
POSITIVITY PROPERTIES OF SCHUR CLASSES
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Abstract. Results of Fulton–Lazarsfeld and Ross–Toma show that Schur classes of ample and nef vector

bundles have remarkable positivity properties. We generalize these results to a purely algebraic setting. We

show that if a projective bundle ring, a ring which resembles the cohomology ring of a projective bundle
over a smooth complex projective variety, has the Kähler package with respect to a suitable cone, then the

associated Schur classes satisfy a version of the Hodge–Riemann relations. This result is new even for the
projectivization of an ample vector bundle over a smooth complex projective variety. We apply this result

to prove that Schur coefficients of matroids are nonnegative.

1. Introduction

In the 1960s, a wide variety of positivity properties of vector bundles on algebraic varieties were studied
by Grauert, Griffiths, Hartshorne, and others. The most commonly studied notion was introduced by
Hartshorne [Har66]. A vector bundle E on a complex projective variety X is ample if the relative O(1) on
the projectivization PX(E) is an ample line bundle. A vector bundle is nef if the relative O(1) is a nef line
bundle. There is now a large collection of results showing that ample and nef vector bundles have properties
analogous to those enjoyed by ample and nef line bundles; see [Laz04, Part Two] for a comprehensive
summary of the theory as of 2004.

Motivated by a problem of Griffiths [Gri69], positivity properties for characteristic classes of ample or
nef vector bundles have attracted significant attention. Bloch and Gieseker showed that if the rank of a
nef vector bundle E is at least the dimension of X, then the degree of the top Chern class cdimX(E) is
nonnegative [BG71]. This was earlier proved when X is a surface by Kleiman [Kle69]. After some further
work [Gie71,UT77], this result was generalized to Schur classes by Fulton and Lazarsfeld. Given a partition
λ = (λ1, . . . , λe) with λ1 ≥ · · · ≥ λe > 0, let ℓ(λ) = e be the number of parts and let |λ| = λ1 + · · ·+ λe be
the sum of the parts. The Schur class sλ(E) is defined by the formula

(1) sλ(E) = det(sλi+j−i(E))
ℓ(λ)
i,j=1

where si(E) = s(i)(E) is the ith Segre class of E. This is a class in H2|λ|(X), and it can also be defined
as an explicit polynomial in Chern classes; see Section 3. In [FL83], Fulton and Lazarsfeld showed that
if |λ| = dimX and E is nef, then the degree of sλ(E) is nonnegative. As ci(E) = s(1i)(E), this is a
generalization of the result of Bloch and Gieseker. Furthermore, this result is sharp: any characteristic class
of E in the cohomology of X can be expressed as a linear combination of Schur classes, and Fulton and
Lazarsfeld constructed examples to show that

∑
λ aλsλ(E) has nonnegative degree for all nef vector bundles

E on all complex projective varieties X if and only if aλ ≥ 0 for all λ.
This result was extended to the setting of compact Kähler manifolds in [DPS94]. In a series of works,

Ross and Toma have shown positivity properties of Schur classes on compact Kähler manifolds when |λ| =
dimX − 2 [RT23a,RT23c,RT23b]. These results were extended in [LZ25].

We prove a generalization of these results on Schur classes in a purely algebraic setting. Beyond giving a
new proof of the aforementioned results, our proof gives additional inequalities satisfied by Schur classes of
nef vector bundles. These results are new even for nef vector bundles on smooth complex projective varieties.
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Let A = A0⊕· · ·⊕An be a commutative graded R-algebra which is equipped with a linear map degA : An →
R. If A is equipped with a nonempty open convex cone KA ⊆ A1, then we say that A has the Kähler package
with respect to KA if it satisfies the following properties:

(1) For all nonnegative k, the pairing

Ak ×An−k → R, (x, y) 7→ degA(xy)

is nondegenerate (Poincaré duality).
(2) For all nonnegative k ≤ n/2 and h ∈ KA, the map

Ak → An−k, x 7→ hn−2kx

is an isomorphism (hard Lefschetz property).
(3) For all nonnegative k ≤ n/2 and h ∈ KA, the bilinear form

Ak ×Ak → R, (x, y) 7→ (−1)k degA(h
n−2kxy)

is positive definite on the kernel of multiplication by hn−2k+1.

For example, if X is a compact Kähler manifold (such as a smooth complex projective variety), then the
ring of real (p, p) classes on X satisfies the Kähler package with respect to the Kähler cone; see [Huy05,
Chapter 3]. There are a number of combinatorial sources of algebras with the Kähler package [McM89,
AHK18,ADH23,LP26]. See [Huh18] for a discussion.

We will be concerned with rings that resemble the cohomology ring of a projective bundle. Recall that
if E is a rank r vector bundle over X, then H∗(PX(E)) ∼= H∗(X)[ζ]/(ζr − c1(E)ζr−1 + · · · + (−1)rcr(E)),
where ζ is the first Chern class of the relative O(1). Given classes c1, . . . , cr, with ci ∈ Ai, the projective
bundle ring B is the ring defined by

B :=
A[ζ]

(ζr − c1ζr−1 + · · ·+ (−1)rcr)
.

Set c0 = 1, and set ci = 0 for i > r or i < 0. Note that B is a commutative graded R-algebra, and there is a
natural ring injection π∗ : A → B. The ring B admits a direct sum decomposition

(2) B =

r−1⊕
i=0

ζi ·A.

In particular, Bn+r−1 is isomorphic to ζr−1An, so there is an induced degree map degB : Bn+r−1 → R. For
any partition λ, there is a corresponding Schur class sλ ∈ A|λ| (see Section 3). For example, if λ = (1i) then
sλ = ci. Let KB be the open convex cone in B1 given by π∗(KA)+R>0ζ. It turns out that, for any choice of
c1, . . . , cr, B has the Kähler package with respect to some cone; see Proposition 3.7. We will show that if B
has the Kähler package with respect to KB , then the classes c1, . . . , cr have remarkable positivity properties.

To state our main result, we will need to make some combinatorial definitions. We often identify partitions
with their corresponding Young diagrams (with row indices increasing downwards starting from 1 and column
indices increasing to the right starting from 1). In particular, we write λ ⊆ µ for a partition µ if there is a
containment of the corresponding Young diagrams. We write λ+µ for component-wise addition of partitions.
Fix a partition λ, and let its transpose be the partition

(m1, . . . ,m1,m2, . . . ,m2, . . . ,mt, . . . ,mt),

where m1 > m2 > · · · > mt and mi appears ki times. For 1 ≤ i ≤ t, let λ̂i be the rectangular partition

(ki, . . . , ki︸ ︷︷ ︸
mi times

).
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Then ℓ(λ̂i) = mi and λ = λ̂1 + · · · + λ̂t. We call this the rectangular decomposition of λ. Observe that the
distinct parts of λ are {λmi

= k1 + · · ·+ ki : 1 ≤ i ≤ t}. Set mt+1 = 0 and λ0 = λmt+1
= ∞. For 1 ≤ i ≤ t,

define the skew Young diagram

(3) Ri = {(r, c) : mi+1 < r ≤ mi, λmi
< c ≤ λmi+1

}.
Observe that R1, . . . , Rt−1 are finite rectangles, while Rt has infinitely many columns. See Figure 1 for an
illustration when t = 3.

λ̂1

λ̂2

λ̂3

R1

R2

R3 · · ·

Figure 1. The rectangular decomposition λ = λ̂1 + · · ·+ λ̂t and the associated rectangles
R1, . . . , Rt when t = 3.

Theorem 1.1. Let A = A0⊕· · ·⊕An be an algebra with the Kähler package with respect to a cone KA. For
some r ≥ 1, choose classes ci ∈ Ai for i = 1, . . . , r. Let B = A[ζ]/(ζr− c1ζ

r−1+ · · ·+(−1)rcr). Suppose that
B has the Kähler package with respect to KB. Let k ≤ n/2 be a nonnegative integer. Let λ be a partition
with |λ| = n− 2k, and consider an element a ∈ Ak. Fix h ∈ KA and consider the rectangular decomposition
of λ with corresponding rectangles R1, . . . , Rt as defined in (3). Suppose that for any partition µ with λ ⊆ µ
and ℓ(λ) = ℓ(µ), either

(1) µ ⊆ λ ∪R1 ∪ · · · ∪Rt and

(4) a

hsµ +

t∑
i=1

i
∑
ν⊇µ

|ν|=|µ|+1
ν∖µ∈Ri

sν

 = 0, or,

(2) µ ⊈ λ ∪R1 ∪ · · · ∪Rt and asµ = 0.

Then

(−1)k degA(a
2sλ) ≥ 0,

with equality if and only if asµ = 0 in A for all partitions µ with λ ⊆ µ.

We make some comments on the two conditions appearing in Theorem 1.1.

• Condition (1) holds if |µ| ≥ |λ|+ k. Indeed, then all terms of the form ahsµ and asν in Equation (1)
have degree strictly greater than n and so are zero. Similarly, (2) holds if |µ| > |λ|+ k.



4 MATT LARSON AND ALAN STAPLEDON

• The condition µ ⊈ λ∪R1 ∪ · · · ∪Rt implies that |µ| ≥ |λ|+3. Indeed, given a box b in µ∖ (λ∪R1 ∪
· · · ∪Rt), the boxes immediately above and to the left of b lie in µ∖ λ. In particular, condition (2)
holds vacuously if k ≤ 2.

When A is the ring of real (p, p) classes on a compact Kähler manifold and B is the ring of real (p, p)
classes on the projectivization of a nef vector bundle, then B has the Kähler package with respect to KB

and the hypothesis of Theorem 1.1 holds.

Example 1.2. Suppose that k = 0, so |λ| = n. Then (1) and (2) are automatic because As = 0 for s > n.
So if B has the Kähler package with respect to KB , then degA(sλ) ≥ 0.

In particular, Example 1.2 generalizes the main result of [FL83] for smooth complex projective varieties.
Using intersection cohomology, our proof can also be adapted to arbitrary complex projective varieties; see
Theorem 5.1. Our arguments cannot be easily adapted to varieties over a field of positive characteristic.

Example 1.3. Suppose that k = 1, so |λ| = n − 2. Then (2) is vacuous and (1) is vacuous unless µ = λ.
We see that the hypothesis of Theorem 1.1 holds for a ∈ A1 which lie inside a subspace of codimension at
most 1. This implies that the bilinear form A1 × A1 → R given by (x, y) 7→ degA(xysλ) has at most one
positive eigenvalue.

Example 1.3 is a generalization of the main theorem of [RT23c]. If k > 1, then Theorem 1.1 gives
a version of the higher Hodge–Riemann relations for Schur classes of nef vector bundles. This answers
[RT23a, Question 9.1].

Theorem 1.1 gives a generalization of known positivity properties of nef vector bundles. We now state a
version which gives a stronger positivity result under an assumption that holds for Chern classes of ample
vector bundles.

Theorem 1.4. Let A = A0⊕· · ·⊕An be an algebra with the Kähler package with respect to a cone KA. For
some r ≥ 1, choose classes ci ∈ Ai for i = 1, . . . , r. Let B = A[ζ]/(ζr− c1ζ

r−1+ · · ·+(−1)rcr). Suppose that
B has the Kähler package with respect to KB, and that ζ satisfies the hard Lefschetz property in B. Then
for any partition λ with |λ| = n and at most r parts, we have degA(sλ) > 0.

This recovers [FL83, Theorem 1]. Theorem 1.4 is deduced from Theorem 1.1 via a perturbation argument.

We discuss two ingredients in the proof of Theorem 1.1. We retain the notation of the theorem. If E is
a vector bundle over a variety X, then we can consider the multiprojective bundle PX(E) ×X PX(E) ×X

· · · ×X PX(E) obtained by taking the fiber product of m copies of PX(E) over X. We will consider rings
which resemble the cohomology rings of multiprojective bundles. For some m ≥ 1, let

C :=
A[ζ1, . . . , ζm]

(ζr1 − c1ζ
r−1
1 + · · ·+ (−1)rcr, . . . , ζrm − c1ζ

r−1
m + · · ·+ (−1)rcr)

.

There is a natural inclusion p∗ : A → C which identifies A with a subalgebra of C. Then C admits a direct
sum decomposition analogous to (2), and there is a distinguished degree map degC : Cn+m(r−1) → R. Let
KC be the open convex cone in C1 given by p∗(KA) + R>0ζ1 + · · ·+ R>0ζm.

Theorem 1.5. Suppose that B satisfies the Kähler package with respect to KB. Then C has the Kähler
package with respect to KC .

