It follows im-
mediately from Definition 1.2 that ¥ 5, is a complete unimodular fan in N.

Example1.4. When = is a bijection, an ordered traversal of 7 is a permutation of £, and Q(r) is the standard
permutohedron in R¥. This recovers a familiar statement: the Bergman fan of the Boolean matroid is the
normal fan of the standard permutohedron. &

Example 1.5. When F is a singleton, an ordered transversal of 7 is an element £, and Q(r) is the standard
simplex in R¥. Thus, the Bergman fan of a Boolean polymatroid on a singleton is the normal fan of the
standard simplex. &

Example 1.6. When |E| = n — 1 and all fibers of 7 have size d, the toric variety corresponding to X p(,) is a
generalization of the Losev-Manin space of curves which compactifies the moduli space of configurations
of n points in A? up to translation and scaling [GR17, Corollary 5.6]. &

1.2. The Bergman fan of a polymatroid. Let P be a polymatroid on E, and let 7: E — E be a surjective
map satisfying rkp(i) = |7 ~1(i)| for every i in E.
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Definition 1.7. The Bergman fan ¥ p of the polymatroid P is the subfan of ¥ () with cones
05,5 = cone(€ —1(p); - - -, €x—1(f,)) + cone(e;)ics,
one for every chainof flats F = { = Fy C F} C F, C --- C F, C E} of P and a subset S of E such that

tk(F Un(T)) > rk(F) + |T| for every proper flat F in F and every nonempty subset 7' of S\ 7! (F).

The Bergman fan ¥ p is unimodular with respect to N, defining a smooth toric variety Xp over C. We
write A(Xp) for the Chow ring of Xp. We relate A(Xp) to the Chow ring of the polymatroid P (Definition
4.1), denoted DP(P), introduced in [PP23, Section 4]. Our main result states the following.

Theorem 4.2. There is a natural isomorphism of graded rings DP(P) = A(Xp).

In Corollary 4.3, we use Theorem 4.2 to recover a Grobner basis for DP(P) found in [PP23]. In Corol-
lary 4.7, we prove the Kihler package for A(Xp) with respect to the cone of strictly convex piecewise linear
function on ¥ p, extending the Kihler package for DP(P) with respect to the o-cone in [PP23]. See Remark
4.8 for a comparison of the two cones.

1.3. Buildingsets. In fact, our results hold for polymatroids P equipped with a geometric building set G (Sec-
tion 3). The statements above are specializations of our results to the case when G consists of all nonempty
flats of P. In maximal generality, we define the Bergman fan of (P, §), denoted X p g (Definition 3.6). The
Chow ring DP(P, ) associated to (P, §) was introduced in [PP23], and it is isomorphic to A(Xpg) (Theo-
rem 4.2). All corollaries continue to hold, including the Kahler package for DP(P, 9).

Organization. In Section 2, we develop the combinatorics of multisymmetric matroids and lifts, a key tool
throughout this paper. We use lifts to define the Bergman fan of a polymatroid (with respect to a geometric
building set) in Section 3. Finally, in Section 4, we show that the Chow ring of the Bergman fan agrees with
the polymatroid Chow ring of [PP23] and derive consequences. Examples 1.1 and 2.12, and Remarks 3.5,
3.12, and 4.6 explain the geometry underlying this work.

Acknowledgements. We thank Spencer Backman for comments and conversations. The second author is
partially supported by a Simons Investigator Grant and NSF Grant DMS-2053308, the third is supported by
an NDSEG fellowship, and the last is supported by a Sloan fellowship.

2. MULTISYMMETRIC MATROIDS

Many proofs in Section 4 reduce statements about polymatroids to known statements about matroids.
The key tool for this reduction is multisymmetric matroids, a new cryptomorphic formulation of polyma-
troids. Let & ;; denote the symmetric group on a finite set E. We continue to assume that all (poly)matroids
are loopless.

Definition 2.1. A multisymmetric matroid is a matroid M on E equipped with a partition £ = E; U --- U E,,
such that the actionof I' = &5 x--- x & on I takes flats to flats. The geometric part of a subset S C E'is
580 .= N (7 - S). We call a subset S C E geometric if § = 5&°°,

For a multisymmetric matroid M, we write L1, for its poset of geometric flats.

Example?2.2. Anymatroid M on E can be given the trivial multisymmetric structure by setting I' = [l.cs Sey-

In this case, L}, = L. ¢
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Example 2.3. If M is multisymmetric on E = Ej, then M is a uniform matroid, and £%, is {0, E}. O

Example 2.4. Let E be the set of edges of the complete graph K, and let M be the graphic matroid of K.
No transposition of & ;; preserves the flats of M, so M has no non-trivial multisymmetric structures.

Closure in a multisymmetric matroid is restricted by the group action.

Lemma 2.5. If M is multisymmetric and S C E is geometric, then cl);(S) is also geometric.

