LEFSCHETZ PROPERTIES OF LOCAL FACE MODULES

MATT LARSON AND ALAN STAPLEDON

ABSTRACT. Local face modules are modules over face rings whose Hilbert function is the local h-vector of a
triangulation of a simplex. We study when Lefschetz properties hold for local face modules. We prove new
inequalities for local h-vectors of vertex-induced triangulations by proving Lefschetz properties for local face
modules of these triangulations. We show that, even for regular triangulations, Lefschetz properties can fail
for local face modules in positive characteristic.

1. INTRODUCTION

We study an algebraic object associated to a triangulation of a simplex which was introduced by Stanley
[Sta92] in order to prove results about local h-vectors, vectors that control how the h-vector of a simplicial
complex changes under subdivision. Local h-vectors play an important role in the study of the decomposition
theorem for proper toric morphisms [dCMM18,[KS16] and in the study of the monodromy action on the
cohomology of the Milnor fiber of a Newton nondegenerate hypersurface [Stal7,[LSP22]. See [Cha94b,Ath16]
for surveys on local h-vectors.

The properties of local h-vectors are heavily dependent on the precise notion of triangulation which is
used. The prototypical example of a triangulation of a simplex is a geometric triangulation, which is a
triangulation of the geometric realization of a simplex 2V into geometric simplices, where V = {1,...,d}
throughout. Associated to a geometric triangulation is a map o: I' — 2V from the abstract simplicial
complex associated to the triangulation to the simplex, which takes a face of I' to the smallest face of 2V
containing it.

We will consider much more general notions of triangulations of simplices. A topological triangulation of a
simplex is an order-preserving map o: I' = 2V of posets from an abstract simplicial complex I to a simplex
2V such that, for every subset U C V, the geometric realization of the subcomplex I'yy := o~1(2Y) of T is
homeomorphic to a (|JU| — 1)-dimensional ball, and o~1(U) is the set of interior faces of the ball T'y;. A face
F of T is interior if o(F) = V. See Section for a discussion of triangulations of simplices, including the
definitions of regular, geometric, vertex-induced, and quasi-geometric triangulations.

The local h-vector £(I') = (o(T),...,£q(T')) of a topological triangulation o: I' — 2V of a (d — 1)-
dimensional simplex is defined as an alternating sum of the h-vectors of inverse images of simplices in 2V,
see (I). Let f be the number of faces G of T with |G| =i and |0(G)| = j. Then £y(I') =0, (,(T) = f{ is
the number of interior vertices, and £o(T') = f§ — fi=1 — (d— 1) f{. See [Sta92, Example 2.3] and (). In his
paper introducing local h-vectors, Stanley established the following fundamental properties.

Theorem 1.1. [Sta92] Let o: T' — 2V be a topological triangulation of a (d— 1)-dimensional simplex. Then:
(1) The local h-vector is symmetric, i.e., £s(T') = Lq_s(T') for all s. We have £o(T") =0 and £,(T) > 0.
(2) If T is quasi-geometric, then the local h-vector is nonnegative, i.e., £s(T') > 0 for all s.
(3) If T is regular, then £(T') is unimodal, i.e., £o(T') < --- < £ 4/9)(T).
In his paper, Stanley introduced the combinatorial theory of posets now known as Kazhdan-Lustzig—
Stanley theory and deduced (1) as a special case. The proof of (2) uses an algebraic construction which
will be central to the results of this paper, and the proof of (3) is obtained by applying the decomposition
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theorem and the relative Hard Lefschetz theorem [BBDS82| to a projective toric morphism. The following
theorem gives a sort of converse to Theorem [1.1

Theorem 1.2. [Cha94a, JKMS19| Let £ = (fy, ..., Lq) be a vector in Z4t. Then:

(1) If ¢ is symmetric, £y = 0, and {1 > 0, then there is a topological triangulation o: T — 2V of a
(d — 1)-dimensional simplex with ¢ = £(T).

(2) If furthermore € is nonnegative, then T' can be taken to be quasi-geometric.

(8) If furthermore € is unimodal, then T can be taken to be regular.

Taken together, Theorems [1.1| and characterize the possible local h-vectors of topological triangula-
tions, quasi-geometric triangulations, and regular triangulations. Stanley had originally conjectured that the
unimodality of local h-vectors could be extended to all quasi-geometric subdivisions [Sta92, Conjecture 5.4],
but a counterexample was found in [Ath12b, Example 3.4]. Athanasiadis asked if the unimodality still holds
for vertex-induced triangulations of simplices [Ath12b| Question 3.5]. We give the first result towards this
conjecture.

Theorem 1.3. Leto: ' — 2V be a vertez-induced triangulation of a (d—1)-dimensional simplex with d > 3.
Then ¢1(T) < £5(T).