The proof of Theorem 1.5 uses a deep result of Kashiwara and Kawai [KK87]. The other ingredient is a
new formula for Schur classes. In C, let ∆ =

∏
1≤i<j≤m(ζi − ζj). If m = 1, then we have ∆ = 1. There is a

pushforward map p∗ : C → A which is adjoint to p∗ under the symmetric bilinear forms induced by Poincaré
duality. If A is the cohomology ring of a smooth complex projective variety and C is the cohomology ring
of a multiprojective bundle, then p∗ is the Gysin pushforward map. For a partition λ, let sλ(ζ1, . . . , ζm) be
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the Schur polynomial of λ evaluated at ζ1, . . . , ζm. This is a class in C |λ|, and it is the Schur class that we
obtain if we use the elementary symmetric functions of ζ1, . . . , ζm as the ci.

Proposition 1.6. Let λ be a partition, and choose some m with ℓ(λ) ≤ m ≤ r. Then

(−1)(
m
2 )m!sλ = p∗

(
∆2(ζ1 · · · ζm)r−msλ(ζ1, . . . , ζm)

)
.

We now sketch the proof of Theorem 1.1. Fix a partition λ with size n− 2k and a class a ∈ Ak satisfying
the hypothesis of Theorem 1.1. We induct on the number of parts in the rectangular decomposition of λ.
The base case is when λ is the empty partition, when Theorem 1.1 reduces to the Hodge–Riemann relations
for A in degree n/2. To do the inductive step, we consider the multiprojective bundle ring C given by taking
m = ℓ(λ). Let λ be the partition obtained by removing the first block of the rectangular decomposition
from λ. If k1 is the number of columns of λ with length m, then sλ(ζ1, . . . , ζm) = (ζ1 · · · ζm)k1sλ(ζ1, . . . , ζm).
Proposition 1.6 then gives the formula

(−1)(
m
2 )m! degA(a

2sλ) = degC(a
2∆2(ζ1 · · · ζm)r−m+k1sλ(ζ1, . . . , ζm)).

Let D := C/ ann((ζ1 · · · ζm)r−m+k1) be the quotient of C by the annihilator of (ζ1 · · · ζm)r−m+k1 ; this algebra
satisfies Poincaré duality with respect to a natural degree map. We have

degC(a
2∆2(ζ1 · · · ζm)r−m+k1sλ(ζ1, . . . , ζm)) = degD(a2∆2sλ(ζ1, . . . , ζm)).

By the descent lemma of [CKS87] and [KK87] and Theorem 1.5, D has the Kähler package with respect to
the image of KC . It also follows from Theorem 1.5 that D[ξ]/((ξ−ζ1) · · · (ξ−ζm)) satisfies the Kähler package
with respect to the expected cone; see Proposition 3.12. That a satisfies the hypothesis of Theorem 1.1 in
A implies that a∆ satisfies the hypothesis of Theorem 1.1 in D, and the result follows from induction.

The proof in [FL83] reduces the positivity of Schur classes of ample vector bundles to the Bloch–Gieseker
theorem [BG71]. In [FL83, pg. 44], Fulton and Lazarsfeld ask for an alternative argument avoiding that. In
our argument, we obtain the Bloch–Gieseker theorem as a special case, answering their question.

1.1. Applications to matroids. We apply Theorem 1.1 to prove a conjecture about matroids. We first
describe the motivating geometry. Let H1, . . . ,Hn be hyperplanes in an r-dimensional vector space L over a
field k. We assume that ∩iHi = 0. Choosing a linear form defining each hyperplane realizes L as a subspace
of kn, where the Hi are the restrictions of the coordinate hyperplanes. We have a corresponding point [L] of
the Grassmannian Gr(r, n). The torus T = Gn

m acts on Gr(r, n); the points of T · [L] correspond to different
choices of defining linear forms.

The Grassmannian Gr(r, n) has a stratification by Schubert varieties indexed by partitions λ which fit
inside an r × (n− r) box. The Schubert variety Ωλ corresponding to λ has dimension equal to |λ|. Let S∨

be the dual of the universal subbundle on Gr(r, n). In the homology of Gr(r, n), we have the identity

deg(sµ(S∨) ⌢ [Ωλ]) =

{
1 if λ = µ,

0 otherwise.

The classes [Ωλ] form a basis for the homology of Gr(r, n); see [Ful98, Chapter 14]. We can expand the

fundamental class of the torus-orbit closure T · [L] in this basis:

[T · [L]] =
∑
λ

aλ[Ωλ].

We see that aλ is the degree of the Schur class sλ of the restriction of S∨ to T · [L]. It follows, for example
from [FL83], that the aλ are nonnegative integers.
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The aλ are invariants of the hyperplane arrangement. The matroid of the hyperplane arrangement corre-
sponding to L ⊆ kn is the collection of subsets B of {1, . . . , n} of size r such that the composition

L ↪→ kn ↠ kB

is an isomorphism, where the map kn ↠ kB is the coordinate projection. In [FS12], Fink and Speyer used
equivariant localization to show that the aλ depend only on the matroid of L. Furthermore, they gave a
(complicated) formula for the class of T · [L] which makes sense for any matroid. This allows one to define an
invariant which assigns a rank r matroid M on {1, . . . , n} to aλ(M), the coefficient of the expansion of Fink
and Speyer’s formula in the Schubert basis. This integer is called the Schur coefficient of M. However, from
Fink and Speyer’s formula it is no longer obvious that Schur coefficients are nonnegative. The nonnegativity
of Schur coefficients was conjectured implicitly in [Spe09] and explicitly in [BF22, Conjecture 9.13].

Schur coefficients of matroids have attracted significant attention. They were first studied by Klyachko
[Kly85], who calculated the Schur coefficients of a uniform matroid, i.e., for hyperplanes in general position.
An elegant geometric explanation of Klyachko’s formula was given in [Lia24]. Klyachko’s computation was
generalized to sparse paving matroids by Hamre [Ham24], who proved the nonnegativity of Schur coefficients
in this case. Schur coefficients for rank 2 matroids were computed in [EFGL25], and Schur coefficients for
snake matroids and lattice path matroids were computed in [HSVV25]. Perhaps the most attractive results
on Schur coefficients are the following explicit formulas.

Example 1.7. In [Spe09, Theorem 5.1], Speyer showed that if λ = (n− r, 1, . . . , 1) is the hook, then aλ(M)
is Crapo’s beta invariant of a matroid [Cra67]. This counts the number of bases of M according to certain
statistics: it is the number of bases with external activity 0 and internal activity 1.

Example 1.8. If n ≥ 2r+1 and λ = (n−r, r−1), then it follows from [BF24, Corollary 6.16] and Pieri’s rule
that aλ(M) is equal to the number of bases of the diagonal Dilworth truncation D(M,M) with generalized
external activity 0, a statistic introduced in [BF24].

An alternative description of Schur coefficients of matroids was given in [BEST23]. Suppose that L ⊆ kn

is a realization of a connected matroid. This means that the stabilizer of [L] in T is as small as possible,

i.e., dimT · [L] = n− 1. Then there is a distinguished resolution of singularities f : Xn → T · [L] called the
permutohedral toric variety. By the projection formula, one has

aλ(M) = deg(sλ(f
∗S∨) ⌢ [Xn]).

In [BEST23], the authors gave a formula for the Chern classes of f∗S∨ which depends only on the matroid
of L. This formula makes sense for any matroid M, and they used it to define classes c1(S∨

M), . . . , cr(S∨
M) in

H∗(Xn;R), the cohomology ring of the permutohedral toric variety. The ring H∗(Xn;R) satisfies the Kähler
package with respect to the ample cone KXn of the permutohedral toric variety. The following result was
recently proved by Partida and the first author.

Proposition 1.9. [LP26, Theorem 1.4] Let M be a matroid of rank r on {1, . . . , n}. Then H∗(Xn)[ζ]/(ζ
r −

c1(S∨
M)ζr−1 + · · ·+ (−1)rcr(S∨

M)) satisfies the Kähler package with respect to the cone π∗(KXn
) + R>0ζ.

Corollary 1.10. Let M be a matroid of rank r on {1, . . . , n} and let λ be a partition which fits inside the
r × (n− r) box. Then aλ(M) ≥ 0.

Proof. Suppose that M is connected, so aλ(M) = 0 unless |λ| = n − 1. Choose a partition λ which fits
inside the r × (n − r) rectangle with |λ| = n − 1. If we define the Schur class sλ ∈ H∗(Xn;R) using
c1(S∨

M), . . . , cr(S∨
M), then it is not hard to show that

aλ(M) = deg(sλ);
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see [BF22, Remark 9.15]. The result follows in this case from Theorem 1.1 and Proposition 1.9. The result
can be reduced to the case of connected matroids [Ham24, Theorem 4.1], and it is also not hard to directly
prove the disconnected case by working on a product of permutohedral toric varieties. □

The above argument and Theorem 1.1 also answer [BEST23, Question 1.4], which asks for log-concavity
properties satisfied by Schur classes. Furthermore, [LP26, Theorem 1.4] is considerably more general than
Proposition 1.9, and it can be used to answer analogous questions arising from [EHL23] and [EFLS24]. See
[LP26, Example 1.2 and Example 1.3].

In [Huh18], Huh asks for combinatorial applications of the higher Hodge–Riemann relations. As discussed
above, the proof of Theorem 1.1 crucially uses the higher Hodge–Riemann relations, even in the case of
Fulton–Lazarsfeld positivity. The above argument therefore gives a combinatorial application of the higher
Hodge–Riemann relations.

The paper is organized as follows. In Section 2, we prove some preliminary results about symmetric
functions which will be needed in the proof of Theorem 1.1. In Section 3, we develop some properties of
projective bundle rings and prove Theorem 1.5 and Proposition 1.6. In Section 4, we prove Theorems 1.1
and 1.4. In Section 5, we consider some variants of the main results.

Acknowledgements. We thank Dave Anderson, Anders Buch, Teddy Gonzales, Rob Lazarsfeld, Julius
Ross, Christian Schnell, and Hunter Spink for helpful conversations. Claude was used to help with numerical
experiments and for proofreading, but all ideas in this paper were generated by the authors.

2. Symmetric functions

In this section, we develop some properties of symmetric functions that will be used in the proof of
Theorem 1.1; see [Sta99, Chapter 7] for a comprehensive reference. Let Λ = ΛZ be the graded Z-algebra of
symmetric functions in infinitely many variables. Recall that the Schur functions {sλ : λ a partition} form
a Z-basis of Λ, and multiplication in Λ is determined by

sλsµ =
∑
ν

cνλ,µsν ,

where λ, µ, and ν are partitions, and cνλ,µ ∈ Z≥0 is the corresponding Littlewood–Richardson coefficient.

Here sλ is homogeneous of degree |λ|. Also, recall that cνλ,µ = 0 unless λ ⊆ ν and µ ⊆ ν. For example,

when λ = (j) for some j ∈ Z≥0, we write hj = sλ for the corresponding complete homogeneous symmetric
function. When λ = (1j) for some j ∈ Z≥0, we write ej = sλ for the corresponding elementary symmetric
function. Recall that Λ is the polynomial ring on either h1, h2, . . . or on e1, e2, . . . . We also recall Pieri’s
rule, that

hjsλ =
∑
µ

sµ,

where the sum is over all partitions µ whose Young diagram is obtained by adding a horizontal j-strip to
the Young diagram of λ, i.e., adding j boxes, no two of which lie in the same column.

Considering length of partitions induces an increasing filtration of Λ defined by

Λ(≤m) :=
⊕

ℓ(λ)≤m

Z · sλ,

for all m ∈ Z≥0. In particular, Λ(≤0) = Z · s∅ = Z. As an abelian group, Λ(≤m) is naturally isomorphic

to the graded ring Z[x1, . . . , xm]Sm of symmetric functions in m variables, with sλ ∈ Λ(≤m) corresponding
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to sλ(x1, . . . , xm) ∈ Z[x1, . . . , xm]Sm for ℓ(λ) ≤ m. In particular, this isomorphism induces a natural ring
structure on Λ(≤m). Explicitly, multiplication is given by the product

⋆m : Λ(≤m) × Λ(≤m) → Λ(≤m), sλ ⋆m sµ =
∑

ℓ(ν)≤m

cνλ,µsν ,

for any partitions λ, µ with ℓ(λ), ℓ(µ) ≤ m. We have a surjective ring homomorphism

πm : Λ → Λ(≤m), πm(sλ) =

{
sλ if ℓ(λ) ≤ m,

0 otherwise.

In what follows, we often consider ⋆m acting on elements of Λ(≤m′) and Λ(≤m′′) for m′,m′′ ≤ m via the
natural inclusions.