Proof. Forany S C E geometric and v € T, we have v - ¢l (S) = clas (v - §) = clp (). O
Corollary 2.6. If M is multisymmetric, then the geometric flats of M form a sublattice of £ ;.
Proof. If F and G are two geometric flats, then cly/(F U G) is geometric by Lemma 2.5. The intersection of

two geometric flats is also geometric. In other words, the set of geometric flats is closed under both join
and meet, and therefore forms a sublattice of £ ;. O

Corollary 2.7. If M is multisymmetric on E = E; LI - -L E,,, then £}, is the lattice of flats of the polymatroid

P on the set of indices E = {1,...,n} defined by the rank function rkp(A) := rkp; (Uic 4 E; ).

Proof. Define 7: E — E by setting (i) = E;. If F is a flat of P, then forall F C A C {1,...,n},
I‘k]\/[(ﬂ'_l(F)) = rkp(F) < Ikp(A) = I‘k]w(ﬂ'_l(A)).

By Lemma 2.5, cly/(7—1(F)) is geometric, so we conclude that cly; (7~ (F)) = 7~ '(F). In other words,
7~ 1(F) is a flat of M. Conversely, if F' is not a flat of P, then rkp(F) = rkp(F U i) for some i not in F. This
implies cly(771(F)) 2 7= (F U1), so 7~ (F) is not a flat of M. Therefore, F is a flat of P if and only if
7~ 1(F) is a geometric flat of M, and we have an isomorphism of lattices

Lp— LY, Fe—a Y(F). O
Lemma 2.8. Let M be a multisymmetric matroid on E= El .- En.
(i) If S C E, then either cly,(S) N E; = E; or cly (S) N E; = SN E;.
(ii) If Fisaflatof M, then rky (F) = rkp (F8%°) + |F\ F'8°|.
Proof. A permutation of E; \ S induces an automorphism of M that fixes S. Any such automorphism also

fixes cl;(S) because automorphisms commute with closure. Hence, if (E; \ S) N ¢l (S) is nonempty, then
E; C clj;(S). This proves the first part.

For the second part, let {s1,...,sx} = F'\ F&°°. If (ii) fails then for some 1 < i < k,
tkp (F8° U {s1,...,8}) =rkp (FE° U {s1,...,8i11}).

Therefore if s, 1 € Ej then Ej Cecly(F&°U{s1,...,s}) C F by the first part. Consequently, s;; € F8°,
a contradiction. O

Lemma 2.9. A multisymmetric matroid is determined by its geometric sets and their ranks.

Proof. Let M and M’ be two multisymmetric matroids on E = El u---u En, and suppose that for all
AcCA{l,...,n}, rkM(UZ-eAEi) = rkM/(UiGAEZ-). If F is a flat of M, and F” is the closure of F in M’, then

I‘k]v[/(F) S I‘kM/(FgeO) + I‘kM/(F \ Fgeo) S I‘kM(Fgeo) + |F \ Fgeo| = I‘k]u(F)
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by Lemma 2.8(ii). Symmetrically, rky; (F') < rkps (F'), so
rkM/ (F) S I'kM(F) S I'k]\/j(Fl) S ]f'k]w/(F/).

The left- and rightmost terms are equal, so F' = F’ because F'is a flat of M. This shows that M and M’ have
the same flats, and that their flats have the same ranks, so M and M’ are equal. O

Remark 2.10. The closure of a geometric set is a geometric flat by Lemma 2.8(i), so Lemma 2.9 implies that
a multisymmetric matroid is also determined by its geometric flats and their ranks.

2.1. Lifts. Let Pbea polymatroidon E = {1,...,n}and M amultisymmetric matroidon £ = EyU---UE,.
If P is the polymatroid given by Corollary 2.7, then we say that M is a multisymmetric lift of P. If rky (E;) =
|E;| for all 1 < 4 < n, then we say that M is a minimal multisymmetric lift of P.

Theorem 2.11. A polymatroid P has a unique minimal multisymmetric lift P constructed as follows. For
1<i<n,letE; ={1,...,17kp(i)},and E = E; U--- U E,. Define the projection 7: E — E by n~1(i) = E;.

The minimal multisymmetric lift of P is the matroid P on E with rank function
rk5(S) = min{rkp(A) + [S\ 7 '(4)|: A C E}.
Example 2.12. Suppose P is the polymatroid realized by an arrangement of subspaces V;,...,V,, in V asin
Example 1.1. The minimal multisymmetric lift P is realized by any hyperplane arrangement
{Vig:1<i<n, 1<j <tkp(i)},

where V; 1, ...,V 1, (;) are generic hyperplanes containing V;. Under the correspondence between flats of
P and intersections of the V; ;’s, the geometric flats correspond to the subspaces of V' arise in for any choice

of {V;;}i- ¢

Versions of the construction in Theorem 2.11 make many independent appearances in the literature, for
example, in [Hel74, §2] and [Lov77, Propositions 3.1 and 3.2]. The most complete treatment we are aware of
is [Ngu86, §2], whose terminology differs from ours.

Notation. We continue to use the notations of Theorem 2.11 in the remainder of this section. For visual
clarity, we often write M = P. As usual, I" stands for the product of symmetric groups that acts on M.

