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Abstract. We prove the Hard Lefschetz theorem and Hodge–Riemann relations for certain rings which

resemble the cohomology rings of projectivizations of globally generated vector bundles over toric varieties.

This proves new cases of the standard conjecture of Hodge type and gives Bloch–Gieseker-type results for
tautological classes of matroids.

1. Introduction

Let X be a proper toric variety over a field k associated to a fan Σ, and let E be a globally generated
toric vector bundle of rank r on X. Then, as we will explain, the Chern classes of E are controlled by some
combinatorial data associated to E . Let T be the torus embedded in X, and choose a decomposition of
H0(X, E) into a direct sum of N 1-dimensional representations. This induces a surjection O⊕N → E , where
O⊕N is given the linearization so that this is a map of toric vector bundles. The dual of this map realizes
E∨, the dual of E , as a subbundle of a trivial bundle. We have an induced map from X to Gr(r,N), the
Grassmannian of r-dimensional subspaces of kN . The action of T on kN induces an action of T on Gr(r,N)
so that this map is T -equivariant. The vector bundle E is the pullback of the dual of the universal subbundle
S from Gr(r,N).

To give a combinatorial description of the Chern classes of E , we first consider the case when T = GN
m

and the action on kN is given by scaling the coordinates. It is convenient to generalize to the case when T
is a torus acting on X with a dense orbit; this amounts to allowing Σ to have a nontrivial lineality space.
Let L be the fiber over the identity of E∨, viewed as a subspace of kN . Then L is a realization of a matroid
M, which encodes the vanishing and non-vanishing of the Plücker coordinates of L. The matroid M of L
is a collection of subsets of [N ] = {1, . . . , N} of size r called bases: a set B is a basis if the composition
L ↪→ kN ↠ kB is an isomorphism. The matroid polytope P (M) is the polytope in RN given by

Convex Hull

(∑
i∈B

ei : B basis of M

)
.

The key property that P (M) satisfies is that each edge is parallel to a vector of the form ei−ej . In general, a
matroid on [N ] is a nonempty collection of subsets of [N ] such that the matroid polytope, as defined above,
has all edges parallel to a vector of the form ei − ej . We say that a matroid M is realizable over a field k if
it is given by the set of non-vanishing Plücker coordinates of some subspace of kN .

The image of X in Gr(r,N) is the T -orbit closure of the point [L] of Gr(r,N). This T -orbit closure is the
toric variety of the normal fan of P (M) [GS87], see also [Spe09, Appendix A]. The vector bundle E is pulled
back from this T -orbit closure, so it suffices to compute its Chern classes there.

Let ΣP (M) be the normal fan of P (M), which we view as a subfan of RN with a nontrivial lineality space.

Each piecewise polynomial function on RN , i.e., each continuous function whose restriction to each cone of
ΣP (M) is equal to a polynomial with integer coefficients, defines an element of the Chow cohomology ring
of the T -orbit closure of [L], see [Pay06]. On ΣP (M), there are some distinguished piecewise polynomial
functions c0 = 1, c1, . . . , cr. On the cone of ΣP (M) corresponding to a basis B = {i1, . . . , ir} of M, ci is the

Date: April 24, 2026.

1



2 MATT LARSON AND ETHAN PARTIDA

ith elementary symmetric function of ti1 , . . . , tir ; that this is a continuous function follows from the fact
that all edges of P (M) are parallel to vectors of the form ei − ej . These piecewise polynomial functions
correspond to the Chern classes of the restriction of S to the T -orbit closure of [L], see [BEST23, Section 3].
In particular, the Chern classes of the restriction of S only depend on the matroid of L.

In the general case, the action of T ∼= Gm
m on kN induces a map φ : T → GN

m. Let φ∗ : ZN → Zm be the
induced map on character lattices. That there is a T -equivariant map X → Gr(r,N) which factors through
the toric variety of P (M) means that the normal fan of φ∗(P (M)) is a coarsening of the fan of X. Let N
denote the cocharacter lattice of T , and set NR := N ⊗Z R. The induced map φ∗ : NR → RN gives a map of
fans from the fan of X to ΣP (M), and so the pullbacks of c1, . . . , cr are piecewise polynomials on the fan of
X. The Chow cohomology classes associated to these piecewise polynomials are the Chern classes of E∨.

In summary, any globally generated T -equivariant vector bundle on X is pulled back from the toric
variety associated to the matroid polytope of a matroid which is realizable over k. In particular, classifying
the possible Chern classes of globally generated T -equivariant vector bundles on a proper toric variety over
k reduces to understanding the combinatorics of matroids which are realizable over k.

In this paper, we will prove some positivity properties for the classes discussed above. We will show
that certain rings constructed using them have a collection of properties known as the Kähler package. Let
A = A0 ⊕ · · · ⊕ An be a finite-dimensional commutative graded R-algebra which is equipped with a degree
map degA : An → R and a nonempty open convex cone K ⊂ A1. We say that A has the Kähler package if
the following properties hold.

(1) (Poincaré duality) For all i, the pairing

Ai ×An−i → R, (x, y) 7→ degA(xy)

is nondegenerate.
(2) (Hard Lefschetz) For every 0 ≤ i ≤ n/2 and ℓ ∈ K, the map

Ai → An−i, x 7→ ℓn−2ix

is an isomorphism.
(3) (Hodge–Riemann) For every 0 ≤ i ≤ n/2 and ℓ ∈ K, the bilinear form

Ai ×Ai → R, (x, y) 7→ (−1)i degA(ℓ
n−2ixy)

is positive definite on the kernel of multiplication by ℓn−2i+1.

For a projective simplicial toric variety X over some field k, the Chow cohomology ring A(X) with real
coefficients is equipped with a degree map corresponding to the pushforward to a point and an open convex
cone KX in A1 given by positive linear combinations of classes of ample divisors. With respect to this data,
the ring A(X) satisfies the Kähler package. This is a consequence of general results on the cohomology of
complex projective manifolds [Huy05, Chapter 3], as the Chow cohomology ring of X coincides with the
singular cohomology ring of the complex toric variety with the same normal fan as X. This fact also has a
direct combinatorial proof [McM93].

Let M be a matroid of rank r on [N ] = {1, . . . , N}. Let Σ be a projective simplicial fan in Rm. In order to
include a prominent example (Example 1.1), we allow Σ to have a nontrivial lineality space, i.e., we consider
toric varieties which are equipped with an action of a torus with a nontrivial stabilizer.

Let φ∗ : ZN → Zm be a linear map, and assume that Σ refines the normal fan of φ∗(P (M)). Equivalently,
the dual map φ∗ : Zm → ZN induces a map of fans from Σ to ΣP (M). As described previously, for any
matroid M of rank r, there are piecewise polynomial functions c0 = 1, c1, . . . , cr on ΣP (M). Pulling these
back to Σ, we have induced classes c0 = 1, c1, . . . , cr ∈ A(Σ).
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Example 1.1. Suppose that Σ is the permutohedral fan, i.e., the fan whose maximal cones are the Weyl
chambers of the type AN−1 root system. If φ is the identity, then ci is the class denoted ci(Q∨

M⊥) in

[BEST23]. If φ is the negation map on RN , then ci is the class denoted ci(SM) there.

Example 1.2. In [EHL23], the authors constructed classes on the stellahedral toric variety associated to
matroids called augmented tautological classes. As described in [EHL23, Example 8.5 and 8.6], the classes
denoted s(QM) and c(Q∨

M) there can be realized in the above manner.

Example 1.3. In [EFLS24], the authors constructed classes on the type B permutohedral toric variety
associated to delta-matroids. For a broad class of delta-matroids, those with enveloping matroids, these
classes can be realized in the above manner, see [EFLS24, Lemma 8.8 and 8.9].

Let n denote the dimension of the projective simplicial toric variety of Σ, i.e., the dimension of Σ minus
the dimension of the lineality space of Σ. Let A(Σ) denote the Chow ring of the toric variety of Σ, so there
is an isomorphism degA : An(Σ) → R which satisfies degA([pt]) = 1, where [pt] is the class of a point. Let
K ⊂ A1(Σ) be the ample cone. Set

B = A(Σ)[ζ]/(ζr + c1ζ
r−1 + · · ·+ cr).

If the matroid M is realizable over a field k, then the discussion above can be run in reverse to show that
there is a globally generated vector bundle on the toric variety of Σ over k whose dual has Chern classes
c1, . . . , cr. The ring B is identified with the Chow ring of the projectivization of this vector bundle.