Example 2.1. If λ = (k, k, . . . , k) is a rectangle with ℓ(λ) = m, then sλ(x1, . . . , xm) = (x1 · · ·xm)k, and,
for any partition µ with ℓ(µ) ≤ m, sλ ⋆m sµ = sλ+µ.

Let λ be a partition, and consider the ideal in Λ

Λλ :=
⊕
µ⊇λ

Z · sµ ⊆ Λ.

For a nonnegative integer m, consider the ideal in Λ(≤m)

Λ
(≤m)
λ := πm(Λλ) =

⊕
µ⊇λ

ℓ(µ)≤m

Z · sµ ⊆ Λ(≤m).

We can view Λ
(≤m)
λ as a subset of Λ or as a subset of Λ

(≤m′)
λ for any m′ ≥ m via the natural inclusion. We

need the following basic lemma.

Lemma 2.2. Let λ be a partition with ℓ(λ) = m. Then the ideal Λλ of Λ is generated by Λ
(≤m)
λ . In

particular, for any m′ ≥ m, the ideal Λ
(≤m′)
λ in Λ(≤m′) is generated by Λ

(≤m)
λ .

Proof. The second statement follows from the first by applying πm′ . For the first statement, let I be the

ideal in Λ generated by Λ
(≤m)
λ ; clearly I ⊆ Λλ. We prove the reverse inclusion by induction, firstly on the

length of a partition, and then on the number of elements in its last part. Consider a partition µ with µ ⊇ λ.
Let j = ℓ(µ) ≥ m, and write µ = (µ1, . . . , µj). If j = m, then sµ ∈ I by definition. Assume that j > m, and
let µ′ = (µ1, . . . , µj−1). Then λ ⊆ µ′, and hence sµ′ ∈ I by induction on the length of a partition. By Pieri’s
rule, hµj

sµ′ ∈ I is the sum of Schur functions whose partitions are obtained from µ′ by adding a horizontal
µj-strip to its Young diagram. Hence hµj

sµ′ = sµ+
∑

ν sν , where each ν = (ν1, . . . , νj) satisfies 0 ≤ νj < µj .
By induction, each sν is contained in I, and so sµ is contained in I. □

Consider a partition λ with ℓ(λ) = m. Recall that it has a rectangular decomposition λ = λ̂1 + · · ·+ λ̂t,
with associated rectangles R1, . . . , Rt (see (3) and Figure 1). Define a map of abelian groups

Lλ : Λ
(≤m)
λ → Λ

(≤m)
λ , Lλ(sµ) =

t∑
i=1

i
∑
ν⊇µ

ν∖µ∈Ri

|ν|=|µ|+1

sν .
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For example, if λ = ∅ then Lλ is the zero map. Consider the following ideal in Λ(≤m):

E
(≤m)
λ :=

⊕
µ⊇λ

ℓ(µ)=m

µ⊈λ∪R1∪···∪Rt

Z · sµ ⊆ Λ
(≤m)
λ .

Since Lλ(E
(≤m)
λ ) ⊆ E

(≤m)
λ , Lλ induces a map of abelian groups

L̃λ : Λ
(≤m)
λ /E

(≤m)
λ → Λ

(≤m)
λ /E

(≤m)
λ .

The following lemma will be crucial in our proof of Theorem 1.1.

Lemma 2.3. Let λ be a partition with ℓ(λ) = m. Then L̃λ is a Λ(≤m)-module homomorphism.

Proof. For 1 ≤ i ≤ t, define a map of abelian groups

Lλ,i : Λ
(≤m)
λ → Λ

(≤m)
λ , Lλ,i(sµ) =

∑
ν⊇µ

ν∖µ∈Ri∪···∪Rt

|ν|=|µ|+1

sν .

Then Lλ =
∑t

i=1 Lλ,i. It is enough to show that Lλ,i(g ⋆m h)−Lλ,i(g) ⋆m h lies in E
(≤m)
λ for any 1 ≤ i ≤ t,

g ∈ Λ
(≤m)
λ , and h ∈ Λ(≤m). By linearity, we may assume that g = sµ for some λ ⊆ µ with ℓ(µ) = m. Recall

the surjective ring map πm : Λ → Λ(≤m). Since Λ is generated as a ring by {hj : j ∈ Z≥0}, Λ(≤m) is also
generated by {hj : j ∈ Z≥0}. Since the lemma holds for h = s0 = s∅ = 1, we reduce to the case when h = hj

for some j ∈ Z>0. That is, we need to show that

Lλ,i(sµ ⋆m hj)− Lλ,i(sµ) ⋆m hj ∈ E
(≤m)
λ .

On the one hand,

Lλ,i(sµ ⋆m hj) =
∑

ℓ(ν)=m

cνµ,(j)Lλ,i(sν) =
∑
ν′⊇µ

ℓ(ν′)=m

∑
µ⊆ν⊆ν′

ν′∖ν∈Ri∪···∪Rt

|ν′|=|ν|+1

cνµ,(j)sν′ .

On the other hand,

Lλ,i(sµ) ⋆m hj =
∑
ν⊇µ

ν∖µ∈Ri∪···∪Rt

|ν|=|µ|+1

sν ⋆m sj =
∑
ν′⊇µ

ℓ(ν′)=m

∑
µ⊆ν⊆ν′

ν∖µ∈Ri∪···∪Rt

|ν|=|µ|+1

cν
′

ν,(j)sν′ .

Consider a partition ν′ with ν′ ⊇ µ and ℓ(ν′) = m. By definition, sν′ ∈ E
(≤m)
λ unless ν′ ⊆ λ∪R1 ∪ · · · ∪Rt.

It is therefore enough to show that if ν′ ⊆ λ ∪R1 ∪ · · · ∪Rt, then∑
µ⊆ν⊆ν′

ν′∖ν∈Ri∪···∪Rt

|ν′|=|ν|+1

cνµ,(j) =
∑

µ⊆ν⊆ν′

ν∖µ∈Ri∪···∪Rt

|ν|=|µ|+1

cν
′

ν,(j)

Equivalently, by Pieri’s rule,

|{µ ⊆ ν ⊆ ν′ : ν′ ∖ ν ∈ Ri ∪ · · · ∪Rt, |ν′| = |ν|+ 1, ν ∖ µ is a horizontal j-strip}| =
|{µ ⊆ ν ⊆ ν′ : ν ∖ µ ∈ Ri ∪ · · · ∪Rt, |ν| = |µ|+ 1, ν′ ∖ ν is a horizontal j-strip}|.

Note that both sides are zero unless the skew Young diagram ν′ ∖µ contains at most one vertical column of
size at most 2. Recall that the connected components of a skew Young diagram are the maximal subsets of
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boxes that are connected via edge adjacency. Then R1, . . . , Rt are the connected components of R1∪· · ·∪Rt.
If ν′ ∖µ is a horizontal (j+1)-strip, then both sides equal the number of connected components of ν′ ∖µ in
Ri ∪ · · · ∪ Rt. Otherwise, we may assume that ν′ ∖ µ contains a unique vertical column C of length 2. Let
α be the upper box of C, and let β be the lower box of C. Then the left-hand side of the above equation is
equal to 1 if β ∈ Ri ∪ · · · ∪Rt and is 0 otherwise, while the right-hand side is equal to 1 if α ∈ Ri ∪ · · · ∪Rt

and is 0 otherwise. Since C ⊆ ν′ ∖ µ ⊆ R1 ∪ · · · ∪ Rt is connected, we must have C ⊆ Rj′ for some j′, and
the result follows. □

3. Projective bundle rings

In this section, we develop some properties of (multi)projective bundle rings. Let A = A0 ⊕ · · · ⊕ An be
a commutative graded R-algebra with an R-linear map degA : An → R that satisfies Poincaré duality. It
is convenient to allow A to be the zero ring (even with n > 0); the zero ring vacuously satisfies Poincaré
duality. The first few results that we prove will not require A to satisfy the Kähler package.

Choose some r and classes c1, . . . , cr, with ci ∈ Ai. Set c0 = 1, and set ci = 0 for i > r or i < 0. Set
B = A[ζ]/(ζr − c1ζ

r−1+ · · ·+(−1)rcr), and let π∗ : A → B be the obvious inclusion. We quickly recall some
standard properties of B; see [LP26, Section 3.1] or [IMMM+23, Section 3]. It follows from the relation
defining B that there is a decomposition

B ∼= A⊕ ζA⊕ · · · ⊕ ζr−1A

asA-modules, giving (2). In particular, Bn+r−1 is naturally isomorphic toAn. Define a map degB : Bn+r−1 →
R via the formula degB(ζ

r−1x) = degA(x) for all x ∈ An. Extend degA and degB to be 0 on the other graded
pieces. There is an A-module homomorphism π∗ : B → A which, in terms of the decomposition (2), maps
ζr−1A to A via the identity and sends the other summands to 0. We call this the pushforward map. The
pushforward map is the adjoint of π∗: for any x ∈ A and y ∈ B, we have

degB(π
∗(x)y) = degA(xπ∗(y)).

By (2), an element y ∈ B is zero if and only if π∗(yζ
i) = 0 for all nonnegative integers i.

We will need analogues of Segre classes. Define classes si ∈ Ai for i ∈ {0, . . . , n} via the relation

(5) (1− c1 + c2 − · · ·+ (−1)rcr)(s0 + s1 + · · ·+ sn) = 1 in A.

For example, s0 = 1, s1 = c1, and s2 = c21− c2. Set si = 0 for i > n or i < 0. With the notation of Section 2,
we have a graded ring homomorphism

Ψ: Λ = Z[e1, e2, . . .] → A, Ψ(ei) = ci.

For example, Ψ(hi) = Ψ(s(i)) = si is the ith Segre class. In general, for a partition λ, analogously to (1),

Ψ(sλ) = det(sλi+j−i)
ℓ(λ)
i,j=1.

If λ′ is the transpose of λ, then we have the alternative expression Ψ(sλ) = det(cλ′
i+j−i)

ℓ(λ′)
i,j=1. It follows that

Ψ(sλ) = 0 if ℓ(λ) > r. For a nonnegative integer m, Ψ restricts to a map Λ(≤m) → A of abelian groups.
Importantly, if m < r, then this is not a ring homomorphism when we consider Λ(≤m) as a ring with the
product ⋆m that we discussed in Section 2.

In what follows, we will often implicitly view elements of Λ as elements of A via Ψ. In particular, we will
often write sλ for Ψ(sλ) ∈ A|λ|, and, if ℓ(λ), ℓ(µ) ≤ m, then we often write sλ ⋆m sµ for Ψ(sλ ⋆m sµ) ∈ A.

Lemma 3.1. For k ≥ 1, we have that

ζr−1+k =

r−1∑
i=0

(−1)is(k,1i)ζ
r−1−i.
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Proof. We prove this by induction on k. As s(1i) = ci, the case when k = 1 says that

ζr = c1ζ
r−1 − c2ζ

r−2 + · · ·+ (−1)r−1cr,

which is exactly the relation defining B. For the induction step, we have

ζ · ζr−1+k = s(k)ζ
r +

r−1∑
i=1

(−1)is(k,1i)ζ
r−i = sk · (c1ζr−1 − c2ζ

r−2 + · · ·+ (−1)r−1cr) +

r−1∑
i=1

(−1)is(k,1i)ζ
r−i.

By Pieri’s rule, sk · ci = s(k,1i) + s(k+1,1i−1). Expanding implies the result. □

In particular, we have the following formula for the pushforward map: for all i ∈ Z,

(6) π∗(ζ
r−1+i) = si.

Finally, we observe that projective bundle rings always satisfy Poincaré duality if the base ring does; see
[LP26, Proposition 3.1] or [IMMM+23, Lemma 3.2].

Proposition 3.2. The ring B satisfies Poincaré duality.

Proof. Choosing a basis for each Ai and using the decomposition (2), the matrix representing the Poincaré
pairing is block triangular, and the blocks are nondegenerate by Poincaré duality for A. □

3.1. Multiprojective bundle rings. We now discuss a generalization of projective bundle rings. For the
rest of this section, we fix some m ≥ 1 and set

C =
A[ζ1, . . . , ζm]

(ζr1 − c1ζ
r−1
1 + · · ·+ (−1)rcr, . . . , ζrm − c1ζ

r−1
m + · · ·+ (−1)rcr)

.

In particular, C is an iterated projective bundle ring over A. Let p∗ : A → C be the natural map. We have
a decomposition

C =
⊕

0≤i1,...,im≤r−1

ζi11 · · · ζimm A.