Proposition 2.13. The minimal lift M = P is a multisymmetric matroid. Explicitly,

(i) rkys is a matroid rank function, and

(ii) the action of T" preserves flats.
Proof. The proof of the first part is reproduced from [Ox]11, Proof of Theorem 11.1.3]. We need to check that
rkjs is non-negative, increasing, submodular, and satisfies rk;(S) < |S| for S C E.

It is clear that values of rk,; are non-negative. Let S C Fandsc E \ S.Forall AC E,
rkp(A) + S\ 7 (A)] < tkp(A) +|SUa\ 77 (A)],
so rkjy is increasing. Moreover, by induction on |5/,
k(S U s) =min{rkp(A) + [SUs\ 7 (4)|: AC E}
<min{rkp(A) + [S\ 7 1 (A)|: ACE}+1=1ky(S)+1<|S|+1=|SUs|,
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so it only remains to check that rk,, is submodular. Let 57,5, C E and Ay, As C FE such that rkp(S;) =
tkp(A;) +1S; \ 7 1(4;)|. Then
rkar(S1) + rkar(S2) = tkp (A1) +[S1 \ 7 (A1)] + rkp(A2) + [S2 \ 771 (As))|
>1kp(A; U Ag) +1kp(Ay N Ag) + |S1 \ 7 (A1) +[S2 \ 7 !(A)| by submodularity of rkp
>rkp(A; U Ay) +1kp(A; N Ag) 4+ [(S1US2) \ 77 H(A1 U Ao)| + [(S1 N S2) \ 771 (A N Ay)]
>k (S1 U S2) + rkas (SN Sa).

For the second part, lety € I'and S C E. For any A C E, we have |S \ 7~ *(A)| = |(v - S) \ 7~1(4)], and
hence rkp/(S) = rkps(7y - ). O

The following lemma implies P is a multisymmetric lift of P.

Lemma 2.14. Fix notation as in Theorem 2.11, and set M := P. If S C E is stable under I', then rk Mm(S) =
rkp(7(9)).

Proof. Since S is stable under the action of T, S is a union of fibers of . Hence,
rkyr(S) =min{rkp(A) + S\ 7 '(A)|: AC E} by the definition of rkj,
=min{rkp(A4) +|S\ 7 '(A)|: AC 7(S)} because rkp is increasing

=min { rkp(A) + Z |m771(@)]: A C ’/T(S)} because S is a union of fibers of 7
iem(S)\A

=min { rkp(A) + Z tkp(i) : A C TI'(S)} by the definition of 7 in Theorem 2.11
iem(S)\A
>rkp(m(S)) by submodularity of rkp.

On the other hand, taking A = 7(S) in the definition of rkj;(.S), we have rk;(S) < rkp(7(5)). O

Proof of Theorem 2.11. Let P be a polymatroid, andlet M = Pon E = E; U-- - U E,,, acted upon by T, be as
in the statement of Theorem 2.11. By Proposition 2.13 and Lemma 2.14, M is a multisymmetric lift of P. It
is minimal because

rkas (E;) = tkp(n(E;)) = tkp(i) = |Eil.

The uniqueness statement follows from Lemma 2.9 and the fact that the ranks of geometric sets in any lift
of P are determined by P. O

2.2. Operations. The formation of minimal multisymmetric lifts commutes with some polymatroid oper-
ations. Let F' be a flat of a polymatroid P on E. The restriction of P to F', denoted P|r, is the polymatroid
on F with rank function

tkp|,.(A) =rkp(A), ACF.

There is a lattice isomorphism

Lp,—{Gelp:GL<F}, Hw~ H.

If P, and P, are polymatroids on E' and E?, respectively, then their direct sum is the polymatroid P, & P,
on E' U E? with rank function

tkp,gp, (S) =rkp, (SN El) +1kp, (SN EQ).
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There is a lattice isomorphism
Lp xLp, = Lpop,, (F,G)*—)FHG

Lemma 2.15. If P; and P; are polymatroids, then PT—G\B_E)Q = ]51 &) ]32.

Proof. From Corollary 2.7 and the definition of P; & P, it follows that ﬁl D ]32 lifts P, @ P,. If I'; and T,
are the groups acting on P, and P,, then T’y x I'; acts on Py @ P, so it is multisymmetric. It is minimal by
minimality of P, and Ps, so the lemma holds by the uniqueness statement of Theorem 2.11. O

Lemma 2.16. If F is a flat of a polymatroid P, then ]3|vp = ]3|7T71(F).

Proof. The rank functions of both sides are obtained by restriction, so P/, () lifts P|p. If T acts on P, then
a subset of I'’s factors acts on P|-1(p), so it is multisymmetric. It is minimal because P is, so Theorem 2.11
implies the lemma. O

3. BUILDING SETS AND BERGMAN FANS

Here, we recall the combinatorics of geometric building sets. We then generalize the definition of the
Bergman fan of a polymatroid given in the introduction by associating a fan to each polymatroid equipped
with a geometric building set.