We will identify A(Σ) with a subring of B in the natural way. Note that B is naturally graded, with
ζ ∈ B1. Then there is an isomorphism degB : Bn+r−1 → R which satisfies degB([pt]ζ

r−1) = 1.

Theorem 1.4. The ring B has the Kähler package with respect to degB and the interior of the cone generated
by K and ζ.

The proof of Theorem 1.4 is purely combinatorial and does not make use of algebraic geometry. See
Theorem 3.9 and Example 3.10 for extensions of Theorem 1.4 to the case when there are multiple projective
bundles, or when A(Σ) is replaced by the Chow ring of a matroid.

In the case of Example 1.1, this result was conjectured to the first author by Hunter Spink in 2021, and
it was posed as an open problem by Christopher Eur at the BIRS workshop “Algebraic Aspects of Matroid
Theory” in 2023. In varying levels of generality, the weaker statement that the Hodge–Riemann relations
hold in degree 0 and 1 has been proved in [BEST23, Section 9], [EHL23, Section 8.3], and [KKS25, Theorem
1.19]. The previous proofs of the Hodge–Riemann relations in degree 0 and 1 make use of algebraic geometry.

Theorem 1.4 gives a positivity property for certain classes resembling the Chern classes of a globally
generated toric vector bundle. In [KM24] and [KM26], a combinatorial abstraction of toric vector bundles
is proposed. In [KM24, Section 6], there is a notion of global generation for this concept. It would be
interesting to compare this notion with the classes that appear in Theorem 1.4.

Theorem 1.4 is part of a long line of results proving the Kähler package for combinatorially defined objects,
see, e.g., [McM93,Kar04, EW14,AHK18,ADH23b]. As discussed in [Huh18] and [EL25], knowing that an
algebra has the Kähler package has many applications. Besides the applications to log-concavity statements
that come from the Hodge–Riemann relations in degree 0 and 1, we use Theorem 1.4 to prove some Bloch–
Gieseker style statements. See Theorem 3.2. Additionally, we note that Theorem 1.4 implies the main result
of [AHK18] in a simple way, see Example 3.12. Our proof of Theorem 1.4 crucially uses the main result of
[AHK18], so this does not give a new proof, but it indicates the power of the statement.

One reason why Theorem 1.4 is difficult to prove is that, in a key case, the ring B can be identified with
the Chow ring of a projective simplicial toric variety (even for non-realizable matroids), but the cone K does
not consist of ample divisors, see Example 3.11. Most existing proofs of the Kähler package in combinatorial
settings are based on an induction which, along the way, proves that the elements of K are ample. See
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[EL25, Section 5] for a description of this inductive strategy. Such a strategy cannot be used in this case,
because it would prove that the elements of K are also ample on this toric variety.

If the matroid M is realizable over a field of characteristic 0, then B is the cohomology ring of a projective
bundle over the toric variety of Σ whose ample cone contains K. In this case Theorem 1.4 follows from
general results about the cohomology of complex projective manifolds. However, Theorem 1.4 is new even
if the matroid is realizable over a field of positive characteristic. We can use this to verify new cases of
Grothendieck’s standard conjecture of Hodge type [Gro69]. For a smooth projective variety X, let Anum(X)
denote the Chow ring of X modulo numerical equivalence.

Conjecture 1.5 (Hdg(X)). Let X be a smooth projective variety of dimension d over an algebraically
closed field, and let ℓ ∈ A1

num(X) be an ample class. Then for any i ≤ d/2, the symmetric bilinear form
(x, y) 7→ (−1)i deg(ℓd−2ixy) is positive definite on the kernel of multiplication by ℓd−2i+1.

If X is over the complex numbers and its cohomology is generated by algebraic cycles, then Conjecture 1.5
is a consequence of classical Hodge theory. However, if X is over a field of positive characteristic, then
Conjecture 1.5 is not known even if its étale cohomology is generated by algebraic cycles.

We are interested in projectivizations of toric vector bundles over projective simplicial toric varieties.
As the étale cohomology of a smooth projective toric variety is generated by algebraic cycles, the same is
true for a projective bundle over a smooth projective toric variety. However, Conjecture 1.5 is open for
the projectivization of a toric vector bundle over a field of positive characteristic. Theorem 1.4 implies the
following result.

Corollary 1.6. Let X be a smooth projective toric variety, and let E be a globally generated toric vector
bundle on X. For any ample class ℓ on X, the ample class ℓ + c1(O(1)) satisfies Conjecture 1.5 on the
projectivization of E.

It seems unlikely that Corollary 1.6 can be proved by lifting the projectivization of E to characteristic 0 in
general. Because the moduli of toric vector bundles on smooth projective toric varieties satisfies Murphy’s law
[Nød20], it is easy to construct toric vector bundles E on a toric variety over a field of positive characteristic
that cannot be lifted to a toric vector bundle in characteristic 0. However, it is not clear how to check that
the projectivization of E cannot be lifted to characteristic 0.

Acknowledgements. We thank Hunter Spink for many helpful conversations and for conjecturing a version
of Theorem 1.4 to us, and we thank Federico Ardila for explaining aspects of the Lagrangian combinatorics
of matroids to us. This work was conducted while the first author was at the Institute for Advanced Study,
where he is supported by the Charles Simonyi Endowment and the Oswald Veblen Fund. The second author
is partially supported by NSF Grant DMS-2053288, a U.S. Department of Education GAANN award, and
the Simons Foundation SFI-MPS-SDF-00015018.

2. Fans and a key computation

In this section, we recall some fundamental facts about fans and their Chow rings. We then perform a
key computation in the Chow ring of the bipermutohedral fan, a fan introduced in [ADH23b].

2.1. Fans and subdivisions. All fans will be rational and polyhedral, and we will allow fans to have
nontrivial lineality spaces. A fan in Rm with lineality space L induces a fan without lineality in Rm/L. As
mentioned in the introduction, we allow fans to have lineality because the normal fan of a matroid polytope
ΣP (M) naturally has a lineality space, and the distinguished piecewise polynomial functions on it do not
descend to the quotient by the lineality space.
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Given a simplicial fan Σ in Rm with lineality space L, its Chow ring A(Σ) is the Chow ring of the toric
variety associated to the image of Σ in Rm/L. We will always consider Chow rings with real coefficients.
There is an explicit presentation of A(Σ), see [Ful93, pg. 106]. The group A1(Σ) can be interpreted as the
space of piecewise linear functions on Σ modulo the space of globally linear functions on Σ.

A subdivision of a fan Σ in Rm with lineality space L is a fan Σ̃ in Rm that has lineality space L and has
the property that each cone of Σ is a union of cones of Σ̃. This induces a subdivision of the corresponding
fans in Rm/L, which corresponds to a birational morphism from the toric variety of Σ̃ to the toric variety of

Σ. If Σ and Σ̃ are both simplicial, then this induces a pullback map A(Σ) → A(Σ̃).

Proposition 2.1. Let Σ be a simplicial fan, and let Σ̃ be a simplicial subdivision. Then the pullback map
A(Σ) → A(Σ̃) is injective.

Proof. This follows from a description of A(Σ) in terms of Minkowski weights, see [AHK18, Proposition 5.6],
which are functions on the cones of Σ. A nonzero function will pull back to a nonzero function. □

The following example will play a crucial role in what follows. If M is a loopless matroid on [N ], then the
Bergman fan of M is a fan ΣM in RN . For a subset S of [N ], let eS =

∑
i∈S ei be the indicator vector of

S. The cones of the Bergman fan are in bijection with chains of proper nonempty flats of M, with a chain
F1 ⊂ · · · ⊂ Fs corresponding to the cone generated by eF1 , . . . , eFs , and Re[N ]. If M has rank r, then ΣM

has dimension r and has a 1-dimensional lineality space.
The Chow ring of ΣM is called the Chow ring of M. Chow rings of matroids have been extensively studied

since their introduction in [FY04].
The Bergman fan of a Boolean matroid UN,N is the permutohedral fan appearing in Example 1.1, and we

will denote it by ΣN . The Bergman fan of any loopless matroid on {1, . . . , N} is a subfan of ΣN .

A fan Σ is called projective if it is the normal fan of a polytope. A fan Σ in Rm with lineality space L
is called quasi-projective if it is a subfan of a projective fan in Rm with lineality space L. Let K(Σ) denote
the image of the cone of strictly convex piecewise linear functions on Σ in A1(Σ). If Σ is quasi-projective,
then K(Σ) is an open convex cone in A1(Σ). Each polytope whose normal fan has lineality space L and has
a subfan which is a coarsening of Σ defines an element of K(Σ) via its support function. If Σ is projective,
then K(Σ) coincides with the ample cone of the toric variety associated to Σ. The definition of K(Σ) is
somewhat subtle if Σ is not complete, see [ADH23b, Definition 5.1].