From the structure of C as an iterated projective bundle ring, we obtain a map degC : Cn+m(r−1) → R.
Repeatedly applying Proposition 3.2, we see that C satisfies Poincaré duality. Let p∗ : C → A be the
pushforward map, obtained by pushing forward along the iterated projective bundle ring structure (in any
order). As before, p∗ is the adjoint to p∗ under the pairings on A and C induced by Poincaré duality.
Applying (6), we have

(7) p∗(ζ
r−1+i1
1 · · · ζr−1+im

m ) = si1 · · · sim .

An element y ∈ C is zero if and only if p∗(yζ
i1
1 · · · ζimm ) = 0 for all (i1, . . . , im) ∈ Nm.

There is an action of the symmetric group Sm on C by permuting ζ1, . . . , ζm. The map p∗ is Sm-equivariant
with respect to the trivial action of Sm on A. Recall that

∆ =
∏

1≤i<j≤m

(ζi − ζj) ∈ C(m2 ).

Let CSm denote the subring of Sm-invariant elements of C. For a permutation σ ∈ Sm, we use sgn(σ) ∈ {±1}
to denote its sign. Say that an element y ∈ C is antisymmetric if σ · y = sgn(σ)y for all σ ∈ Sm. Then the
antisymmetric elements of C are precisely CSm ·∆.

Lemma 3.3. Consider an element y ∈ CSm ·∆. Then y = 0 in C if and only if p∗(yz∆) = 0 in A for all
z ∈ CSm .
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That is, an antisymmetric class in C is nonzero if and only if there is another antisymmetric class such
that the pushforward of their product is nonzero.

Proof of Lemma 3.3. Assume that p∗(yz∆) = 0 in A for all z ∈ CSm . We have seen that y = 0 if and only
if p∗(xy) = 0 for all x ∈ C. Since p∗ is Sm-equivariant and y is antisymmetric, we have

p∗(xy) =
1

m!

∑
σ∈Sm

p∗(σ · (xy)) = 1

m!

∑
σ∈Sm

sgn(σ)p∗((σ · x)y) = p∗(x
′y),

where x′ = 1
m!

∑
σ∈Sm

sgn(σ)σ · x. Since x′ is antisymmetric, we have p∗(x
′y) = 0 by assumption. We

conclude that y = 0. The converse is clear. □

For a partition λ, recall that the Schur polynomial sλ(x1, . . . , xm) ∈ Z[x1, . . . , xm]Sm is a symmetric poly-
nomial that is homogeneous of degree |λ|. Let sλ(ζ1, . . . , ζm) ∈ CSm be the Schur polynomial of λ evaluated
at ζ1, . . . , ζm. Equivalently, sλ(ζ1, . . . , ζm) is the Schur class associated to λ for the projective bundle ring
C[ζ]/((ζ − ζ1) · · · (ζ − ζm)). We now prove the key formula for Schur classes in terms of multiprojective
bundle rings that was stated in the introduction. Recall that Proposition 1.6 states that if λ is a partition,
and ℓ(λ) ≤ m ≤ r, then

(−1)(
m
2 )m!sλ = p∗

(
∆2(ζ1 · · · ζm)r−msλ(ζ1, . . . , ζm)

)
.

Proof of Proposition 1.6. We claim that

(8) p∗(∆sλ(ζ1, . . . , ζm)(ζ1 · · · ζm)r−mζ2ζ
2
3 · · · ζm−1

m ) = sλ.

Assume this claim. For any σ ∈ Sm, since p∗ is Sm-equivariant and ∆ is antisymmetric, we have

sλ = p∗(σ · (∆sλ(ζ1, . . . , ζm)(ζ1 · · · ζm)r−mζ2ζ
2
3 · · · ζm−1

m ))

= sgn(σ)p∗(∆sλ(ζ1, . . . , ζm)(ζ1 · · · ζm)r−mζ0σ(1)ζ
1
σ(2)ζ

2
σ(3) · · · ζ

m−1
σ(m))

Summing the above equation over all σ in Sm gives

m!sλ = p∗(∆sλ(ζ1, . . . , ζm)(ζ1 · · · ζm)r−m det(ζj−1
i )mi,j=1).

Observe that ∆ = det(ζm−j
i )mi,j=1 = (−1)(

m
2 ) det(ζj−1

i )mi,j=1. Substituting this expression into the above
equation gives the result. It remains to prove the claim (8).

By [Sta99, Theorem 7.15.1], we see that

∆sλ(ζ1, . . . , ζm) = det(ζ
λj+m−j
i )mi,j=1.
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Expanding the determinant and pushing forward using (7), we see that

p∗(∆sλ(ζ1, . . . , ζm)(ζ1 · · · ζm)r−mζ2ζ
2
3 · · · ζm−1

m ) = p∗

 ∑
σ∈Sm

sgn(σ)

m∏
j=1

ζ
λj+m−j+(r−m)+(σ(j)−1)

σ(j)


=
∑

σ∈Sm

sgn(σ)p∗

 m∏
j=1

ζ
r−1+λj−j+σ(j)

σ(j)


=
∑

σ∈Sm

sgn(σ)

m∏
j=1

sλj−j+σ(j)

= det(sλj−j+i)
m
i,j=1

= det(sλi−i+j)
m
i,j=1

= sλ. □

Remark 3.4. There are a number of formulas describing Schur classes as pushforwards; see, e.g., [Ful98,
Chapter 14] and [DP17]. As far as the authors are aware, neither Proposition 1.6 nor (8) has appeared in
the literature before. It would be interesting to connect these formulas with existing formulas.

We will also need the following lemma.

Lemma 3.5. Fix a ∈ A and a partition µ with ℓ(µ) ≤ m ≤ r. Then a∆(ζ1 · · · ζm)r−msµ(ζ1, . . . , ζm) = 0 in
C if and only if a(sµ ⋆m sν) = 0 in A for all partitions ν with ℓ(ν) ≤ m.

Proof. Let y = a∆(ζ1 · · · ζm)r−msµ(ζ1, . . . , ζm) ∈ C. Then y is antisymmetric, so by Lemma 3.3, y = 0 if
and only if p∗(yz∆) = 0 in A for all z ∈ CSm . This holds if and only if p∗(ysν(ζ1, . . . , ζm)∆) = 0 in A for all
partitions ν with ℓ(ν) ≤ m. Substituting in the definition of y and then using Proposition 1.6, we compute

p∗(ysν(ζ1, . . . , ζm)∆) = ap∗(∆
2(ζ1 · · · ζm)r−msµ(ζ1, . . . , ζm)sν(ζ1, . . . , ζm))

= a
∑

ℓ(ν′)≤m

cν
′

µ,νp∗(∆
2(ζ1 · · · ζm)r−msν′(ζ1, . . . , ζm))

= ((−1)(
m
2 )m!)a

∑
ℓ(ν′)≤m

cν
′

µ,νsν′

= ((−1)(
m
2 )m!)a(sµ ⋆m sν).

The result follows. □

3.2. Positivity of multiprojective bundle rings. For the remainder of this section, we assume that A
has the Kähler package with respect to a nonempty open convex cone KA ⊆ A1. Recall that C is the m-fold
multiprojective bundle ring and that KC = p∗(KA) + R>0ζ1 + · · ·+ R>0ζm.

We first recall a general result about the Kähler package. Let D = D0 ⊕ · · · ⊕ Ds be a commutative
graded R-algebra with an R-linear map degD : Ds → R. Let U be the subset of D1 consisting of elements h
such that, for all i < s/2, multiplication by hs−2i is an isomorphism from Di to Ds−i, i.e., the locus where
the hard Lefschetz property holds. Then U is a (possibly empty) open cone. An element h ∈ U satisfies
the Hodge–Riemann relations if and only if, for all i ≤ s/2, the symmetric bilinear form on Di given by
(x, y) 7→ degD(hs−2ixy) has signature

∑
j≤i(−1)j(dimDj − dimDj−1). In particular, given a connected

component U0 of U , either the Hodge–Riemann relations hold for every h ∈ U0, or the Hodge–Riemann
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relations fail for every h ∈ U0. Let UD,HR be the locus of elements of D1 satisfying the Hodge–Riemann
relations. We conclude that UD,HR is an open cone which is a union of some of the connected components
of U . The following result will be crucial in the proof of Theorem 1.5.

Proposition 3.6. [KK87, Proposition 1.2.2] Let D = D0⊕· · ·⊕Ds be a commutative graded R-algebra with
an R-linear map degD : Ds → R. Then every connected component of UD,HR is convex.

We now show that it is automatic that C has the Kähler package with respect to some inexplicit cone.

Proposition 3.7. There is a nonempty open convex cone K ⊆ KC such that C has the Kähler package with
respect to K.

In order to prove this, we first recall the case when all ci vanish.

Proposition 3.8. [AHK18, Proposition 7.7] If ci = 0 for 1 ≤ i ≤ r, then C = A[ζ1, . . . , ζm]/(ζr1 , . . . , ζ
r
m)

has the Kähler package with respect to KC .

Next we introduce some temporary notation. For 0 ≤ i ≤ m, let Ci denote the i-fold multiprojective
bundle with degree map degCi

and cone KCi . For example, C0 = A and Cm = C.

Lemma 3.9. Let UC,HR be the open cone consisting of elements of C1 that satisfy the Hodge–Riemann
relations. Consider a subset I ⊆ {1, . . . ,m} and suppose that C|I| has the Kähler package with respect to

KC|I| . Consider an element h ∈ KA and the corresponding affine space h +
∑m

i=1 Rζi ⊆ C1. Then there is

an open set U ⊆ h+
∑m

i=1 Rζi satisfying the following properties:

(1) U ∩ (h+
∑m

i=1 R>0ζi) ⊆ UC,HR,
(2) U ∩ (h+

∑m
i=1 R>0ζi) is path connected,

(3) h+
∑

i∈I R>0ζi ⊆ U .

Proof. Let µ = (µ1, . . . , µm) ∈ Rm
≥0. The support of µ, denoted Supp(µ), is {i : µi ̸= 0} ⊆ {1, . . . ,m}. The

following construction is inspired by [IMMM+23, Theorem 8.3]. Consider the iterated projective bundle

Dµ :=
A[ζ1, . . . , ζm]

(
∑r

j=0(−1)jcjµ
j
i ζ

r−j
i : 1 ≤ i ≤ m)

,

with corresponding degree map degDµ
: D

n+m(r−1)
µ → R. Consider the iterated projective bundle

D′
µ :=

A[ζ1, . . . , ζm]

(
∑r

j=0(−1)jcjζ
r−j
i : i ∈ Supp(µ)) + (ζri : i /∈ Supp(µ))

,

with corresponding degree map degD′
µ
: (D′

µ)
n+m(r−1) → R. Then we have an isomorphism of graded R-

algebras

ϕµ : Dµ → D′
µ, ϕµ(ζi) =

{
µiζi if i ∈ Supp(µ),

ζi otherwise.

Moreover, degDµ
is equal to the composition of degD′

µ
and ϕµ up to multiplication by a positive scalar, and

ϕµ(KDµ) = KD′
µ
.

Consider ρ = (ρ1, . . . , ρm) ∈ Rm
≥0 with support I. By definition, D′

ρ
∼= C|I|[z1, . . . , zm−|I|]/(z

r
1 , . . . , z

r
m−|I|).

By assumption, C|I| has the Kähler package with respect to KC|I| . Proposition 3.8 then implies that D′
ρ has

the Kähler package with respect to KD′
ρ
, and we deduce that Dρ has the Kähler package with respect to

KDρ
. In particular, Dρ satisfies the Hodge–Riemann relations with respect to h+ ζ1 + · · ·+ ζm ∈ KDρ

.

Fix a homogeneous R-basis {ai,j : 1 ≤ j ≤ dimAi} for eachAi. By repeatedly applying (2), {ai,jζk1
1 · · · ζkm

m :
0 ≤ i ≤ n, 1 ≤ j ≤ dimAi, 0 ≤ k1, . . . , km ≤ r − 1} is an R-basis for Dµ. With respect to this basis, in
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any given degree, the Hodge–Riemann form associated to h + ζ1 + · · · + ζm is a matrix whose entries are
polynomials in µ1, . . . , µm. It follows that there is an open neighborhood Wρ of ρ in Rm such that Dµ

satisfies the Hodge–Riemann relations with respect to h+ ζ1 + · · ·+ ζm for all µ ∈ Wρ ∩ Rm
≥0.