In particular, if d < 5, then Theorem and the symmetry of the local h-vector imply that the local
h-vector is unimodal. Together with the construction in [Cha94al, we have the following classification of the
local h-vectors of vertex-induced triangulations.

Corollary 1.4. Let { = ({y,...,Lq) be a vector in 741 for some d < 5. Then { is the local h-vector of
a vertez-induced triangulation of a (d — 1)-dimensional simplex if and only if £y = 0, and € is symmetric,
nonnegative, and unimodal.

The same result holds for geometric triangulations. The proof of Theorem is based on a Lefschetz
result for local face modules, graded modules associated to quasi-geometric triangulations whose Hilbert
function is the local h-vector of the triangulation. We now recall the definition of local face modules.

Let o: T' — 2V be a quasi-geometric triangulation of a (d — 1)-dimensional simplex. Let k be a field, and
let k[T'] be the face ring (or Stanley—Reisner ring) of I'. Let k[[']* be the degree s part of k[[']. A linear
system of parameters (1.s.0.p.) 6 = {01,...,04} with 6; € k[[']! is special if 0; is supported on vertices j of T
with i € o(j). Let 6 = {61,...,04} be a special I.s.o.p. for k[[']. Let (intT') = (2% : o(G) = V) be the ideal
of interior faces in k[I'], and let Ag(T") = k[[']/(01,...,04).

Definition 1.5. For a special l.s.o.p. 6 = {01,...,04}, the local face module Lg(T") is the image of (intT")
mn Ag (F)

The local face module is a module over k[I']. If k is infinite, then a triangulation is quasi-geometric if and
only there is a special 1.s.0.p. for k[I'], see [Sta92, Corollary 4.4]. The local face module inherits a grading
Ly(T) = & L5(T) from k[T]. In [Sta92, Theorem 4.6], Stanley showed that, for any special l.s.o.p.,

dim L (T') = £,(T).

This proves the nonnegativity of the local h-vector of a quasi-geometric triangulation.

We will usually work with generic special 1.s.0.p.s, i.e., 1.s.0.p.s where the nonzero coefficients are alge-
braically independent. Let K = k(a;;)i1<j<n, ico(). and set 05" =37\ a; 25 € K[['. Let L(T') :=
Lgeen (T') be the local face module constructed using a generic special 1.s.0.p. Note that L(T") depends on the
choice of a field k. Set £ = x1 +---+x,, € K[']'. Theorem is an immediate consequence of the following
Lefschetz theorem for local face modules.
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Theorem 1.6. Let o: ' — 2V be a vertez-induced triangulation of a (d—1)-dimensional simplex with d > 3.
If k has characteristic 2 or 0, then multiplication by { induces an injection from L'(T') to L*(T).

We say that L(T') has the strong Lefschetz property if there is u € K[I']! such that, for each s < d/2,
multiplication by u¢~2% induces an isomorphism from L*(T) to L9~%(T'). A standard argument (see, e.g.,
[ILNS24, Lemma 5.1]) shows that L(I') has the strong Lefschetz property if and only if multiplication by
¢9=2% induces an isomorphism from L*(T") to L9=%(T) for all s < d/2. Equivalently, L(I') has the strong
Lefschetz property if and only if the Hodge-Riemann form on L*(T') given by (u,v) — B(u,£%2% - v) is
nondegenerate for all s < d/2. Here B is a natural symmetric bilinear form on L(T) first described by
Stanley [Sta92, Corollary 4.19]; see Section Recall that a bilinear form b is anisotropic if b(x,x) is
nonzero whenever x is nonzero. This implies that b is nondegenerate.

Theorem 1.7. Let o: ' — 2V be a vertez-induced triangulation of a (d—1)-dimensional simplex with d < 4.
If k has characteristic 2 or 0, then for any s < d/2, the Hodge—Riemann form on L*(T') is anisotropic. In
particular, L(T') has the strong Lefschetz property.

In contrast to Theorems [1.6] and we provide counterexamples to Lefschetz properties of local face
modules in positive characteristic. We say that L(I') has the weak Lefschetz property if, for any s, there
exists u € K[[']' such that the map L*(I') — L*T(T') induced by multiplication by u has full rank. In
Example we construct a family of regular triangulations {T';}:en of a (3t — 1)-dimensional simplex for
which, for any special 1.s.0.p. 6,

e For any p > 0, the strong Lefschetz property for Lg(I',) fails in characteristic p.

e For any p > 0, the weak Lefschetz property for Lg(I'g,—1) fails in characteristic p.

e For any p (including p = 0) and ¢ > 1, the Hodge-Riemann form on L**1(T;)s is not anisotropic.
We construct our example by using the fact that Lefschetz properties are not preserved by tensor products
in positive characteristic.