Assume that Σ is simplicial and quasi-projective, and let d be the dimension of the quotient of Σ by its
lineality space L. Then the space of d-dimensional Minkowski weights supported on Σ/L is naturally dual
to Ad(Σ), see [AHK18, Proposition 5.6].

We will need the theory of Lefschetz fans, introduced in [ADH23b]. A Lefschetz fan is a simplicial fan
whose Chow ring satisfies the Kähler package, in the following sense. Assume that dimAd(Σ) = 1, and
that there is a generator w for the space of d-dimensional Minkowski weights on Σ which is positive on all
d-dimensional cones of Σ. Then w defines an isomorphism degΣ : Ad(Σ) → R. We say that Σ is Lefschetz if
A(Σ) has the Kähler package with respect to degΣ and K(Σ), and the same is true for every star fan of Σ.
See [ADH23b, Definition 1.5]. We will need the following results.

Proposition 2.2. The following hold.

(1) [ADH23b, Theorem 1.6] If Σ is a Lefschetz fan, then any quasi-projective simplicial fan with the
same support as Σ is a Lefschetz fan.

(2) [ADH23b, Lemma 5.27] A product of Lefschetz fans is Lefschetz.
(3) [AHK18, Theorem 8.9] The Bergman fan of a loopless matroid is Lefschetz.
(4) [ADH23b, Example 5.7] A projective simplicial fan is Lefschetz.
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There is a positive weight on the Bergman fan of a loopless matroid M of rank r on [N ] which takes value
1 on all top-dimensional cones. This defines both a distinguished isomorphism degM : Ar−1(ΣM) → R and a
Minkowski weight [ΣM] ∈ AN−r(ΣN ).

2.2. The bipermutohedral fan. Let M be a loopless matroid of rank r on [N ]. Recall that, in the
introduction, we defined certain piecewise polynomial functions c1, . . . , cr on a fan Σ. In this section, we will
consider the case when Σ is the permutohedral fan and φ is the identity. We are then in the situation of
Example 1.1, so ci is the class denoted ci(Q∨

M⊥) in [BEST23].

We now define the bipermutohedral fan ΣN,N ⊆ RN ×RN via an explicit description of its rays and cones.
Our construction differs slightly from that in [ADH23b, Section 2] as we consider ΣN,N to be a fan with a
nontrivial two-dimensional lineality space. The bipermutohedral fan ΣN,N , and certain subfans ΣN,M that
we will shortly define, will serve as our tropical model for the projectivization of Q∨

M⊥ . In Section 2.3, we
will carry out a key computation in the Chow rings of these fans (Theorem 2.6).

A bisubset S|T is an ordered pair of subsets of [N ] such that S ∪ T = [N ] and S ∩ T ̸= [N ]. We allow
for one of S or T to be empty, and we say that S|T is proper if both S and T are nonempty. Given two
bisubsets S|T and S′|T ′, we say that S|T ≤ S′|T ′ if S ⊆ S′ and T ⊇ T ′. Note that ∅|[N ] ≤ S|T ≤ [N ]|∅
for all bisubsets S|T . Let S|T = (S1|T1 < S2|T2 < · · · < Sℓ|Tℓ) be a chain of proper bisubsets. An integer
0 ≤ j ≤ ℓ is a gap index of S|T if, after setting S0|T0 = ∅|[N ] and Sℓ+1|Tℓ+1 = [N ]|∅, Sj ∪ Tj+1 ̸= [N ]. We
say that a chain of proper bisubsets S|T is a biflag if it has a gap index. If S|T is a biflag of length ℓ, we
will set S0|T0 = ∅|[N ] and Sℓ+1|Tℓ+1 = [N ]|∅ for convenience.

For an ordered pair S|T of subsets of [N ], let eS|T = (
∑

i∈S ei,
∑

j∈T ej) ∈ RN × RN be the indicator

vector of S|T .

Definition 2.3. The bipermutohedral fan ΣN,N is the complete simplicial fan in RN × RN with the cones

σS|T = span{e∅|[N ], e[N ]|∅}+ cone{eS|T }S|T∈S|T , where S|T is a biflag of proper bisubsets.

We say that a bisubset S|F is a biflat of M if F is a flat of M. Note that this definition differs from the
one in [ADH23a,ADH23b]. If a biflag S|F consists entirely of biflats of M, then we say that S|F is a biflag
of M. An index j is a gap index of S|F if and only if Sc

j ̸⊆ Fj+1 where Sc
j denotes the inclusion-minimal flat

of M containing Sc
j .

The projective bundle fan of M, denoted by ΣN,M, is the subfan of ΣN,N whose support is RN × |ΣM|.
More concretely, ΣN,M is the subfan of ΣN,N whose cones correspond to the biflags of M. The projective
bundle fan of the Boolean matroid UN,N is the bipermutohedral fan ΣN,N .

For j ∈ [N ], let αj be the piecewise linear function on RN defined by αj(z) = mini∈[N ](zj − zi). Each
αj is a piecewise linear function on ΣN and, modulo global linear functions, they all belong to the same
equivalence class which we denote by α. Let γj and γj be the pullback of αj along the first and second

projections π1, π2 : RN ×RN → RN , respectively. Finally, let δj be the piecewise linear function on RN ×RN

obtained by pulling back αj along the addition map

RN × RN → RN , (z, w) 7→ z + w.

In [ADH23b, Section 2] it is shown that the functions γj , γj and δj are piecewise linear functions on the
bipermutohedral fan and hence restrict to piecewise linear functions on ΣN,M for every matroid M. Modulo
global linear functions, the equivalence classes of γj , γj and δj do not depend on the choice of j ∈ [N ], and
we write γ, γ and δ for their common equivalence classes.

In what follows, it will be convenient to have a presentation of A(ΣN,M) in terms of generators and
relations. First, consider the polynomial ring SN,M with real coefficients and variables xS|F indexed by the
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proper biflats of M. For any set of biflats S|F , let xS|F be the monomial

xS|F =
∏

S|F∈Ŝ|F

xS|F

where Ŝ|F ⊆ S|F is the set of proper biflats of S|F . For every j ∈ [N ], consider the following elements of
SN,M:

γj =
∑

j∈S, S ̸=[N ]

xS|F , γj =
∑

j∈F, F ̸=[N ]

xS|F , and δj = γj + γj −
∑

S,F ̸=[N ]

xS|F .

We write IN,M for the ideal generated by the monomials xS|F , where S|F is not a biflag, and JN,M for the
ideal generated by the linear forms γi − γj and γi − γj for each i and j in [N ].

Definition 2.4. The Chow ring of the projective bundle fan of M is the quotient

A(ΣN,M) = SN,M/(IN,M + JN,M).

Let γ, γ, and δ be the classes of the linear forms γj , γj and δj in A(ΣN,M). After identifying A1(ΣN,M)
with the space of piecewise linear functions on ΣN,M modulo global linear functions, these classes agree with
the previously defined classes by the same name.

For 1 ≤ j ≤ r, we consider the class in A1(ΣN,N ) given by

uj =
∑

S ̸=[N ], rk(Sc)<j

xS|T − γ.

Lemma 2.5. The ith elementary symmetric function of {u1, . . . , ur} is equal to π∗
1ci.

Proof. In [BEST23, Appendix III], the authors describe classes w1, . . . , wr in A1(ΣN ) such that ci is the
ith elementary symmetric function of {w1, . . . , wr}. These classes depend on the choice of some auxiliary
matroids; using the “full Higgs lift” as described in [BEST23, Appendix III], we have

wi =
∑

rk(Sc)<i, S ̸=[N ]

xS − α.

By definition, π∗
1α = γ. We have π∗

1xS =
∑

T xS|T , giving the result. □

2.3. A projective bundle relation. For this section, we fix a loopless matroid M of rank r on the ground
set [N ]. We will often refer to the biflats and biflags of M simply as biflats and biflags. We will also often
restrict classes like γ, γ, c1, . . . , cr, and δ to A(ΣN,M) without comment. The goal of this section is to prove
that the following relation holds in the Chow ring of ΣN,M.

Theorem 2.6. In A(ΣN,M), we have δr + c1δ
r−1 + · · ·+ cr = 0.