Consider some µ ∈ Wρ ∩Rm
>0. Since Supp(µ) = {1, . . . ,m}, we have D′

µ = C. Applying the isomorphism
ϕµ : Dµ → C, we see that h+ µ1ζ1 + · · ·+ µmζm ∈ UC,HR. Let

Uρ = {h+ µ1ζ1 + · · ·+ µmζm : (µ1, . . . , µm) ∈ Wρ}, and U =
⋃

ρ∈Rm
≥0

Supp(ρ)=I

Uρ.

Then U is an open subset of h+
∑m

i=1 Rζi such that U ∩ (h+
∑m

i=1 R>0ζi) ⊆ UC,HR. Also, by construction,
h+

∑
i∈I R>0ζi ⊆ U . It remains to show that U ∩ (h+

∑m
i=1 R>0ζi) is path connected. Consider ρ, ρ′ ∈ Rm

≥0

with Supp(ρ) = Supp(ρ′) = I. Consider the compact interval [ρ, ρ′] ⊆ {µ ∈ Rm
≥0 : Supp(µ) = I}. Then there

is a finite sequence ρ = µ1, µ2, . . . , µs = ρ′ of elements in [ρ, ρ′] such that Uµi−1 ∩Uµi ∩ (h+
∑m

i=1 R>0ζi) ̸= ∅
for 1 < i ≤ s. Since each Uµi ∩ (h+

∑m
i=1 R>0ζi) is path connected, it follows that there is a path in U from

any point in Uρ ∩ (h+
∑m

i=1 R>0ζi) to any point in Uρ′ ∩ (h+
∑m

i=1 R>0ζi). □

We now prove Proposition 3.7 and Theorem 1.5. We continue with the notation from Lemma 3.9.

Proof of Proposition 3.7. Applying Lemma 3.9 with I = ∅ implies that UC,HR ∩ KC ̸= ∅. Let K be any
nonempty open convex subcone of UC,HR ∩ KC ; then C has the Kähler package with respect to K. □

Proof of Theorem 1.5. Suppose that B satisfies the Kähler package with respect to KB . We need to show
that C has the Kähler package with respect to KC . Fix an element h ∈ KA.

Consider a subset I ⊆ {1, . . . ,m} with |I| ≤ 1. Then Lemma 3.9 implies that there is an open set
UI ⊆ h+

∑m
i=1 Rζi satisfying the following properties:

(1) UI ∩ (h+
∑m

i=1 R>0ζi) ⊆ UC,HR,
(2) UI ∩ (h+

∑m
i=1 R>0ζi) is path connected,

(3) h+
∑

i∈I R>0ζi ⊆ UI .

Let
U =

⋃
I⊆{1,...,m}

|I|≤1

UI .

Then U ∩ (h +
∑m

i=1 R>0ζi) ⊆ UC,HR. Since U∅ ∩ U{j} ∩ (h +
∑m

i=1 R>0ζi) is nonempty for 1 ≤ j ≤ m, we

see that U ∩ (h+
∑m

i=1 R>0ζi) is path connected. Hence U ∩ (h+
∑m

i=1 R>0ζi) is contained in a connected
component of UC,HR. Then Proposition 3.6 implies that the convex hull Conv {U ∩ (h+

∑m
i=1 R>0ζi)} of

U ∩ (h+
∑m

i=1 R>0ζi) is contained in UC,HR.
It remains to show that Conv {U ∩ (h+

∑m
i=1 R>0ζi)} = h+

∑m
i=1 R>0ζi. Since h+

∑m
i=1 R>0ζi is convex,

we have Conv {U ∩ (h+
∑m

i=1 R>0ζi)} ⊆ h+
∑m

i=1 R>0ζi. Conversely, consider an element h+ µ1ζ1 + · · ·+
µmζm ∈ h+

∑m
i=1 R>0ζi. Consider 0 < ε ≪ 1. Let

ρj = h+m(µj − ε)ζj + ε(ζ1 + · · ·+ ζm) ∈ U{j} ∩ (h+

m∑
i=1

R>0ζi)

for 1 ≤ j ≤ m. Then h+ µ1ζ1 + · · ·+ µmζm = 1
m (ρ1 + · · ·+ ρm) lies in Conv {U ∩ (h+

∑m
i=1 R>0ζi)}. □

Remark 3.10. The proof of Theorem 1.5 shows the following stronger statement. Suppose that, for 1 ≤
j ≤ m, we have integers rj and classes cj,1, cj,2, . . . , cj,rj such that, for each j, the ring

Bj =
A[ζ]

(ζrj − cj,1ζrj−1 + · · ·+ (−1)rjcj,rj )
,
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with corresponding inclusion π∗
j : A → Bj satisfies the Kähler package with respect to KBj

= π∗
j (KA)+R>0ζ.

Then the ring

A[ζ1, . . . , ζm]

(ζr11 − c1,1ζ
r1−1
1 + · · ·+ (−1)r1c1,r1 , . . . , ζ

rm
m − cm,1ζ

rm−1
m + · · ·+ (−1)rmcm,rm)

satisfies the Kähler package with respect to the cone given by positive linear combinations of the images of
elements of KA and ζ1, . . . , ζm.

We now recall another result about the Kähler package that will be crucial in what follows. It was first
proved in [CKS87, Lemma 1.16], where it is called the descent lemma, and in [KK87, Theorem 2.1.5]. See
[Cat08, Theorem 3.2] and [AHL25, Lemma 4.5] for the formulation which appears here.

Let D = D0 ⊕ · · · ⊕ Ds be a commutative graded R-algebra which is equipped with an R-linear map
degD : Ds → R that satisfies Poincaré duality. For x ∈ D, let ann(x) denote the annihilator of x. Assume
that x lies in Dt for some t, and let φ : D → D/ ann(x) be the natural projection. There is an induced degree
map degD/ ann(x) from the degree s− t part of D/ ann(x) to R which satisfies

degD/ ann(x)(φ(y)) = degD(xy)

for all y ∈ Ds−t. Then D/ ann(x) satisfies Poincaré duality because Poincaré duality for D implies that
ann(x) is the kernel of the pairing (a, b) 7→ degD(xab). Note that this holds even if x = 0.

Proposition 3.11. Suppose that D has the Kähler package with respect to an open convex cone KD. Then
for any ℓ ∈ KD, D/ ann(ℓ) satisfies the Kähler package with respect to the image of KD.

We will often apply this result repeatedly to a product of several elements of KD. We will frequently use
that, for elements ℓ1, . . . , ℓt ∈ KD, D/ ann(ℓ1 · · · ℓt) satisfies the Kähler package with respect to the image of
KD, and for any y ∈ Ds−t, we have

degD(yℓ1 · · · ℓt) = degD/ ann(ℓ1···ℓt)(y).

We now prove a variation on the fact that a direct sum of nef line bundles is a nef vector bundle.

Proposition 3.12. Let ℓ1, . . . , ℓr be elements of KA. Then B = A[ζ]/((ζ − ℓ1) · · · (ζ − ℓr)) satisfies the
Kähler package with respect to KB.

Proof. We prove the result by induction on n and then by induction on r. The case when n = 0 or when
r = 0 is trivial. By Proposition 3.7, we know that there is some open subcone K of KB on which the Kähler
package holds. It therefore suffices to show that the hard Lefschetz property holds for any element of the
form h+ ζ, where h ∈ KA.

Choose some i < (n+r−1)/2 and some b in the degree i part of B which is in the kernel of multiplication
by (ζ + h)n+r−1−2i. Note that ζ + h = (ζ − ℓr) + (h+ ℓr). We have

B/ ann(ζ − ℓr) ∼=
A[ζ]

((ζ − ℓ1) · · · (ζ − ℓr−1))
.

By induction on r, the right-hand side satisfies the Kähler package with respect to the image of KB . Fur-
thermore, the image of b in this quotient is killed by (ζ + h)n+r−1−2i. The Hodge–Riemann relations then
imply that

(−1)i degB(b
2(ζ + h)n+r−2−2i(ζ − ℓr)) ≥ 0,

with equality if and only if (ζ − ℓr)b = 0. We also have

B/ ann(h+ ℓr) ∼=
A/ ann(h+ ℓr)[ζ]

((ζ − ℓ1) · · · (ζ − ℓr))
.
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By induction on n and Proposition 3.11, the right-hand side satisfies the Kähler package with respect to the
image of KB . The Hodge–Riemann relations then imply that

(−1)i degB(b
2(ζ + h)n+r−2−2i(h+ ℓr)) ≥ 0,

with equality if and only if (h+ ℓr)b = 0. As

degB(b
2(ζ + h)n+r−2−2i(ζ − ℓr)) + degB(b

2(ζ + h)n+r−2−2i(h+ ℓr)) = degB(b
2(ζ + h)n+r−1−2i) = 0,

we see that b(ζ − ℓr) = b(h + ℓr) = 0. As h + ℓr satisfies the hard Lefschetz property on A, we see that
multiplication by h + ℓr induces an injection from As to As+1 for s < n/2. Writing b in terms of the
decomposition (2), the fact that b(h+ ℓr) = 0 implies that the ζjAi−j component of b is 0 unless j ≤ i−n/2.
But if b is nonzero, this contradicts that b(ζ − ℓr) = 0 as i − n/2 < (r − 1)/2. This implies that b = 0, so
ζ + h has the hard Lefschetz property, as desired. □

4. Positivity of Schur classes

In this section, we prove Theorem 1.1. We continue with the notation from the previous sections.

4.1. Proof of Theorem 1.1. We assume the notation from Section 2. Recall from Section 3 that we have
a ring homomorphism

Ψ: Λ = Z[e1, e2, . . .] → A

that we use to view Schur functions as elements in A. Recall that we often implicitly view elements of Λ as
elements of A via Ψ. We can then restate Theorem 1.1 as follows.

Theorem 4.1. Let A = A0⊕· · ·⊕An be an algebra with the Kähler package with respect to a cone KA. For
some r ≥ 1, choose classes ci ∈ Ai for i = 1, . . . , r. Let B = A[ζ]/(ζr− c1ζ

r−1+ · · ·+(−1)rcr). Suppose that
B has the Kähler package with respect to KB. Let 0 ≤ k ≤ n/2 be a nonnegative integer. Let λ be a partition
with |λ| = n− 2k, and consider an element a ∈ Ak. Fix h ∈ KA and consider the rectangular decomposition
of λ with corresponding rectangles R1, . . . , Rt as defined in (3). Suppose that

(1) For any partition µ with λ ⊆ µ ⊆ λ ∪R1 ∪ · · · ∪Rt

a (hsµ + Lλ(sµ)) = 0 in A, and,

(2) a · E(≤m)
λ = 0 in A.

Then
(−1)k degA(a

2sλ) ≥ 0,

with equality if and only if asµ = 0 ∈ A for all partitions µ with λ ⊆ µ.

Let m = ℓ(λ). If ℓ(λ) > r, then sµ = 0 for all µ ⊇ λ, so we may assume that ℓ(λ) ≤ r. Let C be the
m-fold multiprojective bundle ring. For example, if λ = ∅, then m = 0 and C = A. By Theorem 1.5, C has

the Kähler package with respect to KC . Recall that λ has a rectangular decomposition λ = λ̂1 + · · · + λ̂t

with ℓ(λ̂i) = mi. Let λ = λ̂2 + · · · + λ̂t. For example, if t = 1, then λ = ∅. We will argue by induction on
t, the number of parts in the rectangular decomposition of λ. Observe that when t = 0, λ = ∅, k = n/2,
and Theorem 4.1 states that if ah = 0, then (−1)n/2 degA(a

2) ≥ 0, with equality if and only if a = 0. This
follows because A has the Kähler package with respect to KA. Assume that t > 0, i.e., we assume that λ is
nonempty.