3.1. Geometric building sets. Let P be a polymatroid. If § C £Lp and F is a flat, let
S<r={Ge€G:G<L F}
and write max G for the set of maximal elements of G.

Definition 3.1. A geometric building set” of a polymatroid P is a collection G of nonempty flats such that for
all F € Lp \ {0}, the map
H Lpiec = Lplp
Gemax G<r
is an isomorphism, and
> 1k(G) = rk(F).
Gemax G<
If E € G, then a nested set of P with respectto §isasubsetN C §such thatforall {Fy,..., F} C N pairwise
incomparable with £ > 2, we have that

CIP(F1U-"UFk) 8.

With respect to a fixed geometric building set, a subset of a nested set is nested, so nested sets form a
simplicial complex. All building sets are henceforth assumed to contain E°.

Example 3.2. The maximal geometric building set of P is the collection of all nonempty flats. With respect
to this building set, the nested sets are flags of nonempty flats. O

20ur terminology is that of [FK04, Definition 4.4]. In [PP23], geometric building sets are called “combinatorial building sets”, but
[FK04] uses this term for collections that satisfy only the isomorphism condition. The “combinatorial building sets” of [FK04] are the
same as the “building sets” of [FY04]. Postnikov considers only building sets for the Boolean lattice in [Pos09, Definition 7.1]; all such
building sets are geometric.

31n the realizable case, this assumption guarantees the associated wonderful compactification is smooth and can be described as
an iterated blow-up [DCP95, §4.1]. Combinatorially, we lose nothing by this assumption [PP23, Remark 4.1].
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Lemma 3.3. Let P be a polymatroid, P its minimal multisymmetric lift, and 7 as in Theorem 2.11. If Gis a
geometric building set for P, then

S={r"YG): G e G} U {atoms of L5}

is a geometric building set for P.

Proof. Let F be a flat of M = P. By Lemma 2.15 and Lemma 2.16, the map

H Laig = Lmp

G E€max §§Fgeo

factors into a chain of isomorphisms

H 'C‘JVI\G = H ngl‘; =~ LP‘:(;;O) =~ LM\Fgeo,
Gemax G< peeo Hemax §<r(rseo)
and by Lemma 2.14,
Y k(@=L wkele@)= Y skp() = kp(r(FE) = sl (F57),
Gemax G< peco Gemax G< peco Hemax §<r(rsgeo)

Consequently, by Lemma 2.8(ii),

H Lui = ]._.[ Luig % H L)y = LMpgeo X H Ly = Lmes
GemaxS<p Gemax § < paeo IEF\ Fseo i€ F\ Faco
and
Z rkp (G) = ks (F&°) + Z tkps (i) = thps (F&°) + |F\ F&*°| =tk (F),
Gemax3<p i€ F\Fgeo
as desired. O

Lemma 3.4. If §is a geometric building set for P, then N C G is G-nested ifand only if N = {x—1(F) : F € N}
is G-nested.

Proof. Set M = P. Let {Fy,...,F,} C N be a set of pairwise incomparable flats. By Corollary 2.6, the
geometric flats of M form a sublattice of £, isomorphic to £ p by Theorem 2.11. Hence,

Ay Y (F) U7 Y (F) €9 < cp(FLU---UF,) €. O

Remark 3.5 (Geometry of building sets). Let {V;}; be a subspace arrangement in V, defining a polymatroid
P. Let G be a building set for P. By [DCP95, §1.6], the wonderful compactification of {V;}; with respect to G
can be constructed by blowing up P(V') along all subspaces N;crP(V;) with F' € G, first blowing up those
of dimension 0, then those of dimension 1, and so on. Let {V;;};; be a hyperplane arrangement realizing
P, as in Example 2.12. Blowing up a codimension 1 subvariety is an isomorphism, so Lemma 3.4 implies
that the wonderful compactification of {V;}; with respect to a building set G is isomorphic to the wonderful
compactification of {V;;},; with respect to S.

3.2. Bergman fans. Let P be a polymatroid on E, with minimal lift P on E. Let RE be the vector space
spanned by e; for i € E, and write eg = Yicgeifor S C E.If$ C 2F is a collection of subsets, write

os = cone(eg : S €8) C RE/R(I, 1,...,1).
Definition 3.6. Let P be a polymatroid on F, and § C £ p a geometric building set of P. The Bergman fan
associated to (P, 9) is ¥ p g := {ow}xn, where N ranges over all §-nested sets of Psuchthat E ¢ N.
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If P is a matroid and G is the maximal geometric building set of P, then P = P and G = G. In this case,
Y p,g coincides with the Bergman fan of [AHK18, Definition 3.2].

Lemma 3.7. Let P be a polymatroid and G be the maximal geometric building set of P. Then the G-nested
sets of P are in bijection with chains of flats ¥ = {} = Fy C F; C F, C --- C F}, C E} of P and a subset S
of E such that

rkp(FUT(T)) > rkp(F) + |T| for every proper flat F' in F and every nonempty subset T of S\ F.