The proof of Theorem 2.6 is quite involved and requires us to start with some structural definitions.
Recall that for a biflag U|H of length k, an integer 0 ≤ j ≤ k is a gap index of U|H if Uj ∪Hj+1 is not

equal to the entire ground set of M. By definition, all biflags have at least one gap index and we will pay
special attention to their first gap index. To emphasize this, we will write biflags of M as

S|F < T |G = (S1|F1 < · · · < Ss|Fs < T1|G1 < · · · < Tℓ|Gℓ)

where s is the smallest gap index of S|F < T |G. We refer to S|F and T |G as the first and second components
of S|F < T |G, respectively. Note that it is possible for a biflag to have an empty first or second component.
We will use s to refer to the length of S|F and ℓ for the length of T |G. Finally, it will be convenient for us
to define S0|F0 = ∅|[N ], T0|G0 = Ss|Fs, and Tℓ+1|Gℓ+1 = [N ]|∅.
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Example 2.7. We will use the graphic matroid of the pyramid Γ, illustrated in Figure 1, as a running
example in this section. Set E = [8]. The set of gap indices of the biflag

126|E < 126|34578 < 1246|34578 < 12456|378 < 124567|378
is equal to {3, 5}. As 3 is the first gap index, we write this biflag as S|F < T |G where

S|F = (126|E < 126|34578 < 1246|34578) and T |G = (12456|378 < 124567|378).

1

2

3

4

56

7 8

Figure 1. The pyramid graph Γ

The following kinds of biflags have second components with desirable behavior.

Definition 2.8. For a biflag S|F < T |G and an index 0 ≤ i ≤ ℓ, we say that S|F < T |G is lexicographically
decreasing at i if

min
(
Sc
s \Gi+1

)
∈ Gi.

If S|F < T |G is lexicographically decreasing at all such indices, then we say that S|F < T |G is lexicograph-
ically decreasing.

As Ss|Fs is the start of the first gap of S|F < T |G, all biflags are lexicographically decreasing at index 0.
See Example 2.11 for an illustration of this definition. We justify the name “lexicographically decreasing”
in Remark 2.10. A biflag consisting of a single proper biflat T |G is lexicographically decreasing whenever
min([N ]) = 1 ∈ G. The following lemma gives us strong control over the ranks of Sc

s ∩ Gi and T c
i in

lexicographically decreasing biflags.

Lemma 2.9. Suppose that S|F < T |G is lexicographically decreasing, and let rk(Sc
s) = a. Then

rk(Sc
s ∩Gi) > rk(Sc

s ∩Gi+1) and rk(T c
i ) ≤ rk(Sc

s ∩Gi) ≤ a− i

for all 1 ≤ i ≤ ℓ.

Proof. As Gi+1 ∪min(Sc
s \Gi+1) ⊆ Gi, it follows that Sc

s ∩Gi+1 ⊊ Sc
s ∩Gi. The sets Sc

s ∩Gi+1 and Sc
s ∩Gi

are flats so the first inequality now follows. The second inequality follows from the fact that T c
i ⊆ Sc

s ∩Gi.
We now prove the third inequality. For the sake of contradiction, suppose there is some index 1 ≤ i ≤ ℓ

where rk(Sc
s ∩Gi) > a− i. By the first inequality, this implies that rk(Sc

s ∩G1) > a− 1. As the rank of Sc
s is

a, we have that Sc
s ∩G1 = Sc

s , so Sc
s ⊆ G1. This contradicts the fact that s is a gap index of S|F < T |G. □

Remark 2.10. Let S|F < T |G be a lexicographically decreasing biflag whose second component has length
equal to rk(Sc

s)− 1 = a− 1. Lemma 2.9 tells us that

Sc
s ∩ Gop =

(
∅ = Sc

s ∩Ga ⊂ Sc
s ∩Ga−1 ⊂ Sc

s ∩Ga−2 ⊂ · · · ⊂ Sc
s ∩G1 ⊂ Sc

s

)
is a saturated flag of flats. In the interval [∅, Sc

s ] of the lattice of flats of M, Sc
s ∩ Gop is the unique maximal

flag of flats whose EL-labeling, in the sense of [Bjö92], is lexicographically increasing. Because Sc
s ∩ Gop is

read in the opposite order as T |G, we’ve chosen to call the biflags S|F < T |G “lexicographically decreasing”.
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Example 2.11. The biflag S|F < T |G of Example 2.7 is not lexicographically decreasing. In particular, it
fails to be lexicographically decreasing at index 1. To see this, observe that Sc

3 = 34578 and G1 = G2 = 378

so min(Sc
3 \G2) = 4 ̸∈ G1.

In contrast, for the pyramid graph Γ of Figure 1, the biflag S ′|F ′ < T ′|G′ given by

S ′|F ′ = (1267|E) and T ′|G′ = (125678|1234 < E|3)

is lexicographically decreasing. In agreement with Remark 2.10, we see that S′c
1 ∩G′

1 = 34 and S′c
1 ∩G′

2 = 3.
Note that this condition does not determine G′

1 or G′
2. For example, replacing G′

1 with the flat 34 results in
a different lexicographically decreasing biflag.

It follows from the definitions that, in A1(ΣN,N ), we have

δ + uj = γ +
∑

S ̸=[N ], rk(Sc)<j

xS|[N ] −
∑

S,T ̸=[N ], rk(Sc)≥j

xS|T .

Set v+j =
∑

S ̸=[N ], rk(Sc)<j xS|[N ] and v−j =
∑

S,T ̸=[N ], rk(Sc)≥j xS|T , so δ + uj = γ + v+j − v−j . We will now

work towards proving the following proposition.

Proposition 2.12. Let S|F = (S1|F1 < · · · < Ss|Fs) be a chain of proper biflats with no gap indices strictly
smaller than s, and let a = rk(Sc

s). For any number 0 ≤ ℓ ≤ a, we have that∑
#T |G=ℓ

xS|F<T |G

a−ℓ∏
i=1

(
γ − v−i

)
= 0

in A(ΣN,M) where the sum is over all lexicographically decreasing biflags whose first component is S|F and
whose second component has length ℓ.

The ℓ = 0 case of Proposition 2.12 is an important part of the proof of Theorem 2.6. Namely, it will let
us prove Proposition 2.22. Our proof of Proposition 2.12 is inductive and relies on an explicit understanding
of the product

∑
xS|F<T |G(γ − v−a−ℓ) in A(ΣN,M). Similar to the intricate computations of [ADH23a], the

fundamental hurdle is in understanding which choice of representative γi = γ to use at each step.

Definition 2.13. Suppose S|F < T |G is a lexicographically decreasing biflag whose first and second compo-
nents have lengths s and ℓ, respectively. Let rk(Sc

s) = a, and let 1 ≤ i ≤ ℓ+1 be the smallest index such that
rk(T c

i ) < a− ℓ. Finally, let

e = min(Sc
s \Gi).

The canonical expansion of xS|F<T |G(γ − v−a−ℓ) is the expression

xS|F<T |G(γ − v−a−ℓ) = xS|F<T |G(γe − v−a−ℓ).

Note that we allow the index i = ℓ + 1 in Definition 2.13. As T c
ℓ+1 = ∅, this ensures that the canoni-

cal expansion is well defined. Using the relations of A(ΣN,M), we can rewrite the canonical expansion of
xS|F<T |G(γ − v−a−ℓ) as a sum of squarefree monomials whose coefficients are 0, 1 or −1.

Lemma 2.14. In A(ΣN,M), the canonical expansion is equal to

(1) xS|F<T |G(γe − v−a−ℓ) =
∑

rk(Uc)<a−ℓ,
e∈H ̸=[N ]

xS|F<T |GxU |H −
∑

rk(Uc)≥a−ℓ,
e ̸∈H

xS|F<T |GxU |H .

In both sums, the nonzero terms correspond to biflats U |H with Ti−1|Gi−1 < U |H < Ti|Gi.
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Proof. Equation (1) follows directly from the definitions. We now check the second claim. First, let U |H
correspond to a nonzero term of the first sum. As rk(U c) < a−ℓ, we have that Ti−1 ⊊ U , so Ti−1|Gi−1 < U |H.
As e ∈ H and e ̸∈ Gi, we have that H ⊋ Gi, so U |H < Ti|Gi.