Recall that ∆ =
∏

1≤i<j≤m(ζi − ζj) is the Vandermonde determinant in C(m2 ). We may assume by

induction that Theorem 4.1 holds for λ. Let k1 = |λ̂1|/m1 be the number of columns in λ̂1. In what follows,

we view the Young diagram of λ as the subdiagram of the Young diagram of λ consisting of λ̂2, . . . , λ̂t, or,
equivalently, as the usual Young diagram of λ shifted to the right by k1 boxes. In this way, R2, . . . , Rt are
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the rectangles associated to the rectangular decomposition of λ. If λ ⊆ µ for some partition µ, then we view
the Young diagram of µ to be the usual Young diagram shifted to the right by k1 boxes, so that it naturally
contains the Young diagram of λ. By Proposition 1.6 and Example 2.1, for any a, b ∈ A, we have

(−1)m(m−1)/2m! degA(absλ) = degC((a∆)(b∆)(ζ1 · · · ζm)r−msλ(ζ1, . . . , ζm))

= degC((a∆)(b∆)(ζ1 · · · ζm)r−msλ̂1
(ζ1, . . . , ζm)sλ(ζ1, . . . , ζm))

= degC((a∆)(b∆)(ζ1 · · · ζm)r−m+k1sλ(ζ1, . . . , ζm))

= degD((a∆)(b∆)sλ(ζ1, . . . , ζm)),

where D = C/ ann((ζ1 · · · ζm)r−m+k1). Since each ζi lies in KC and C has the Kähler package with respect
to KC , Proposition 3.11 implies that D has the Kähler package with respect to the image KD of KC . With
a slight abuse of notation, let a, h, ζi denote the images of a, h, ζi respectively in D. Because each ζi is
contained in KD, Proposition 3.12 implies that D[y]/((y − ζ1) · · · (y − ζm)) has the Kähler package with
respect to KD + R>0y. We have h+ ζ1 + · · ·+ ζm = h+ s1(ζ1, . . . , ζm) ∈ KC . By induction, we may apply
Theorem 4.1, replacing A,B, and λ with D, D[y]/((y − ζ1) · · · (y − ζm)), and λ, respectively.

Suppose that for any partition µ with λ ⊆ µ and m2 = ℓ(λ) = ℓ(µ) either

(A) µ ⊆ λ ∪R2 ∪ · · · ∪Rt and

a∆

(h+ s1(ζ1, . . . , ζm))sµ(ζ1, . . . , ζm) +

t∑
i=2

(i− 1)
∑
ν⊇µ

|ν|=|µ|+1
ν∖µ∈Ri

sν(ζ1, . . . , ζm)

 = 0 in D, or,

(B) µ ⊈ λ ∪R2 ∪ · · · ∪Rt and

a∆sµ(ζ1, . . . , ζm) = 0 in D.

For example, when t = 1, we have λ = µ = ∅, (A) is the condition that a∆(h + s1(ζ1, . . . , ζm)) = 0 in D,
and (B) is vacuous. Then, by induction,

(−1)k+m(m−1)/2 degD((a∆)2sλ(ζ1, . . . , ζm)) ≥ 0,

with equality if and only if a∆sµ = 0 in D for all partitions µ with λ ⊆ µ. In particular, we deduce that

(−1)k degA(a
2sλ) = (−1)k(−1)m(m−1)/2(1/m!) degD((a∆)2sλ(ζ1, . . . , ζm)) ≥ 0.

Therefore, to prove that (−1)k degA(a
2sλ) ≥ 0, we need to show that conditions (1) and (2) in the

statement of Theorem 4.1 imply that conditions (A) and (B) above hold.

Consider a partition µ with λ ⊆ µ and m2 = ℓ(λ) = ℓ(µ). Let µ = λ̂1 +µ. Then λ = λ̂1 + λ ⊆ λ̂1 +µ = µ
and ℓ(µ) = ℓ(λ) = m. First assume that µ ⊆ λ ∪ R2 ∪ · · · ∪ Rt. We need to show that condition (A) above
holds. That is, we need the following equality in C:

a∆(ζ1 · · · ζm)r−m+k1

(h+ s1(ζ1, . . . , ζm))sµ(ζ1, . . . , ζm) +

t∑
i=2

(i− 1)
∑
ν⊇µ

|ν|=|µ|+1
ν∖µ∈Ri

sν(ζ1, . . . , ζm)

 = 0.
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Equivalently, since sλ̂1
(ζ1, . . . , ζm) = (ζ1 · · · ζm)k1 and using Example 2.1, this simplifies to

a∆(ζ1 · · · ζm)r−m

(h+ s1(ζ1, . . . , ζm))sµ(ζ1, . . . , ζm) +

t∑
i=2

(i− 1)
∑
ν⊇µ

|ν|=|µ|+1
ν∖µ∈Ri

sν(ζ1, . . . , ζm)

 = 0.

Using Pieri’s rule, we compute

s1(ζ1, . . . , ζm)sµ(ζ1, . . . , ζm) = (s1 ⋆m sµ)(ζ1, . . . , ζm) =
∑
ν⊇µ

|ν|=|µ|+1
ℓ(ν)=m

sν(ζ1, . . . , ζm) in C.

Substituting this into the above equation gives:

a∆(ζ1 · · · ζm)r−m


hsµ(ζ1, . . . , ζm) +

t∑
i=1

i
∑
ν⊇µ

|ν|=|µ|+1
ν∖µ∈Ri

sν(ζ1, . . . , ζm) +
∑
ν⊇µ

|ν|=|µ|+1
ℓ(ν)=m

ν∖µ⊈R1∪···∪Rt

sν(ζ1, . . . , ζm)


= 0.

By Lemma 3.5, this is equivalent to

a (hsµ + Lλ(sµ) + rµ) ⋆m sν′ = 0 in A,

for all partitions ν′ with ℓ(ν′) ≤ m, where

rµ =
∑
ν⊇µ

|ν|=|µ|+1
ℓ(ν)=m

ν∖µ⊈R1∪···∪Rt

sν ∈ E
(≤m)
λ .

Recall that condition (2) of Theorem 4.1 states that a kills the ideal E
(≤m)
λ in Λ(≤m). By Lemma 2.3, we

need to show that

a (h(sµ ⋆m sν′) + Lλ(sµ ⋆m sν′)) = 0 in A,

for all partitions ν′ with ℓ(ν′) ≤ m. By (1) and (2) of Theorem 4.1, for any partition µ′ with λ ⊆ µ′ and
ℓ(µ′) = m, a (hsµ′ + Lλ(sµ′)) = 0 in A, and the above equality follows.

Next assume that µ ⊈ λ ∪ R2 ∪ · · · ∪ Rt. Recall that µ = λ̂1 + µ. Then µ ⊈ λ ∪ R1 ∪ R2 ∪ · · · ∪ Rt. We
need to show that condition (B) above holds. That is,

a∆(ζ1 · · · ζm)r−m+k1sµ(ζ1, . . . , ζm) = 0 in C.

Equivalently, since sλ̂1
(ζ1, . . . , ζm) = (ζ1 · · · ζm)k1 and using Example 2.1, this simplifies to

a∆(ζ1 · · · ζm)r−msµ(ζ1, . . . , ζm) = 0 in C.

By Lemma 3.5, this is equivalent to

a(sµ ⋆m sν) = 0 in A,

for all partitions ν with ℓ(ν) ≤ m. Then sµ lies in the ideal E
(≤m)
λ and the equality follows from condition

(2) of Theorem 4.1.
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To summarize, we have shown that conditions (1) and (2) in Theorem 4.1 imply that conditions (A)
and (B) above hold, and the latter conditions imply that (−1)k degA(a

2sλ) ≥ 0 with equality if and only if
a∆sµ = 0 in D for all partitions µ with λ ⊆ µ.

It remains to consider the equality condition. Suppose that asµ = 0 in A for all partitions µ with
λ ⊆ µ. Then conditions (1) and (2) in Theorem 4.1 are satisfied. Setting µ = λ implies that asλ = 0,
and so degA(a

2sλ) = 0. Conversely, suppose that conditions (1) and (2) in Theorem 4.1 are satisfied and
degA(a

2sλ) = 0. Then a∆sµ = 0 in D for all partitions µ with λ ⊆ µ. Equivalently,

a∆(ζ1 · · · ζm)r−msλ̂1+µ(ζ1, . . . , ζm) = 0 in C.

for all µ with λ ⊆ µ and ℓ(µ) = m2. By Lemma 3.5, this is equivalent to

(9) a(sλ̂1+µ ⋆m sν) = a(sλ̂1
⋆m (sµ ⋆m sν)) = 0 in A,

for all µ with λ ⊆ µ and ℓ(µ) = m2, and for all partitions ν with ℓ(ν) ≤ m.

By Lemma 2.2, the ideal Λ
(≤m)

λ
⊆ Λ(≤m) is generated by Λ

(≤m2)

λ
. Hence Λ

(≤m)

λ
is generated as an abelian

group by {sµ ⋆m sν : λ ⊆ µ, ℓ(µ) = m2, ℓ(ν) ≤ m}. Then (9) implies that a ·Λ(≤m)
λ = 0 in A. By Lemma 2.2,

the ideal Λλ ⊆ Λ is generated by Λ
(≤m)
λ . It follows that a · Λλ = 0. This completes the proof.

4.2. Strict positivity. In this section, we prove a version of Theorem 1.1 which holds when B has the
Kähler package with respect to KB and ζ satisfies the hard Lefschetz property in B. For example, this holds
when A is the ring of real (p, p) classes on a smooth complex projective variety and B is the ring of real
(p, p) classes on the projectivization of an ample vector bundle.

We can construct more examples by “twisting.” Given a vector bundle E and a line bundle L on a
variety X, the projectivization PX(E ⊗ L) is isomorphic to the projectivization PX(E), but the relative
O(1) is replaced by the tensor product of the original relative O(1) with the pullback of L. It will be
convenient to consider an analogue of this operation for projective bundle rings. Given δ ∈ A1, for each i

set ci⟨δ⟩ =
∑i

j=0

(
r−i+j

j

)
ci−jδ

j . There is an isomorphism of A-algebras

A[ζ]

(ζr − c1⟨δ⟩ζr−1 + · · ·+ (−1)rcr⟨δ⟩)
→ B, ζ 7→ ζ + δ.

Suppose that B satisfies the Kähler package with respect to KB and choose some h ∈ KA. Then ζ+h satisfies
the hard Lefschetz property in B. In particular, the projective bundle ring defined using c1⟨h⟩, . . . , cr⟨h⟩
has the Kähler package with respect to positive linear combinations of the images of elements of KA and ζ,
and ζ satisfies the hard Lefschetz property. Write sλ⟨δ⟩ for the Schur classes defined using c1⟨δ⟩, . . . , cr⟨δ⟩.
These Schur classes can be related to the Schur classes defined using c1, . . . , cr, as follows. For each partition
λ with at most r parts, we can write

sλ(x1 + y, x2 + y, . . . , xr + y) = sλ(x1, . . . , xr) + ys
(1)
λ (x1, . . . , xr) + y2s

(2)
λ (x1, . . . , xr) + · · · .

See [RT23a, Section 2.5]. Each s
(i)
λ is a symmetric polynomial, so we can write s

(i)
λ =

∑
|µ|=|λ|−i aµsµ(x1, . . . , xr)

for some integers aµ. Then we have

(10) sλ⟨δ⟩ = sλ + δ
∑

|µ|=|λ|−1

aµsµ + δ2
∑

|µ|=|λ|−2

aµsµ + · · · .

Note that the numbers aµ depend on r and not only on λ. Note also that a∅ > 0; it is equal to sλ(1, . . . , 1).
In [CK19], Corteel and Kim showed that each aµ is nonnegative. This can also be seen using the converse
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to the fact that degrees of Schur classes of nef vector bundles are nonnegative: if E is a nef vector bundle
on X, then the vector bundle E ⊠O(1) on X × Pi is nef. For a partition λ with |λ| = dimX + i, we have

degX×Pi(sλ(E ⊠O(1))) = degX(s
(i)
λ (E)).

As the left-hand side of the above equation is nonnegative for all nef vector bundles E, [FL83, Theorem 1]

implies that the expansion of s
(i)
λ in terms of Schur classes is nonnegative.

Proof of Theorem 1.4. Choose some h ∈ KA. Because ζ satisfies the hard Lefschetz property, so does ζ − εh
for sufficiently small ε > 0. Proposition 3.6 implies that there is an open convex cone K̃ ⊆ B1 containing
KB and ζ on which B has the Kähler package. This implies that the ring

Bε =
A[ζ]

(ζr − c1⟨−εh⟩ζr−1 + · · ·+ (−1)rcr⟨−εh⟩)

has the Kähler package with respect to π∗(KA) +R>0ζ. By Theorem 1.1, degA(sλ⟨−εh⟩) ≥ 0. Also, Propo-
sition 3.11 and Theorem 1.1 imply that for any partition µ with |µ| ≤ n, we have degA(sµ⟨−εh⟩hn−|µ|) ≥ 0.
By (10) we have

sλ = sλ⟨−εh⟩+ εh
∑

|µ|=n−1

aµsµ⟨−εh⟩+ · · ·+ a∅ε
nhn.

Applying degA to this equation and using that degA(h
n) > 0 implies the result. □

5. Variants

In this section, we give several variants and consequences of the main results. As mentioned in the
introduction, Theorem 1.1 generalizes the results of Ross and Toma [RT23a, RT23c, RT23b] to a purely
algebraic setting. In [RT23c, Section 10], Ross and Toma give a number of inequalities which follow from
their results. The proofs of these inequalities can all be adapted to the purely algebraic setting of Theorem 1.1.
In particular, they hold in the setting of [LP26].