Proof. Let N be a nested set of G, which consists of some geometric flats and some atoms. As the join of
two geometric flats is geometric, we see that the geometric flats must form a chain {() = Fy C 71 (F}) C
7Y (Fy) € --- C 7 Y(Fy) C E}, where Fi,..., F are flats of P. Let S be the set of atoms in . It suffices
to check that SU {7~ 1(F}),..., 71 (F})} is nested if and only if

tkp(FUT(T)) > rkp(F) + |T| for every proper flat ' in F and every nonempty subset 7' of S\ F.
If the inequality holds, then
tkp(FEUm(T)) > tkp(F) + |T| > tkp(r Y (F)UT)

forany F € {Fy,...,F;} and all nonempty 7' C S \ 7~ !(F). The left-hand side is the rank of the smallest
geometric flat containing 7= (F) U T, so the closure of 7~!(F) U T cannot be geometric. This implies that
SU{r~Y(Fy),..., 7 1(F)} is nested.

Now suppose that SU{m~L(F}),..., 7~ *(F})} is nested, but the inequality fails for some F € {Fy,..., Fy}
and some T C S\ 7~ !(F). Let G be the smallest geometric flat containing 7—!(F) U T. Then

Tk};(ﬂ_l(F) UT) <rkp(G) =rkp(FUT(T)) <tkp(F) + [T
If the first inequality is an equality, then rk (7~ (F) UT) = rk5(G), and so the closure of 7~ !(F) UT is a
geometric flat, contradicting that V' is nested. Therefore rk (7! (F)UT) < rkp(F)+|T| = rkp(7 1 (F)) +
|T], so there is a circuit C C 7~ 1(F) U T with C' \ 7~ !(F) nonempty. For any ¢ € C \ 7~ !(F), we have
ceclp(r 1 (F)UC\ ¢), and so by Lemma 2.8(i),
! (7(c)) Cclp(n Y (F)UC\c).
Using this for all c € C'\ 7=1(F), we have that
(7 (C)) Un N (F) Cclp(r (F)UO), so clz(n ! (n(C)) Un™ (F)) = cl(n~H(F)UC).

Note that cl (7~ (7(C))Un~!(F)) is geometric. Because C'\ 7~ !(F) C T, this contradicts that \ is nested.
([

Corollary 3.8. If P is a polymatroid and § is the maximal geometric building set, then ¥ p g coincides with
the Bergman fan X p defined in the introduction (Definition 1.7).

Lemma 3.9. If P is a polymatroid and § is a geometric building set of P, then ¥ p g is a subfan of the normal
fan of a convex polytope.

Proof. Let E be the ground set of P and B be the Boolean polymatroid with rkp (i) = rkp(i) foralli € E.
Suppose § is a building set for P. The definition of geometric building set implies for any flat F' of P,
max G<p is a partition of F. Hence, § is a building set of both B and ]5, and there is an inclusion of fans
Ypg=Ypg C Xp g (Infact, if all single-element subsets of £ are flats of P, then § is a geometric building
set for B, and we obtain Xpg C ¥ 5.5 = 2B,9)- Thelattice of flats of B is isomorphic to the lattice of subsets
of E,s0 % 5.5 is the normal fan of a convex polytope by [Pos09, Theorem 7.4]. O
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By [Bri96], for any polymatroid P and a geometric building set G, A(X p g) has the following presentation.
Proposition 3.10. The Chow ring of ¥ p g satisfies
A(Spg) = Zlze : G € S\{E})/Ips

where Ip g is the ideal generated by

2, -+ 2a, for any not G-nested collection {G, ..., Gk},
ZZG—ZZF foranyi,jeE.
ieG jer

In particular, the Chow ring of X p satisfies
A(Xp) = Z[zp : F nonempty proper flat of P| ® Z[z; : i € E]/Ip,
where Ip is an ideal generated by the following polynomials where zy is replaced by 1 wherever it appears:

zr 2F,, F1and F, are incomparable proper flats of P,
zZp H z, FisaproperflatandT C E \ =~ (F) is nonempty satisfying rk(F U 7(T)) < rk(F) + |T,
i€T
Z ZFp — Z zg, tand jare elements of E.

ieF jea

We identify A'(3p g) with the space of piecewise linear functions on the support of ¥ p g, modulo global
linear functions. Explicitly, a piecewise linear function / is a representative of

Zﬁ(up)zF S Al(Zpyg),

where the sum is over all primitive ray generators uy of rays of ¥ pg.

Remark 3.11. A slightly different presentation of A(Xp,g) is used by [FY04]. For F' € G, set

_ZiEG’ZG7 F=E

Yr = .
ZF, otherwise.