To see that the claim holds for the second sum, suppose that U |H corresponds to one of its nonzero terms.
As S|F < T |G is lexicographically decreasing, e ∈ Gi−1. This implies that Gi−1 ⊋ H, so Ti−1|Gi−1 < U |H.
As rk(U c) ≥ a− ℓ, we have U ⊊ Ti and so U |H < Ti|Gi. □

Example 2.15. For the pyramid graph Γ of Figure 1, let S|F < T |G be the length two biflag given by S|F =
(1267|E) and T |G = (E|3). Following Definition 2.13, we have that e = min(Sc

1 \G1) = min(34578 \ 3) = 4
and the canonical expansion of xS|F<T |G(γ − v−2 ) is xS|F<T |G(γ − v−2 ) = xS|F<T |G(γ4 − v−2 ). The biflags

1267|E < E|34 < E|3 and 1267|E < 124567|378 < E|3
correspond to positive and negative terms of Equation (1), respectively.

Given a lexicographically decreasing biflag S|F < T |G, let pos(S|F < T |G) be the set of biflags that
correspond to the nonzero monomials in the positive sum of Equation (1). Similarly, let neg(S|F < T |G) be
the set of biflags that correspond to the nonzero monomials in the negative sum of Equation (1).

Lemma 2.16. Let S|F < T |G and S|F < T ′|G′ be different lexicographically decreasing biflags whose second
components have length ℓ and whose first components are equal. The set pos(S|F < T |G) is disjoint from
pos(S|F < T ′|G′) and the set neg(S|F < T |G) is disjoint from neg(S|F < T ′|G′).

Proof. Let i and i′ be the first indices such that rk(T c
i ) < a − ℓ and rk(T ′c

i′ ) < a − ℓ. Lemma 2.14 ensures
that our claims hold if i ̸= i′. If i = i′, then there is some index j such that Tj |Gj ̸= T ′

j |G′
j . If j < i, then

any biflags of pos(S|F < T |G) and pos(S|F < T ′|G′) will still differ from each other at index j. If j ≥ i,
then the same is true but now at index j + 1. This argument also shows that neg(S|F < T |G) is disjoint
from neg(S|F < T ′|G′). □

Let A denote the set of all lexicographically decreasing biflags whose first component is S|F and whose
second component has length ℓ. We now consider the result of applying the canonical expansion to every
term in the sum ∑

S|F<T |G∈A

xS|F<T |G(γ − v−a−ℓ) .

Define

pos(A) =
⋃

S|F<T |G∈A

pos(S|F < T |G), and neg(A) =
⋃

S|F<T |G∈A

neg(S|F < T |G).

Lemma 2.16 ensures that each biflag of pos(A) can be written uniquely as a union S|F < T |G ∪ {U |H},
where S|F < T |G is a lexicographically decreasing biflag in A. The same holds true for biflags in neg(A).
Lemma 2.16 also tells us that∑

S|F<T |G∈A

xS|F<T |G(γ − v−a−ℓ) =
∑

S|F<T |G∪{U |H}∈pos(A)

xS|F<T |G∪{U |H}(2)

−
∑

S|F<T |G∪{U |H}∈neg(A)

xS|F<T |G∪{U |H}(3)

This equality is already a significant reduction in complexity. For different choices of representatives γi = γ,
we are often left with an expression that is not the sum of squarefree monomials and whose coefficients
are not equal to 0, 1 or −1. We’ll now analyze the sets pos(A) and neg(A). The result of this analysis is
Proposition 2.21, which cancels the negative terms of Equation (3) with a subset of the positive terms on
the right hand side of Equation (2).
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For an integer 1 ≤ j ≤ ℓ + 1, let Aj be the subset of A consisting of the biflags S|F < T |G where j is
the first index such that rk(T c

j ) < a − ℓ. As rk(T c
ℓ+1) = 0, the collection {Aj : 1 ≤ j ≤ ℓ + 1} partitions

A. Define pos(Aj) and neg(Aj) in a similar manner to pos(A) and neg(A). We now prove two technical
lemmas to show that neg(A) ⊆ pos(A) and describe the complement pos(A) \ neg(A). See Figure 2 for a
diagrammatic summary.

Lemma 2.17. The set neg(Aℓ+1) is empty.

Proof. Suppose S|F < T |G < U |H is a biflag of neg(Aℓ+1). Lemma 2.9 implies that rk(T c
ℓ ) = rk(Sc

s ∩Gℓ) =

a − ℓ and T c
ℓ = Sc

s ∩ Gℓ. Lemma 2.14 tells us that the rank of U c is at least a − ℓ, so we also have that

U c = T c
ℓ . Again by Lemma 2.14, we know that min(Sc

s) ̸∈ H. Because S|F < T |G is lexicographically

decreasing, min(Sc
s) ∈ Gℓ. Thus Sc

s ∩H ⊊ Sc
s ∩Gℓ. Putting this all together, we get

Sc
s ∩H ⊊ Sc

s ∩Gℓ = T c
ℓ = U c.

But U c ⊆ Sc
s so this implies that U c ̸⊆ H, which is a contradiction. □

Lemma 2.18. For any 1 ≤ j ≤ ℓ, neg(Aj) ⊆ pos(Aj+1). Furthermore, the difference pos(Aj+1) \ neg(Aj)
is equal to the set of all lexicographically decreasing biflags

S|F < T1|G1 < · · · < Tj |Gj < U |H < Tj+1|Gj+1 < · · · < Tℓ|Gℓ

whose second component has length ℓ+ 1 and which obey the condition that U |H is the first biflat such that
rk(U c) < a− ℓ.

Proof. By Lemma 2.14, pos(Aj+1) consists of all of the biflags

S|F < T1|G1 < · · · < Tj |Gj < U |H < Tj+1|Gj+1 < · · · < Tℓ|Gℓ

that are lexicographically decreasing at indices i ∈ [ℓ+1]\j and obey the condition that U |H is the first biflat
such that rk(U c) < a−ℓ. We write these biflags as S|F < T |G∪{U |H}. We first show that neg(Aj) contains
the subset of biflags S|F < T |G ∪ {U |H} that are not lexicographically decreasing at index j. Suppose that
S|F < T |G ∪ {U |H} is not lexicographically decreasing at j. We claim that S|F < T |G ∪ {U |H} is in the
set

neg(S|F < T1|G1 < · · · < Tj−1|Gj−1 < U |H < Tj+1|Gj+1 < · · · < Tℓ|Gℓ) .

Once we know that S|F < T |G ∪ {U |H} \ {Tj |Gj} is lexicographically decreasing, the claim follows from
Lemma 2.14 and the fact that rk(U c) < a − ℓ ≤ rk(T c

j−1). To check that S|F < T |G ∪ {U |H} \ {Tj |Gj}
is lexicographically decreasing, we need to verify that min(Sc

s \H) ∈ Gj−1. To see this, note that because

S|F < T |G ∪{U |H} is not lexicographically decreasing, min(Sc
s \H) = min(Sc

s \Gj), so min(Sc
s \H) ∈ Gj−1.

We now show that neg(Aj) is contained in the specified subset of pos(Aj+1). By Lemma 2.14, the set
neg(Aj) consists of biflags

S|F < T ′
1|G′

1 < · · · < T ′
j−1|G′

j−1 < U ′|H ′ < T ′
j |G′

j < T ′
j+1|G′

j+1 < · · · < T ′
ℓ |G′

ℓ

that are lexicographically decreasing at indices i ∈ [ℓ + 1] \ {j − 1, j}, not lexicographically decreasing at
index j, and obey the condition that T ′

j |G′
j is the first biflat such that rk(T ′c

j ) < a− ℓ. We write these biflags
as S|F < T ′|G′∪{U ′|H ′}. First, observe that S|F < T ′|G′∪{U ′|H ′} is actually lexicographically decreasing
at index j − 1. This follows from the facts that G′

j ⊂ H ′, min(Sc
s \G′

j) ̸∈ H ′, and min(Sc
s \G′

j) ∈ G′
j−1. We

claim that S|F < T ′|G′ ∪ {U ′|H ′} is contained in the set

pos(S|F < T ′
1|G′

1 < · · · < T ′
j−1|G′

j−1 < U ′|H ′ < T ′
j+1|G′

j+1 < · · · < T ′
ℓ |G′

ℓ).

Once we know that S|F < T ′|G′ ∪ {U ′|H ′} \ {T ′
j |G′

j} is lexicographically decreasing, the claim follows from
Lemma 2.14 and the fact that rk(T ′c

j+1) < a− ℓ ≤ rk(U ′c). To check that S|F < T ′|G′ ∪ {U ′|H ′} \ {T ′
j |G′

j}
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A A3A2A1

A′ pos(A3)

neg(A2)

pos(A2)

neg(A1)

pos(A1)

B

pos neg pos neg pos

Figure 2. An illustration of Lemma 2.19 in the ℓ+1 = 3 case. The set pos(A) is equal to
the entire bottom shape. The set A′ is equal to the uncolored part of pos(A).

is lexicographically decreasing, we only need to verify that min(Sc
s \G′

j+1) ∈ H ′. This, in turn, follows from
the fact that G′

j ⊂ H ′ and that S|F < T ′|G′ is lexicographically decreasing. □

Let B ⊆ pos(A1) be the subset of biflags S|F < U |H < T |G such that Sc
s ⊆ H. Note that the definition

of pos(A1) ensures that rk(U
c) < a− ℓ.