5.1. Schur positivity for Lefschetz modules. We begin by describing a version of Theorem 1.1 for
modules. The motivation for considering this version is that the intersection cohomology of a complex
projective variety satisfies a version of the Kähler package [Sai88]. The intersection cohomology of a complex
projective variety does not have a natural ring structure, but rather it is a module over the cohomology ring.
Let A be a finite-dimensional commutative graded R-algebra, and let M = M0 ⊕ · · · ⊕ Mn be a finite-
dimensional graded A-module. Let KA be a nonempty open convex cone in A1, and let Q : M ×M → R be
a symmetric bilinear form on M which respects the A-action, i.e.,

Q(zx, y) = Q(x, zy) for all z ∈ A and x, y ∈ M.

We say that (M,Q) is a Lefschetz module of degree n over (A,KA) if the following properties hold:

(1) The pairing M i ×M j → R induced by Q is nondegenerate if i+ j = n, and it is 0 otherwise.
(2) For all h ∈ KA and i < n/2, multiplication by hn−2i induces an isomorphism from M i to Mn−i.
(3) For all h ∈ KA and i ≤ n/2, the symmetric bilinear form on M i given by (x, y) 7→ (−1)iQ(x, hn−2iy)

is positive definite when restricted to the kernel of multiplication by hn−2i+1.

See [AHL25]. Given classes c1, . . . , cr, with ci ∈ Ai, define classes s1, s2, . . . via the formula (5). Set
s0 = 1 and sj = 0 for j < 0. Let B = A[ζ]/(ζr − c1ζ

r−1 + · · ·+ (−1)rcr) with natural inclusion π∗ : A → B,

and consider the B-module M̃ which is given as a graded A-module by M ⊕M [−1]⊕· · ·⊕M [−r+1], where
the action of ζ is given as follows. For 0 ≤ i ≤ r − 2, multiplication by ζ sends M [−i] onto M [−i − 1] via
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the natural map. We can therefore write each element of M [−i] as ζix for a unique choice of x ∈ M . The
action of ζ on M [−r + 1] is given by

ζ · (ζr−1x) = ζr−1c1x− ζr−2c2x+ · · ·+ (−1)r−1crx.

When M = A, this construction recovers the projective bundle ring. Set KB = π∗(KA) + R>0ζ. There is a

bilinear form Q̃ on M̃ given by

Q̃(ζix, ζjy) = Q(si+j−r+1x, y)

for x, y ∈ M . The natural inclusion π∗ : M → M̃ is adjoint to the pushforward map π∗ : M̃ → M , which
sends ζr−1x to x and ζjx to 0 for all x ∈ M and j < r− 1. All of the arguments in the proof of Theorem 1.1
can be adapted to prove the following theorem.

Theorem 5.1. Let (M,Q) be a Lefschetz module of degree n over (A,KA). For some r ≥ 1, choose classes

ci ∈ Ai for i = 1, . . . , r. Let B = A[ζ]/(ζr − c1ζ
r−1 + · · · + (−1)rcr), and let M̃ be the graded B-module

described above. Suppose that (M̃, Q̃) is a Lefschetz module over (B,KB). Let k ≤ n/2 be a nonnegative
integer. Let λ be a partition with |λ| = n− 2k, and consider an element m ∈ Mk. Fix h ∈ KA and consider
the rectangular decomposition of λ with corresponding rectangles R1, . . . , Rt as defined in (3). Suppose that
for any partition µ with λ ⊆ µ and ℓ(λ) = ℓ(µ), either

(1) µ ⊆ λ ∪R1 ∪ · · · ∪Rt and hsµ +

t∑
i=1

i
∑
µ⊆ν

|ν|=|µ|+1
ν∖µ∈Ri

sν

m = 0, or,

(2) µ ⊈ λ ∪R1 ∪ · · · ∪Rt and sµm = 0.

Then

(−1)kQ(m, sλm) ≥ 0,

with equality if and only if sµm = 0 in M for all partitions µ with λ ⊆ µ.

For example, Theorem 5.1 can be applied in the following setting. Let X be a complex projective variety,
and let H be the subalgebra of H∗(X;R) generated by the Chern classes of vector bundles. The work
of Saito [Sai88] endows the intersection cohomology IH(X) with a pure Hodge structure, and shows that⊕

p IH
p,p(X), the module of real (p, p) classes, is a Lefschetz module over H with respect to the ample cone.

If E is a nef vector bundle on X, then the ring B considered in Theorem 5.1 is equal to the subalgebra of
H∗(PX(E);R) generated by the Chern classes of vector bundles, and the module M̃ is equal to the module

of real (p, p) classes in IH(PX(E)). Because E is nef, M̃ is a Lefschetz module over (B,KB).
The deduction of Theorem 1.4 from Theorem 1.1 in the setting of Lefschetz modules also adapts to give

the following generalization of Theorem 1.4.

Theorem 5.2. Let (M,Q) be a Lefschetz module of degree n over (A,KA). For some r ≥ 1, choose classes

ci ∈ Ai for i = 1, . . . , r. Let B = A[ζ]/(ζr − c1ζ
r−1 + · · · + (−1)rcr), and let M̃ be the graded B-module

described above. Suppose that (M̃, Q̃) is a Lefschetz module over (B,KB), and that ζ satisfies the hard

Lefschetz property in M̃ . Then for any partition λ with |λ| = n and ℓ(λ) ≤ r, the symmetric bilinear form
on M0 given by (m1,m2) 7→ Q(m1, sλm2) is positive definite.



23

5.2. Schur positivity for complex Lefschetz modules. There is also a version of the main theorems
for complex Lefschetz modules. This is useful to handle intersection cohomology rings of varieties which have
nontrivial Hodge structures. Let A be a finite-dimensional commutative graded R-algebra with a nonempty
open convex cone KA in A1, and set AC = A⊗R C. Let M = M0 ⊕ · · · ⊕Mn be a finite-dimensional graded
AC-module, and let Q : M ×M → C be a Hermitian form that respects the action of AC, i.e.,

Q(zx, y) = Q(x, zy) for all z ∈ AC and x, y ∈ M.

We say that (M,Q) is a complex Lefschetz module of degree n over (A,KA) if the following properties hold:

(1) The pairing M i ×M j → C induced by Q is nondegenerate if i+ j = n, and it is 0 otherwise.
(2) For all h ∈ KA and i < n/2, multiplication by hn−2i induces an isomorphism from M i to Mn−i.
(3) For all h ∈ KA and i ≤ n/2, the Hermitian form on M i given by (x, y) 7→ (−1)iQ(x, hn−2iy) is

positive definite when restricted to the kernel of multiplication by hn−2i+1.

See [AHL25, Section 3.4.1]. Given classes c1, . . . , cr, with ci ∈ Ai, let B = A[ζ]/(ζr−c1ζ
r−1+ · · ·+(−1)rcr).

We can define a BC-module M̃ and a Hermitian form Q̃ on it which respects the action of AC using the same
formulas as in Section 5.1. The proof of Theorem 1.1 can be adapted to prove the following result.

Theorem 5.3. Let (M,Q) be a complex Lefschetz module of degree n over (A,KA). For some r ≥ 1, choose

classes ci ∈ Ai for i = 1, . . . , r. Let B = A[ζ]/(ζr − c1ζ
r−1 + · · · + (−1)rcr), and let M̃ be the graded

BC-module described above. Suppose that (M̃, Q̃) is a complex Lefschetz module over (B,KB). Let k ≤ n/2
be a nonnegative integer. Let λ be a partition with |λ| = n − 2k, and consider an element m ∈ Mk. Fix
h ∈ KA and consider the rectangular decomposition of λ with corresponding rectangles R1, . . . , Rt as defined
in (3). Suppose that for any partition µ with λ ⊆ µ and ℓ(λ) = ℓ(µ), either

(1) µ ⊆ λ ∪R1 ∪ · · · ∪Rt and hsµ +

t∑
i=1

i
∑
µ⊆ν

|ν|=|µ|+1
ν∖µ∈Ri

sν

m = 0, or,

(2) µ ⊈ λ ∪R1 ∪ · · · ∪Rt and sµm = 0.

Then

(−1)kQ(m, sλm) ≥ 0,

with equality if and only if sµm = 0 in M for all partitions µ with λ ⊆ µ.

One can similarly prove an analogue of Theorem 5.2 for complex Lefschetz modules; see [AHL25, Example
3.11]. The main case of interest for Theorem 5.3 is the following. Let X be a smooth complex projective
variety, and let H be the ring of real (p, p) classes on X. For some nonnegative integer k ≤ dimX, set

M =
⊕
p≥0

Hp+k,p(X;C).

Then M is a complex Lefschetz module of degree dimX − k over H with respect to the ample cone. If E
is a nef vector bundle on X, then the ring B considered in Theorem 5.3 is equal to the ring of real (p, p)

classes on PX(E), and the module M̃ is equal to
⊕

p≥0 H
p+k,p(PX(E);C). Because E is nef, M̃ is a complex

Lefschetz module over (B,KB).
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5.3. Multiple projective bundle rings. There is a version of our main results for multiple projective
bundle rings. This extends results in [FL83, Section 3.2] and [RT23a, Section 9.2]. The following results
can also be extended to Lefschetz modules and complex Lefschetz modules as in Section 5.1 and Section 5.2
respectively.

Theorem 5.4. Let A = A0 ⊕ · · · ⊕ An be an algebra with the Kähler package with respect to a cone KA.
For some r1, . . . , rq ≥ 1, choose classes cj,i ∈ Ai for 1 ≤ i ≤ rj and 1 ≤ j ≤ q. For 1 ≤ j ≤ q, let
Bj = A[ζ]/(ζrj − cj,1ζ

rj−1 + · · ·+ (−1)rjcj,rj ), and suppose that Bj has the Kähler package with respect to
KBj

. Let k ≤ n/2 be a nonnegative integer. Let λ1, . . . , λq be partitions with |λ1|+ · · ·+ |λq| = n− 2k, and

consider an element a ∈ Ak. Fix h1, . . . , hq ∈ KA and, for 1 ≤ j ≤ q, consider the rectangular decomposition
of λj with corresponding rectangles Rj,1, . . . , Rj,tj as defined in (3). Suppose that for any partitions µ1, . . . , µq

with λj ⊆ µj and ℓ(λj) = ℓ(µj) for 1 ≤ j ≤ q,

(11) aŝµ1 · · · ŝµq = 0,

where

ŝµj
=


hjsµj

+
∑tj

i=1 i
∑

ν⊇µj

|ν|=|µj |+1
ν∖µj∈Rj,i

sν if µj ⊆ λj ∪Rj,1 ∪ · · · ∪Rj,tj ,

sµj otherwise,

for 1 ≤ j ≤ q. Then

(−1)k degA(a
2sλ1

· · · sλq
) ≥ 0,

with equality if and only if asµ1
· · · sµq

= 0 in A for any partitions µ1, . . . , µq with λj ⊆ µj for 1 ≤ j ≤ q.

The proof is via induction and is a slight adaptation of the proof of Theorem 1.1. In more detail, assume

that λ1 is nonempty, and set m = ℓ(λ1), k1 = |λ̂1,1|/m, and consider the m-fold projective bundle

C =
A[ζ1, . . . , ζm]

(ζr11 − c1,1ζ
r1−1
1 + · · ·+ (−1)r1c1,r1 , . . . , ζ

r1
m − c1,1ζ

r1−1
m + · · ·+ (−1)r1c1,r1)

,

and D = C/ ann((ζ1 · · · ζm)r1−m+k1). Then Remark 3.10 and Proposition 3.11 imply that B′
j = D[ζ]/(ζrj −

cj,1ζ
rj−1 + · · · + (−1)rjcj,rj ) has the Kähler package with respect to KB′

j
for 2 ≤ j ≤ q. Then we follow

the steps of the proof of Theorem 1.1, often absorbing conditions involving B2, . . . , Bq into a. We have the
following analogue of Example 1.2.

Example 5.5. Suppose that k = 0, so |λ1| + · · · + |λq| = n. Then (11) is automatic because As = 0 for
s > n. So if each Bj has the Kähler package with respect to KBj

, then degA(sλ1
· · · sλq

) ≥ 0.

We also have the following analogue of Theorem 1.4, which generalizes [FL83, Corollary 3.10].