In terms of the yr’s, A(Xp,g) is defined by the ideal Iy generated by

ye, - Ya, {Gis-..,Gi} not G-nested and
Zyc, i€ E
ieG
Remark 3.12 (Tropicalization and the Bergman fan). Suppose P is the matroid realized by an essential hy-
perplane arrangement V1, ..., V,, in V, defined by linear functionals ¢4, .. ., £,,. The inclusion

PV \ U;V;) = P(E)), v [(0) : ... : £ (v)]

shows that P(V \ U;V;) is a very affine variety. Its tropicalization is the support of X p, by [Stu02, §9.3] and
[AKO6, §3] (see also [FS05, Theorem 4.1]). The corresponding statement for realizable polymatroids does not
make sense: the complement of a subspace arrangement may not be very affine, so tropicalization [MS15,
Definition 3.2.1] is not defined. Nevertheless, if {V; }; is a subspace arrangement (so P is a polymatroid), then
generic hyperplanes {V;,},; realizing P as in Example 2.12 define a subtorus of P(II; V/V;i). Tropicalizing
this torus’s intersection with P(V" \ U;V;) gives the support of ¥ 5, which coincides with that of X p.
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4. CHOW RINGS OF POLYMATROIDS

If 8 is a collection of sets, write US for the union of the elements of S. In [PP23, Section 4], Pagaria and
Pezzoli define the Chow ring of a polymatroid as follows".

Definition 4.1. Let P be a polymatroid and § C £ p a geometric building set. The Chow ring of (P, 9) is
DP(P,S) = Z[zp : F € 9)/I,

where I is the ideal generated by

b
xGl‘--:L'Gk< Z {EH)

H>G
forGe §,8 ={G1,...,Gr} C G,and b > rkp(G) — rkp(US<q).

When P is realizable by an arrangement of subspaces, DP(P, §) is the cohomology ring of De Concini &
Procesi’s wonderful compactification of the arrangement complement. In this section, we make use of the
theory of Grobner bases. For background on this subject, see [Eis95, Chapter 15].

Theorem 4.2. Let P be a polymatroid on E, F the ground set of P, and 7: E — E the projection. There is
an isomorphism DP(P, §) = A(Xp g) sending x5 t0 yr—1 (5.

Proof. Let Ipp C Z[zp : F € ] be the defining ideal of DP(P,G), and let Iy C Z[yr : F € G be the
defining ideal of A(Xp,g) as in [FY04] (See Remark 3.11). We define the following map on polynomial rings.
p:Zlzp : F€§] = Zlyp: F € §], TE = Yr1(F)

First we show that ¢(Ipp) C Iry. Write f € Ipp for one of the defining relations of Ipp:

(o) ( 5 o).

Fe$ §3H>G

By [FY04, Theorems 1 and 3], /ry contains the following two types of polynomials:
H YF, S not §—nested,

Fes
d
H yp( Z yG) , N anested antichain, UN < G, and d = rk(G) — rk(UN).
FeN H>G

If $ is not G-nested, then § := {7~ (F) : F € 8} is not G-nested by Lemma 3.4. Hence, ¢(f) is divisible
by a relation of the first type. Otherwise, $ is G-nested, so S is G-nested. In this case, o(f) is divisible by a
relation of the second type because

b > 1kp(G) — tkp(US<q) = tkp(n 1 (G)) — tkp(USr-1(c)) = tkp(m 1 (G)) — tkp(Umax S _,-1(¢))-
This proves that ¢(Ipp) C Ipy, so ¢ descends to ¢: DP(P,§) — A(Xpg).

If F € §is a flat of rank greater than 1, then y is in the image of @. By the linear relation Yicaya =0,
it follows that y; is also in the image of . Therefore, ¢ is surjective. It remains to show that ¢ is injective.
By [FY04, Theorem 2], the generators of Iry in the previous paragraph are a Grobner basis with respect to
any lexicographic monomial order < in which F; C F, implies yr, > yp,. Any such order is an elimination
order with respect to {y; : i € E}. By [Eis95, Proposition 15.29]°, the generators of Iy in the previous
paragraph that do not involve any y;, i € E, are a Grébner basis for im(p) N Iry. Any such polynomial is
the image of a generator of Ipp, s0 ¢~ ! (Iry) = Ipp. This implies @ is an isomorphism. O

“4Unlike [PP23], we use Z-coefficients.
SEisenbud’s proof of this statement works over Z because all leading coefficients in our Grébner basis are 1.
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The proof of Theorem 4.2 also shows the following, originally obtained from [PP23, Corollary 2.8].

Corollary 4.3. The defining relations of DP(P, §) in Definition 4.1 form a Grébner basis with respect to any
lexicographic < such that z, < xp, whenever F; D F.

This recovers the monomial basis of [PP23].

Corollary 4.4. The following monomials are a Z-basis of DP(P, §):
xaGll PN xé"’k
where N = {Gq,...,Gy} is anested set of G, and

1 <a; <tk(F;) —rk(UN.p,) foralll <i<k.

Proof. Immediate from Theorem 4.2 and [FY04, Corollary 1] (or Corollary 4.3 and [Eis95, Theorem 15.3]). O

Remark 4.5. In [PP23, Corollary 2.8], degree-lexicographic order (also called “homogeneous lexicographic”
or “graded lexicographic” order) is used. Since the defining relations of DP(P, §) in Definition 4.1 are all ho-
mogeneous, their initial terms with respect to the lex or degree-lex orders are the the same. Consequently,
they are a Grobner basis with respect to one order if and only if they are with respect to the other.