Lemma 2.19. Let A′ denote the set of all lexicographically decreasing biflags whose first component is S|F
and whose second component has length ℓ+ 1. We have the equality

A′ = (pos(A1) \B) ⊔
ℓ⊔

j=1

pos(Aj+1) \ neg(Aj) = (pos(A) \B) \ neg(A).

Proof. For an index 1 ≤ j ≤ ℓ+ 1, let A′
j ⊆ A′ be the set of all biflags S|F < T ′|G′ such that j is the first

index where rk(T ′c
j ) < a− ℓ. Lemma 2.9 implies that rk(T ′c

ℓ+1) < a− ℓ, so the collection {A′
j : 1 ≤ j ≤ ℓ+1}

partitions A′.
It follows from the definition of pos(A1) that pos(A1) \B = A′

1. For an index 1 ≤ j ≤ ℓ, it follows from
Lemma 2.18 that pos(Aj+1) \ neg(Aj) = A′

j+1. That neg(Aℓ+1) is empty and does not need to be removed
from the middle term is the content of Lemma 2.17. □

Example 2.20. We illustrate some of the cancellation happening in Lemma 2.19 for the pyramid graph Γ of
Figure 1. The biflag 1267|E < E|3 has a second component of length one and is contained in the set A1. As
we saw in Example 2.15, the biflag 1267|E < E|34 < E|3 is in pos(1267|E < E|3) and the biflag 1267|E <
124567|378 < E|3 is in neg(1267|E < E|3). As 1267|E < E|34 < E|3 is lexicographically decreasing and has
a second component of length 2, it is contained in the set A′. The biflag 1267|E < 124567|378 < E|3 is not
lexicographically decreasing, but it is contained in pos(1267|E < 124567|378). As 1267|E < 124567|378 is in
A2, this is one example of the containments neg(A1) ⊆ pos(A2) and pos(A2) \ neg(A1) ⊆ A′.

Applying Lemma 2.19 to the canonical expansion of∑
S|F<T |G∈A

xS|F<T |G(γ − v−a−ℓ)

yields a nonnegative expression. The following proposition records what this nonnegative expression is.
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Proposition 2.21. Let A and A′ denote the sets of all lexicographically decreasing biflags whose first
component is S|F and whose second component has length ℓ and ℓ+ 1, respectively. Then∑

S|F<T |G∈A

xS|F<T |G(γ − v−a−ℓ) =
∑

S|F<T ′|G′∈A′

xS|F<T ′|G′ +
∑

S|F<U |H<T |G∈B

xS|F<U |H<T |G

where B is a collection of biflags S|F < U |H < T |G such that Sc
s ⊆ H and rk(U c) < a− ℓ.

Proof. By Lemma 2.16 and Lemma 2.19, we have∑
A

xS|F<T |G(γ − v−a−ℓ) =
∑

pos(A)

xS|F<T |G∪{U |H} −
∑

neg(A)

xS|F<T |G∪{U |H}

=
∑

pos(A1)

xS|F<U |H<T |G +

ℓ∑
j=1

∑
pos(Aj+1)\neg(Aj)

xS|F<T |G∪{U |H}

=
∑
A′

xS|F<T |G∪{U |H} +
∑
B

xS|F<U |H<T |G . □

We are now in a position to prove Proposition 2.12.

Proof of Proposition 2.12. We prove this by induction on the pair (a, a− ℓ). When a = 0, S|F is not a biflag
and xS|F is zero. When a− ℓ = 0, Lemma 2.9 tells us both that rk(G1 ∩ Sc

s) ≤ a− 1 and that

rk(G1 ∩ Sc
s) > · · · > rk(Gℓ−1 ∩ Sc

s) > rk(Gℓ ∩ Sc
s) > 0.

The chain of strict inequalities implies that rk(G1 ∩ Sc
s) ≥ a, which is a contradiction. Therefore, there are

no lexicographically decreasing biflags whose second component has length a and our sum is zero.
We now prove the claim for an arbitrary positive pair (a, a− ℓ) assuming the claim for all pairs (a′, a′− ℓ′)

where either a′ < a and a′ − ℓ′ ≤ a− ℓ or a′ ≤ a and a′ − ℓ′ < a− ℓ.
Let A and A′ denote the sets of all lexicographically decreasing biflags whose first component is S|F and

whose second component has length ℓ and ℓ+ 1, respectively. Proposition 2.21 tells us that∑
S|F<T |G∈A

xS|F<T |G
(
γ − v−a−ℓ

) a−ℓ−1∏
i=1

(
γ − v−i

)
=

∑
S|F<T ′|G′∈A′

xS|F<T ′|G′

a−ℓ−1∏
i=1

(
γ − v−i

)
+

∑
S|F<U |H<T |G∈B

xS|F<U |H<T |G

a−ℓ−1∏
i=1

(
γ − v−i

)
.

The first sum is zero by the (a, a − ℓ − 1) case of our induction hypothesis. By Proposition 2.21, ev-
ery biflag indexing a term in the second sum has the property that Sc

s ⊆ H and rk(U c) < a − ℓ, so

xS|F<U |H
∏a−ℓ−1

i=1

(
γ − v−i

)
vanishes by the induction hypothesis. Therefore the second sum is zero. □

Proposition 2.22. In A(ΣN,M), we have

δr + c1δ
r−1 + · · ·+ cr = (δ + u1) · · · (δ + ur) = (γ − v−1 ) · · · (γ − v−r ).

Proof. The first equality follows from Lemma 2.5. Note that v+1 = 0. By the ℓ = 0 case of Proposition 2.12,

v+j
∏j−1

i=1 (γ − v−i ) = 0 in A(ΣN,M) for each j ∈ [r], so the claim follows. □

Proof of Theorem 2.6. It is known that ΣN,N is a projective fan [ADH23b, Proposition 2.20], so ΣN,M is
quasi-projective. As the support of ΣN,M is the product of RN with the support of the Bergman fan of M,
it is a Lefschetz fan by Proposition 2.2, so A(ΣN,M) satisfies Poincaré duality.
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By Proposition 2.22, it suffices to show that (γ − v−1 ) · · · (γ − v−r ) = 0 in A(ΣN,M). The balanced fan
ΣN,M defines a Minkowski weight [ΣN,M] in A(ΣN,N ). By Poincaré duality for A(ΣN,M) and because the
restriction map ι∗ : A(ΣN,N ) → A(ΣN,M) is surjective, (γ − v−1 ) · · · (γ − v−r ) = 0 if and only if degΣN,M

(γ −
v−1 ) · · · (γ − v−r )ι

∗z = 0 for every z ∈ A(ΣN,N ). Using the identity

degΣN,M
(γ − v−1 ) · · · (γ − v−r )ι

∗z = degΣN,N
(γ − v−1 ) · · · (γ − v−r )[ΣN,M]z

and Poincaré duality for A(ΣN,N ), we see that

(γ − v−1 ) · · · (γ − v−r ) = 0 in A(ΣN,M) if and only if (γ − v−1 ) · · · (γ − v−r )[ΣN,M] = 0 in A(ΣN,N ).

Let TM denote the truncation of M; this is a matroid whose bases are the independent sets of M of rank
r − 1. If r > 1, then TM is loopless because M is. By [Spe08, Proposition 4.4] (see also [EHL23, Corollary
1.7]), if r > 1, then γ · [ΣN,M] = [ΣN,TM]. If r = 1, then γ · [ΣN,M] = 0.

We induct on the rank of M. As M is assumed to be loopless, the least possible rank of M is 1. The
argument we will give for the inductive step works when M has rank 1, using that in this case γ · [ΣN,M] = 0
as input.

Note that ι∗v−r = 0 in A(ΣN,M): given a term xS|F with rk(Sc) ≥ r, then we must have rk(F ) = r because

Sc ⊆ F . But this implies that F = [N ]. It follows that v−r [ΣN,M] = 0. We therefore have

(γ − v−1 ) · · · (γ − v−r )[ΣN,M] = (γ − v−1 ) · · · (γ − v−r−1)[ΣN,TM].