Theorem 5.6. Let A = A0 ⊕ · · · ⊕ An be an algebra with the Kähler package with respect to a cone KA.
For some r1, . . . , rq ≥ 1, choose classes cj,i ∈ Ai for 1 ≤ i ≤ rj and 1 ≤ j ≤ q. For 1 ≤ j ≤ q, let
Bj = A[ζ]/(ζrj − cj,1ζ

rj−1 + · · · + (−1)rjcj,rj ), and suppose that Bj has the Kähler package with respect
to KBj

, and that ζ satisfies the hard Lefschetz property in Bj. Then for any partitions λ1, . . . , λq with
|λ1|+ · · ·+ |λq| = n and ℓ(λj) ≤ rj for 1 ≤ j ≤ q, we have degA(sλ1

· · · sλq
) > 0.

The proof follows just as the proof of Theorem 1.4, by twisting each ζ by −ϵh for some h ∈ KA.
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5.4. Lorentzian polynomials. Given an algebra A = A0⊕· · ·⊕An which satisfies Poincaré duality and is
equipped with a nonempty open convex cone KA ⊆ A1, we say that it satisfies the mixed Hodge–Riemann
relations in degree at most 1 if

(1) For any ℓ1, . . . , ℓn in KA, we have degA(ℓ1 · · · ℓn) > 0.
(2) For any ℓ1, . . . , ℓn−2 in KA, the bilinear form A1 ×A1 → R given by (x, y) 7→ degA(ℓ1 · · · ℓn−2xy) is

nondegenerate and has exactly one positive eigenvalue.

If A has the Kähler package with respect to KA, then it follows from Proposition 3.11 that A has the
mixed Hodge–Riemann relations in degree at most 1; see [Cat08]. Whether A has the mixed Hodge–Riemann
relations in degree at most 1 can be understood in terms of the theory of Lorentzian polynomials on cones,
developed in [BL26] after earlier work in [BH20]. Choose a spanning set x1, . . . , xd for A1. Then A has the
mixed Hodge–Riemann relations in degree at most 1 if and only if the polynomial

(y1, . . . , yd) 7→ degA

((
d∑

i=1

yixi

)n)
is Lorentzian with respect to the preimage of KA under the linear map Rd → A1 induced by the choice of
x1, . . . , xd; see [BL26, Section 2] and [MNY21, Theorem 3.8]. Importantly, it follows from these results that
the second condition in the definition of the mixed Hodge–Riemann relations in degree at most 1 can be
relaxed to

(2’) For any ℓ1, . . . , ℓn−2 in KA, the bilinear form A1 × A1 → R given by (x, y) 7→ degA(ℓ1 · · · ℓn−2xy)
has at most one positive eigenvalue.

Proposition 5.7. Suppose that B has the Kähler package with respect to KB. Then for any partition λ,
A/ ann(sλ) has the mixed Hodge–Riemann relations in degree at most 1 with respect to the image of KA.

Proof. We may assume that |λ| ≤ n, else A/ ann(sλ) is the zero ring. Choose some h ∈ KA. With the
notation of Section 4.2, we prove that, for any ε > 0, A/ ann(sλ⟨εh⟩) satisfies the mixed Hodge–Riemann
relations in degree at most 1. As the space of polynomials which are Lorentzian with respect to KA is closed
[BL26, Remark 2.5], this implies the result.

To check the first condition in the definition of the mixed Hodge–Riemann relations in degree at most 1,
we need to show that for any ℓ1, . . . , ℓn−|λ| in KA, we have

degA(ℓ1 · · · ℓn−|λ|sλ⟨εh⟩) = degA/ ann(ℓ1···ℓn−|λ|)
(sλ⟨εh⟩) > 0.

This follows from Proposition 3.11 and Theorem 1.4. To check the second condition, note that Proposi-
tion 3.11 implies that Theorem 1.1 can be applied to A/ ann(ℓ1 · · · ℓn−|λ|−2). Example 1.3 then gives that

the form A1 × A1 → R given by (a, b) 7→ degA(abℓ1 · · · ℓn−|λ|−2sλ⟨εh⟩) has at most one positive eigenvalue.
This form then descends to a form on the degree 1 part of A/ ann(sλ⟨εh⟩) which has at most one positive
eigenvalue. □

Example 5.8. Let λ be a partition with at most m parts whose largest part has size at most n. Let
A = R[x1, . . . , xm]/(xn+1

1 , . . . , xn+1
m ) and let KA = R>0x1 + · · · + R>0xm. Then A has the Kähler package

with respect to KA (for example, by Proposition 3.8). Let c1, . . . , cm be classes defined by the property that

1 + c1 + · · ·+ cm = (1 + x1) · · · (1 + xm),

and ci ∈ Ai. By Proposition 3.12, the corresponding projective bundle ring B has the Kähler package with
respect to KB . Proposition 5.7 then implies that A/ ann(sλ) has the mixed Hodge–Riemann relations in
degree at most 1, so the polynomial

(y1, . . . , ym) 7→ degA

(
(y1x1 + · · ·+ ymxm)

nm−|λ|
sλ

)
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is Lorentzian. As observed in [HMMSD22, Proof of Theorem 3], this fact, applied to all partitions λ, implies
that Schur polynomials are denormalized Lorentzian, in the sense of [BH20]. This result was originally
proven in [HMMSD22] and a second proof was given in [RT23c, Section 10.3]. Unlike previous proofs of
this fact, the above argument does not use algebraic geometry. However, all three arguments are based on
establishing the mixed Hodge–Riemann relations in degree at most 1 for A/ ann(sλ).

The following example, which is based on [RT23a, Example 9.2], shows that Proposition 5.7 cannot be
strengthened to the statement that A/ ann(sλ) has the Kähler package.

Example 5.9. Let m = 3 and n = 2 in Example 5.8. Then A = R[x1, x2, x3]/(x
3
1, x

3
2, x

3
3) has the Kähler

package with respect to KA = R>0x1 +R>0x2 +R>0x3. Here A is the cohomology ring of P2 ×P2 ×P2, and
has Hilbert function (1, 3, 6, 7, 6, 3, 1). We have c1 = x1 + x2 + x3, c2 = x1x2 + x1x3 + x2x3, c3 = x1x2x3,
and B = A[ζ]/(ζ3 − c1ζ

2 + c2ζ − c3) has the Kähler package with respect to KB .
Let λ = (1, 1), so sλ = c2. Then Proposition 5.7 implies that Ā = A/ ann(c2) satisfies the mixed Hodge–

Riemann relations in degree at most 1 with respect to the image of KA. The Hilbert function of Ā is
(1, 3, 6, 3, 1). Using the basis x1x2, x1x3, x2x3, x

2
1, x

2
2, x

2
3 for Ā2, the Poincaré pairing on Ā2 is represented by

the matrix 
0 1 1 0 0 1
1 0 1 0 1 0
1 1 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0

 .

This matrix is nondegenerate and has signature 0, i.e., it has 3 positive eigenvalues and 3 negative eigenvalues.
If Ā satisfied the Hodge–Riemann relations, then this matrix would have signature 2.

Taking h = x1 + x2 + x3, Theorem 1.1 states that the form (x, y) 7→ degA(xyc2) is positive semidefinite
on the subspace

{a ∈ A2 : a(hc2 + s2,1) = a(hs2,1 + s2,2 + s3,1) = 0}
of A2. This subspace has dimension 2, and the restriction of the form to this subspace is positive definite.

5.5. Strict positivity. In this final section, we conjecture that a version of Theorem 1.4 holds in the setting
of Theorem 1.1, giving a stronger version of the Hodge–Riemann property. We prove this conjecture in some
special cases. We assume the setup of Theorem 1.1 throughout.

Conjecture 5.10. Assume the hypotheses of Theorem 1.1. Further assume that ζ satisfies the hard Lefschetz
property in B and that λ has at most r parts. Then a ̸= 0 if and only if (−1)k degA(a

2sλ) > 0.

Using the equality statement in Theorem 1.1, this is equivalent to the following conjecture: if a ̸= 0, then
asµ ̸= 0 in A for some partition µ with λ ⊆ µ. When k = 0, the conjecture follows from Theorem 1.4. When
k = 1, by Example 1.3, the conjecture is that the bilinear form A1 ×A1 → R given by (x, y) 7→ degA(xysλ)
is nondegenerate when ζ satisfies the hard Lefschetz property in B and λ has at most r parts. Equivalently,
multiplication by sλ defines an isomorphism from A1 to An−1. In the geometric setting when A,B arise
from a smooth complex projective variety and an ample vector bundle E, this conjecture was proved in
[RT23b, Theorem 1.1]. Furthermore, an extension of Conjecture 5.10 to the setting of complex Lefschetz
modules would imply [LZ25, Theorem 1.1]. Below we give some further cases where Conjecture 5.10 holds.

Example 5.11. Suppose that λ = (n − 2k), so that sλ = sn−2k. We claim that Conjecture 5.10 holds in
this case. Indeed, suppose that a is nonzero. Since ζ satisfies the hard Lefschetz property, aζn+(r−1)−2k ∈
Bn+(r−1)−k is nonzero. Recall from Section 3 that an element y ∈ B is zero if and only if π∗(yζ

i) =
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0 for all nonnegative integers i. Using (6), we deduce that there is a nonnegative integer i such that
π∗(aζ

n+(r−1)−2kζi) = asn−2k+i ̸= 0.

Example 5.12. Suppose that λ = (1n−2k), so sλ = cn−2k. We claim that Conjecture 5.10 holds in this
case. Indeed, suppose that asµ = 0 for all λ ⊆ µ. We want to show that a = 0. Recall that n − 2k ≤ r by
assumption. We compute in B:

0 = a(ζr − c1ζ
r−1 + · · ·+ (−1)rcr) = bζr−(n−2k−1),

where b = a(ζn−2k−1−c1ζ
n−2k−2+· · ·+(−1)n−2k−1cn−2k−1) ∈ Bn−k−1. On the other hand, since n−2k−1 ≤

r − 1, it follows from (2) that b is nonzero. Since ζ satisfies the hard Lefschetz property, we have

0 ̸= bζn+(r−1)−2(n−k−1) = bζr−(n−2k−1),

a contradiction.

Example 5.13. Suppose that λ = (2, 1n−2k−2). We claim that Conjecture 5.10 holds in this case. Indeed,
let m = ℓ(λ) = n − 2k − 1 ≤ r and let C be the m-fold multiprojective bundle ring. Suppose that asµ = 0
for all λ ⊆ µ. We want to show that a = 0. By Lemma 3.5, a∆(ζ1 · · · ζm)r−msλ(ζ1, . . . , ζm) = 0 in C. Let

λ̂1 = (1n−2k−1). By Example 2.1, sλ(ζ1, . . . , ζm) = sλ̂1
(ζ1, . . . , ζm)s1(ζ1, . . . , ζm) = (ζ1 · · · ζm)(ζ1+ · · ·+ ζm).

Let D = C/ ann((ζ1 · · · ζm)r−m+1). Then a∆(ζ1 + · · ·+ ζm) = 0 in D. Note that the top nonzero degree of
D is 2(k +m(m− 1)/2) + 1.

Recall that ζ satisfies the hard Lefschetz property in B by assumption. After twisting by −ϵh for some
0 < ϵ ≪ 1 and h ∈ KA (see Section 4.2), Proposition 3.6 implies that C has the Kähler package with respect
to p∗(KA) +

∑m
i=1 R>0(ζi − ϵh). Observe that ζ1 + · · ·+ ζm lies in the latter cone. By Proposition 3.11, the

image of ζ1+ · · ·+ζm satisfies the hard Lefschetz property in D. In particular, multiplication by ζ1+ · · ·+ζm
is injective on Dk+m(m−1)/2. Hence the fact that a∆(ζ1 + · · · + ζm) = 0 in D implies that a∆ = 0 in D.
Equivalently, a∆(ζ1 · · · ζm)r−msλ̂1

(ζ1, . . . , ζm) = 0 in C.

By Lemma 3.5 and Example 2.1, a(sλ̂1
⋆m sν) = as(1m)+ν = 0 in A for all partitions ν with ℓ(ν) ≤ m. By

Lemma 2.2, asµ = 0 for all partitions µ containing (1m), i.e., all partitions with at least m parts. We now
argue as in Example 5.12. In B, we have

0 = a(ζr − c1ζ
r−1 + · · ·+ (−1)rcr) = bζr−(m−1),

where b = a(ζm−1 − c1ζ
m−2 + · · · + (−1)m−1cm−1) ∈ Bm+k−1 is nonzero. In particular, bζr−m+2 = 0. On

the other hand, since ζ satisfies the hard Lefschetz property, we have

0 ̸= bζn+(r−1)−2(m+k−1) = bζr−m+2,

a contradiction.
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