Remark 4.6. Suppose P is a polymatroid with building set G, realized by an arrangement {V;}; in V. Let
{Vi;}:; realize P as in Example 2.12. In this case, an alternate proof of Theorem 4.2 is possible. By [FY04,
§4], A(Xp,g) is isomorphic to the Chow ring of the wonderful compactification of {V;; },; with respect to g.
By Remark 3.5, the wonderful compactifications of {V;; };; with respect to G and {V;}; with respect to G are
isomorphic. Hence, their Chow rings are isomorphic. The Chow ring of the latter space is isomorphic to
DP(P, §) by a comparison of the presentations in Definition 4.1 and [DCP95, Theorem 5.2].

In the remainder of this section, we recover [PP23, Theorem 4.7] and generalize [PP23, Theorem 4.21]
using Theorem 4.2 and the tropical Hodge theory of [ADH23]. If R is a Z-algebra, define Ry := R ®z Q and
RR likewise.

Corollary 4.7. LetK = Q, R. Let P be a polymatroid of rank r and G a geometric building set. Let ¢ be any K-
valued strictly convex piecewise linear function on ¥ p g, viewed as an element of A* (X p g)x = DP*(P, §)k.

(i) (Poincaré duality) There is an isomorphism
deg: DP(P,G)" ! = Z,
and for all 0 < k < r/2, the pairing
DP*(P,G) x DP"*"Y(P,G) = Z, (a,b) — deg(ab)

is non-degenerate.

(ii) (Hard Lefschetz) For every 0 < k < r/2, the multiplication map
DP*(P,S)x — DP" "1 (P,G)k, awr (7% a

is an isomorphism.

(iii) (Hodge-Riemann) For every 0 < k < r/2, the bilinear form
DP*(P,9)x x DP¥(P,9)x = K, (a,b) — (—1)* deg(¢" =2 1ab)

is positive definite on the kernel of multiplication by ¢ 2,
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Proof. Let M = P. By [FY04, Theorem 4], &, is a refinement of ¥ p,g. In particular, the two fans have the
same support. By [AHK18, Proposition 2.4] and Lemma 3.9, both fans are subfans of the normal fans of
convex polytopes, so both fans support strictly convex piecewise linear functions. By [FY04, Proposition 2],
¥ p g is a smooth fan.

The desired statements now follow by applying [ADH23, Theorem 1.6], [AHK18, Proposition 5.2], and
[AHK18, Theorems 6.19 and 8.8]. Loosely, [ADH23, Theorem 1.6] says properties (i), (ii), and (iii) hold for
A(Xpg)r = DP(P, 9)r if and only if they hold for A(X,/)r, and [AHK18] verifies them for A(X/)r.

Properties (ii) and (iii) for DP(P, §)q follow immediately from those for DP(P, §)g. For (i), note that

[ADH23]’s Poincaré duality arguments go through over Z. (Explicitly, one must check statements 6.6-6.9,
and Propositions 6.16, 6.17 of [ADH23].) O

Remark 4.8. In [PP23], Corollary 4.7 is proved for ¢ in the o-cone [PP23, Definition 4.15], the positive span of

— 2:: ra, F e 9

GeEG>F

inDP(P, §). The o-cone is generally a proper subset of the cone of strictly convex piecewise linear functions
on Xp g. For example, if M is a loopless matroid on E and § is its maximal building set, then for any i € E,

B::ZZF:— Z (\G|—1)yg

igF IG|>1
is in the closure of the cone of strictly convex piecewise linear functions on X,; [AHK18, Proposition 4.3,

Lemma 9.7]. However, 3 may not be in the closure of the o-cone, e.g. when M is Boolean of rank at least 3.
For comparison of the o-cone to the ample cone of the wonderful compactification, see [PP23, Remark 4.22].

APPENDIX A. COMBINATORICS OF THE BERGMAN FAN OF BOOLEAN POLYMATROIDS

In this appendix we describe the combinatorics of the Bergman fans of Boolean polymatroids, proving
in particular that they are the normal fans of polypermutohedra as stated in the introduction. We also give
a description of polypermutohedra as a Minkowski sum of simplices. Throughout this appendix, we let
7: E — E be a surjective map of finite sets, with associated Boolean polymatroid B(r) on E given by the
rank function rkp(.)(A) = |71 (A)| for A C E. We write n for the cardinality of E.

A.1. The Bergman fan as a configuration space.

Definition A.1. Letw = (w;); € RE be a weight on the elements of E. Write Lowest (w) for the set of i € E
such that i has minimal weight among the elements of 7= ((i)) with respect to w. We equip Lowest, (w)
with the natural partial order given by ¢ < j if w; < wj.

Adding a multiple of the all ones vector to w does not change Lowest (w), so Lowest (w) is well defined
forw e RF/R(1,1,...,1).

Lemma A.2. Two points w,v € RE/(L 1,...,1) lie in the relative interior of the same cone of the X () if
and only if Lowest, (v) = Lowest, (w) as posets.