Note that, for j < r, the classes v−j defined using M are the same as the classes v−j defined using TM: the
rank of Sc in M is at least j if and only if the rank of Sc in TM is at least j. The desired vanishing then
follows from induction. □

3. Proof of the main result

We now proceed with the proof of Theorem 1.4. We first establish some results on rings which resemble
the cohomology rings of projective bundles over smooth projective varieties.

3.1. Projective bundle rings. Let A be a finite-dimensional commutative graded R-algebra equipped with
an open convex cone K ⊂ A1 and a map degA : An → R which satisfies the Kähler package. We will develop
the basic algebraic properties of rings which resemble the cohomology rings of projective bundles. For some
r ≥ 1, let c1, . . . , cr be classes in A1, . . . , Ar, respectively. Set

B =
A[ζ]

(ζr + c1ζr−1 + · · ·+ cr)
.

There is a natural ring homomorphism π∗ : A → B. As A-modules, we have a decomposition

(4) B ∼=
r−1⊕
i=0

ζiA.

There is an isomorphism degB : Bn+r−1 → R which is defined by the condition that if x ∈ An is a class with
degA(x) = 1, then degB(ζ

r−1x) = 1.

Proposition 3.1. The ring B has Poincaré duality.

Proof. For each k ≥ 0, by (4), Bk ∼=
⊕r−1

i=0 ζi · Ak−i and Bn+r−1−k ∼=
⊕r−1

j=0 ζ
j · An+r−1−k−j . The pairing

between two terms in these decompositions is zero unless i + j ≥ r − 1, and it is nondegenerate when
j = r − 1 − i. After choosing a basis for each Ai, the matrix representing the Poincaré pairing is block
triangular, and therefore this pairing is nondegenerate by Poincaré duality for A. □
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Theorem 1.4 establishes cases in which the Kähler package holds for B. In such cases, an argument from
[BG71] gives consequences for A.

Theorem 3.2. Suppose that, for each i, the map Bi → Bi+1 given by multiplication by ζ has full rank. Let
d = min{r, n}. Then the map Ai → Ai+d given by multiplication by cd is injective for i ≤ (n − r)/2 and is
surjective for i ≥ (n− r)/2.

While the original proof in [BG71] can be adapted to this setting, we give a slightly different argument.

Proof. First consider the case when r ≤ n. Under the Poincaré pairing, the map Ai → Ai+r given by
multiplication by cr is dual to the map An−i−r → An−i given by multiplication by cr, so it suffices to prove the
injectivity part. By (4), we haveBr+i−1 = ζr−1Ai⊕ζr−2Ai+1⊕· · ·⊕Ar+i−1 andBr+i = ζr−1Ai+1⊕· · ·⊕Ar+i.
As i ≤ (n− r)/2, the map Br+i−1 → Br+i given by multiplication by ζ is injective. Comparing with these
decompositions, we see that the map Ai → Ar+i given by multiplication by cr is injective.

When r ≥ n, the only nontrivial statement is that cn is nonzero. This follows from the fact that the map
Br−1 → Br given by multiplication by ζ is injective. □

Theorem 1.4 does not assert that multiplication by ζ satisfies the hypothesis of Theorem 3.2. However,
one can apply Theorem 3.2 to the rings considered in Theorem 1.4 by “twisting.” Given δ ∈ A1, for each i

set c′i =
∑i

j=0(−1)j
(
r−i+j

j

)
ci−jδ

j . Then there is an isomorphism of A-algebras

A[ζ]

(ζr + c′1ζ
r−1 + · · ·+ c′r)

→ B, ζ 7→ ζ + δ.

In particular, if A is as in Theorem 1.4 and δ ∈ K, then the projective bundle ring defined using c′1, c
′
2, . . .

has the Kähler package with respect to a cone which contains ζ in its interior, so Theorem 3.2 implies that
multiplication by c′d has maximal rank.

Suppose that B has the Kähler package with respect to the cone K + R>0ζ, and that r ≥ n. For δ ∈ K
and a real number λ, if we twist by λδ, we have degA(c

′
n) = (−1)nλn

(
r
n

)
degA(δ

n) +O(λn−1). This has sign
(−1)n for λ sufficiently large. As Theorem 3.2 implies that c′n does not vanish after we twist by λδ for any
λ > 0, we have the following corollary.

Corollary 3.3. Suppose that r ≥ n, and B = A[ζ]/(ζr + c1ζ
r−1+ · · ·+ cnζ

r−n) has the Kähler package with
respect to the cone K + R>0ζ. Then (−1)n degA(cn) ≥ 0.

If B has the Kähler package with respect to the cone K+R>0ζ, then we can show that certain quotients
of A have the Kähler package. Given classes c1, . . . , cr, define classes si ∈ Ai for each i via the identity

(5) (1 + c1 + · · ·+ cr)(1 + s1 + · · ·+ sn) = 1.

For example, s1 = −c1 and s2 = c21 − c2.

Proposition 3.4. Suppose that B has the Kähler package with respect to the cone K+R>0ζ. Suppose that
st ̸= 0, and that sj = 0 for j > t. Then A/ ann(st) has the Kähler package with respect to the image of K
and the degree map induced by A.

Proof. Let π∗ : A → B be the natural inclusion. As both A and B have Poincaré duality, π∗ is dual to a map
of A-modules π∗ : B

• → A•−r+1. In terms of (4), if we write an element x ∈ Bi as ai+ai−1ζ+· · ·+ai−r+1ζ
r−1,

then π∗x = ai−r+1. We see that an element x in B vanishes if and only if π∗ζ
ix = 0 for all i ≥ 0. It follows

from repeatedly applying the defining relation of B and using Pieri’s rule that π∗ζ
i = si−r+1 for i ≥ r − 1.

Because sj = 0 for j > t, it follows that ζt+r = 0. This implies that the map A → B/ ann(ζt+r−1) is
surjective, as ζ ∈ ann(ζt+r−1). Also, an element a ∈ A lies in ann(st) if and only if π∗a lies in ann(ζt+r−1).
This induces an isomorphism from A/ ann(st) to B/ ann(ζt+r−1). The result follows from the descent lemma
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[CKS87, Lemma 1.16] [KK87, Theorem 2.1.5], see [Cat08, Theorem 3.2] or [AHL25, Lemma 4.6], as ζ lies in
the closure of K + R>0ζ. □

Remark 3.5. We note that, if A has the Kähler package, then there will exist a cone KB ⊂ B1 such that
B has the Kähler package with respect to KB and degB . Indeed, consider the free R[z]-module given by

Bz =
A[ζ, z]

(ζr + c1ζr−1z + · · ·+ crzr)
.

For each z0 ∈ R, let Bz0 be the ring obtained by setting z = z0, so B1 is identified with B. It is known
that B0 has the Kähler package with respect to the cone spanned by K and ζ, see, e.g., [AHK18, Section
7.2]. Therefore, for any ℓ ∈ K, Hard Lefschetz and the Hodge–Riemann relations hold for ℓ + ζ in B0.
This implies that Hard Lefschetz and the Hodge–Riemann relations hold for ℓ + ζ in Bε for all sufficiently
small ε. For any ε > 0, there is an isomorphism Bε → B1 which sends ζ to ζ/ε. The induced isomorphism
Bn+r−1

ε → Bn+r−1
1 scales the degree map by a positive scalar, and so ℓ + ζ/ε satisfies Hard Lefschetz and

the Hodge–Riemann relations in B1.

However, the argument in Remark 3.5 gives no control over the cone KB , and so it is not useful for most
applications.

3.2. Proof of Theorem 1.4. We now proceed with the proof of Theorem 1.4. We first reduce to the
case when M is loopless. Let S ⊂ [N ] be the set of loops of M, and let M′ be the matroid M \ S. Define
φ′ : R[N ]\S → Rm as the restriction of φ∗ to the subspace where the coordinates labeled by S are 0. Then
φ∗(P (M)) = φ′(P (M′)), and the classes associated to M′ are the same as the classes associated to M.

For the remainder, we will assume that M is loopless. Recall that ΣN denotes the permutohedral fan in
RN . Let Σ̃ be a simplicial projective refinement of Σ×ΣN which has the property that the map ι : Rm×RN →

RN × RN given by

(
φ∗ 0
0 I

)
extends to a map of fans Σ̃ → ΣN,N . Because Σ̃ is a refinement of Σ × ΣN ,

there is a subfan Π of Σ̃ with the same support as Rm × ΣM.

Lemma 3.6. Π is a Lefschetz fan.

Proof. Π is constructed as a subfan of a projective fan, so it is quasiprojective. Its support is the same as
Rm × ΣM, which is a Lefschetz fan by Proposition 2.2. □

The map Π → Σ induced by projection gives an injective pullback map A(Σ) → A(Π), identifying A(Σ)
with a subring of A(Π). In particular, we have elements c1, . . . , cr in A(Π). Let H denote the pullback of δ
to A(Π) along the map Π → ΣN,N induced by ι.

Proposition 3.7. The subring of A(Π) generated by H and A(Σ) is isomorphic to B via the map which
sends ζ to [H].

Proof. We first check that Hr + c1H
r−1 + · · · + cr = 0. The image of the map Π → ΣN,N is ΣN,M. Note

that H is the pullback of δ from ΣN,M, and that ci is the pullback of the class ci ∈ Ai(ΣN,M). The result
follows from Theorem 2.6.

This implies that B has a surjective map to the subring of A(Π) generated byH and A(Σ). Proposition 3.1
and the fact that A(Σ) has Poincaré duality imply that B has Poincaré duality. It follows that every ideal
of B intersects Bn+r−1. So to check that the map from B to A(Π) is injective, it suffices to check that the
image of Bn+r−1 is nonzero.

Choose an ample divisor D in A1(Σ), and let D̃ be its pullback to A1(Π). We check that D̃n · Hr−1

is nonzero in An+r−1(Π). Pushing forward to A(Σ̃), this is equivalent to checking that D̃n · Hr−1 · [Π] is
nonzero, where [Π] is the Minkowski weight corresponding to the balanced fan Π. Because Dn is a positive
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multiple of the class of a point, D̃n · [Π] is a positive multiple of [{0}×ΣM], where {0}×ΣM is the subfan of

Σ̃ with support {0} × ΣM. The restriction of H to the Chow ring of this fan is identified with the pullback
of α from A1(ΣM), so the claim follows from the fact that αr−1 is nonzero in A(ΣM) [AHK18, Proposition
5.8(2)]. □

We will need the following result to prove Theorem 1.4.

Proposition 3.8. [AHL25, Proposition 2.10] Let A be a finite-dimensional commutative graded R-algebra
equipped with an open convex cone K ⊂ A1 and a map degA : An → R which satisfies the Kähler package. Let
B be a subalgebra of A which is generated by a subset of K that has Bn = An, and which satisfies Poincaré
duality with respect to degA. Then B has the Kähler package with respect to the cone (K ∩B1)◦.

Proof of Theorem 1.4. By Lemma 3.6, A(Π) has the Kähler package with respect to a cone KΠ whose closure
contains the classes of any convex piecewise linear function on Rm × RN that is linear on the cones of Π.
In particular, the pullback of any class in K ⊂ A1(Σ) to A1(Π) is in the closure of this cone, and [H] is
in the closure of this cone. Because Σ is a projective fan, A1(Σ) is spanned by classes of convex piecewise
linear functions, which pull back to classes in KΠ. The Chow ring of a simplicial toric variety is generated
in degree 1, so A(Σ), viewed as a subring of A(Π), is generated by elements in KΠ. By Proposition 3.7, B is
a subring of A(Π) generated by classes in KΠ. As B is generated by classes in KΠ and has Poincaré duality,
Proposition 3.8 implies that B has the Kähler package with respect to the interior of KΠ ∩B1, proving the
result. □

We now mention a result which strengthens Theorem 1.4 in two different ways. We allow one to take the
projectivization of multiple projective bundles, and we also allow the base to be replaced by an arbitrary
Lefschetz fan. Let Σ be a Lefschetz fan in Rm, and let M1, . . . ,Mk be matroids on [N1], . . . , [Nk] of ranks
r1, . . . , rk, respectively. For each i, let φ∗

i : ZNi → Zm be a linear map, and assume that the transpose φi∗
induces a map of fans from Σ to the normal fan of P (Mi). For each i and j, let cj(Mi) denote the associated
class in Aj(Σ). Consider the ring

B =
A(Σ)[ζ1, . . . , ζk]

(ζr11 + c1(M1)ζ
r1−1
1 + · · ·+ cr1(M1), . . . , ζ

rk
k + c1(Mk)ζ

rk−1
k + · · ·+ crk(Mk))

.

Then B is equipped with an isomorphism degB induced by its structure as an iterated projective bundle
ring (see Section 3.1). Set KB to be the open convex cone in B1 generated by the interior of the pullback of
K(Σ) and the classes ζ1, . . . , ζk.

Theorem 3.9. The ring B has the Kähler package with respect to KB and degB.

Proof. We can reduce to the case when all of the Mi are loopless. As in the proof of Theorem 1.4, construct
a quasi-projective fan Π in Rm×RN1 × · · ·×RNk whose support is the product of the support of Σ with the
support of the Bergman fans of the Mi. One can choose a simplicial fan structure on Π so that:

(1) the projection of Π to Rm is a map of fans with image Σ, and
(2) for each i, the map Rm ×RN1 × · · · ×RNk → RNi ×RNi induced by φi∗ gives a map of fans from Π

to the projective bundle fan ΣNi,Mi
.

As in the proof of Proposition 3.7, the subring of A(Π) generated by A(Σ) and the pullbacks of the various
δ classes from each ΣNi,Mi

is isomorphic to the ring B; that the relations in the definition of B hold follows
from Theorem 2.6. Note that Π is a Lefschetz fan, and so A(Π) has the Kähler package. As B has Poincaré
duality by Proposition 3.1, the result follows from Proposition 3.8. □

For example, taking Σ to be the Bergman fan of a matroid, we have the following corollary of Theorem 3.9.
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Example 3.10. Let N be a loopless matroid on [n], and let M1, . . . ,Mk be matroids on [n] of ranks r1, . . . , rk,
respectively. For each i and j, let cj(SMi) denote the restriction of the class defined in [BEST23] to Aj(N).
Then the ring

A(N)[ζ1, . . . , ζk]

(ζr11 + c1(SM1)ζ
r1−1
1 + · · ·+ cr1(SM1), . . . , ζ

rk
k + c1(SMk

)ζrk−1
k + · · ·+ crk(SMk

))

has the Kähler package with respect to the interior of the cone generated by restrictions of ample divisors
from the permutohedral fan and ζ1, . . . , ζk.

In a key case, the ring considered in Theorem 1.4 is the Chow ring of a smooth projective toric variety.
However, the cone K appearing in Theorem 1.4 is strictly larger than the nef cone of this toric variety, and
so this observation cannot be used to prove Theorem 1.4 in this case.

Example 3.11. Let Σ be the permutohedral fan, and let M be a (possibly non-realizable) matroid. Let
ci ∈ Ai(Σ) be the class denoted ci(SM) in [BEST23]. In [BEST23, Appendix III], it is shown that there are
line bundles L1, . . . ,Lr on the permutohedral toric variety such that ci is the ith Chern class of L1⊕· · ·⊕Lr.
Then the projectivization of the direct sum of line bundles L1⊕· · ·⊕Lr over the permutohedral toric variety
has the structure of a toric variety, and its Chow ring is A(Σ)[ζ]/(ζr+c1ζ

r−1+ · · ·+cr). However, the vector
bundle L1 ⊕ · · · ⊕ Lr is essentially never nef, so the divisor class corresponding to ζ is essentially never nef
on this toric variety.

The proof of Theorem 1.4 relies crucially on the main result of [AHK18], which proves the Kähler pack-
age for the Chow ring of matroids. However, we note that the special case of Theorem 1.4 mentioned in
Example 3.11 easily implies the main result of [AHK18].

Example 3.12. Let Σ be the permutohedral fan, and let M be a loopless matroid. Let ci ∈ Ai(Σ) be
the class denoted ci(SM) in [BEST23], and let B = A(Σ)[ζ]/(ζr + c1ζ

r−1 + · · ·+ cr). The classes s1, s2, . . .
defined using (5) are equal to the classes denoted c1(QM), c2(QM), . . . , cn−r(QM) in [BEST23]. In particular,
sj = 0 for j > n − r. It follows from Theorem 1.4 and Proposition 3.4 that A(Σ)/ ann(cn−r(QM)) has the
Kähler package with respect to the image of the cone generated by ample divisors on the permutohedral
toric variety. There is an identification of A(Σ)/ ann(cn−r(QM)) with the Chow ring of a matroid; this
follows from Poincaré duality for Chow rings of matroids, see [BES24, Theorem 4.2.1]. This then implies
[AHK18, Theorem 1.4].
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