Proof. Recall that a cone o5 5 of X3 is specified by a chain of sets F = {# C Fy, C --- C F}, C E}anda
set S C E such that S does not contain a fiber of 7. The relative interior of og,s contains w if and only if
the underlying set of Lowest, (w) is equal to £ \ S and i < j whenever there exists r such that i ¢ F, and
j € F,.. Therefore Lowest p(w) can be recovered from o+ 4 and vice versa. O
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A.2. The Bergman fan as the normal fan of a polytope. Recall that an ordered transversal of 7 is a sequence
s1,..., sy of elements of E such that each fiber of 7 contains exactly one element of the sequence.

Definition A.3. Given real numbers 0 < ¢; < ¢ < ... < ¢, define the associated polypermutohe-
dron Q(m; ¢y, ca, ..., cy) as the convex hull of the vectors v, s,... 5. = c1€5, + c2€5, + ... + €5, , Where
$1,892,. .., 5y, runs over all ordered transversals of 7 and e; € R¥ is the standard basis vector of i € E.

Lemma A4. Letw = (w;); € RE be a weight on the elements of E, and let sq, s9,...,s, be an ordered
transversal of 7. Denote by (—, —) the standard dot product on R”. Then the linear functional (w, —)
achieves its minimum over Q(m; ¢1, ¢2, . .., c,) at the vector v, o, . . if and only if

(i) s; has minimum weight among the elements of (7! (s;)) with respect to w for all j, and

(i) ws, Sws, < ... < ws, .

Proof. Suppose that vy, s, . s
issome jandr € w(n~!(s;)) such thatw,, > w,. Then replacing s; with r gives another ordered transversal

_minimizes (w, —) over Q(m;cqy,ca,. .., cpn). Assume contrary to (i) that there

™

of m whose corresponding vector has smaller dot product with w:
(W, Vs ois)sn) = CLlWs; F oo+ CjWs, + o+ Cus, > CLws, + ..o+ Cjwr + ..+ Cuws, = (W, Us; . rs, )

This proves (i). Now assume contrary to (ii) that there is some j such that w,, > w; Then switching

j+1°

the order of s; and s, gives another ordered transversal, and thus another vector v/ € Q(m;¢1, ¢a, .. ., ¢p),
. , .

where by assumption (W, v, s,,....s,) < (W,V'). Thus cjws; +cj1ws,,, < cjws,,, +cj1ws,, which contra-

dicts the fact that ab + c¢d > ac + bd whenever a > ¢ and b > d. This proves (ii).

For the other direction, assume that w satisfies the two conditions. If (w, —) achieves its minimum over
Q(m;c1,c2,...,cp)0navector vy, o o, then by the first direction we must have that w,; = w,/ . Therefore
(w, —) also achieves it minimumon v, 5, . O

Proposition A.5. The inner normal fan of Q(r; ¢, c2,. .., ¢,), modulo the all ones vector, is ¥ p(,).

Proof. By Lemma A 4, the vertices of Q(m;¢1,¢a,...,¢,) correspond to ordered transversals of 7, and the
set of vertices on which a given linear functional (w, —) achieves its minimum is equivalent to the data of
Lowest p(w). Therefore the proposition follows by Lemma A.2. O

A.3. Minkowski sums of simplices. For S C E, let Ag be the convex hull of the vectors e;, fori € S.

Proposition A.6. The polytope Q(;1,2,...,n) is the Minkowski sum Z{i,j}gE Ar—1(fi)-

In the sum, we allow i = j. When 7 is a bijection, this recovers the description of the usual permutohe-
dron as the graphical zonotope of the complete graph.

Proof. The proof of Proposition A.5 shows that the inner normal fan of A1 (g) is a coarsening of ¥ g, for
any S C E. In particular, the inner normal fan of the Minkowskisum }_; - - Ar-1({; ;3) s a coarsening of
Y B(r)- We may then find all vertices of the Minkowski sum by choosing a maximal cone of ¥ 5, and finding
the vertex of the Minkowski sum on which any vector in the interior of this cone achieves its minimum.

The maximal cones of ¥ () correspond to maximal chains ¥ = {} C F; C --- C F, € E} of sub-
sets of E and subsets S C E such that |x='(i) \ S| = 1 for all i. This data is equivalent to the data of an
ordered transversal 51, ..., 5, of 7. Choose a maximal cone of ¥ g,y corresponding to an ordered transver-
sal s1,..., sn, and choose a vector in the relative interior of this cone. We can compute the vertex of the
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Minkowski sum on which this vector achieves its minimum by adding up the minimal vertices of each sum-
mand. The minimal vertex of a summand of the form A -1(; is e;,, where & is the unique element of E
such that 7(s;) = i. The minimal vertex of a summand of the form A -1 (y; ;3 fori # jise,,, where £ is
the smaller index of the two elements of 7~!({7,5}) N {s1,...,s,}. We see that the minimal vertex of the
Minkowski sumis ', ies,, as desired. O

Remark A.7. One can deduce from the theory of building sets, e.g., [Pos09, Proposition 7.5], that ¥ 5 is
the normal fan of the Minkowski sum } 3y g p Ar-1(s)-
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