Our proofs of Theorem and are based on the differential operator technique of Papadakis and
Petrotou [PP20], which relies on certain identities that hold only in characteristic 2, and also relies on
the use of an l.s.o.p. that is ‘quite’ generic. This technique has had many applications over the last few
years [APP21|APPS22/[KX23||Oba25,[LNS24, KL.S24, AHK ™ 25]. In particular, it has been used to show that
analogues of Theorems and hold for face rings of triangulations of spheres without any restriction on
the dimension. On the other hand, for applications to local face modules, the “special” condition forces the
l.s.0.p. used to define L(T") to be highly non-generic, making the use of the differential operator technique
difficult. In fact, the counterexamples above give a limitation on this technique. In the setting of Ehrhart
theory, similar counterexamples obstruct attempts to prove the unimodality of local h*-vectors of certain
lattice polytopes using the differential operators technique, see Example[5.2] Despite these counterexamples,
we conjecture that the strong Lefschetz property holds for local face modules of vertex-induced triangulations
over a field of characteristic 0 if a generic special 1.s.0.p. is used.

Conjecture 1.8. Let o: I' — 2V be a vertex-induced triangulation of a simplex. If k has characteristic 0,
then L(T) has the strong Lefschetz property.

We prove Conjecture for regular triangulations.

Theorem 1.9. Let o: ' — 2V be a regular triangulation of a simplex. If k has characteristic 0, then L(I)
has the strong Lefschetz property.

Like Stanley’s proof of the unimodality of local h-vectors for regular triangulations, our proof is based
on the relative Hard Lefschetz theorem. We give a direct interpretation of the local face module in terms
of the cohomology of a toric variety and then deduce the strong Lefschetz property from the relative Hard
Lefschetz theorem. This extends Stanley’s approach.
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Another difficulty which arises when attempting to prove Lefschetz theorems for local face modules is
that it is not clear what the minimal generators of the local face module are; it is not even obvious that
L(T) is generated as a k[I']-module in degree at most d/2. This makes it difficult to prove that a class in
L(T) vanishes using the nondegeneracy of the bilinear form. See Section for a discussion.

Remark 1.10. All of our results hold for an even more general class of triangulations, homology triangu-
lations, where the inverse images of simplices in 2 are only required to be homology balls instead of being
homeomorphic to a ball. See Remark and Remark

Relative local h-vectors are invariants of triangulations o: I' — 2V which also take into account a face E of
T". For quasi-geometric triangulations, there are generalizations of local face modules whose Hilbert functions
are relative local h-vectors [Ath12a,|[LPS23]. Many of our results admit straightforward generalizations to
relative local h-vectors, see Section [5.2

Acknowledgements. We thank Kalle Karu for explaining Stanley’s nondegenerate bilinear form on local
face modules to us. We thank Christos Athanasiadis, Satoshi Murai, Isabella Novik, Ryoshun Oba, and Sam
Payne for useful conversations. We thank the referee for their careful reading and helpful comments. This
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author received support from the Charles Simonyi endowment.

2. TRIANGULATIONS AND LOCAL FACE MODULES

2.1. Triangulations of simplices. We now recall various notions of triangulations of simplices. See [Ath16,
Section 2] for a detailed summary. Recall from the introduction that a topological triangulation of a simplex
is an order-preserving map o: I' — 2V of posets from an abstract simplicial complex I' to a simplex 2",
such that, for every subset U C V, the geometric realization of the subcomplex I'yy := o71(2Y) of T is
homeomorphic to a (|[U| — 1)-dimensional ball, and o~ (U) is the set of interior faces of the ball T'y.

Remark 2.1. Let G be a face of I'. Then G is an interior face of I' ;) which is a ball of dimension |o(G)|—1,
and hence |G| < |o(G)].

Remark 2.2. A homology triangulation over a field k is an order-preserving map o: I' — 2V of posets from
an abstract simplicial complex I" to a simplex 2V, such that, for every subset U C V, the subcomplex I'yy of
I is a (JU| — 1)-dimensional homology ball over k, and o~1(U) is the set of interior faces of the homology
ball I';;. The definition and properties of the local face module of quasi-geometric triangulations that are
discussed in this section generalize to quasi-geometric homology triangulations over k.

We say that a topological triangulation o: I' — 2V is

(1) quasi-geometric if there is no face G of I' and proper face F' C ¢(G) such that |F| < |G| and
o({j}) C F for all vertices j € G.

(2) vertez-induced if there is no face G of I' and proper face F C o(G) such that o({j}) C F for all
vertices j € G.

(3) geometric if there is a triangulation of the geometric realization of 2V into a (convex) geometric
realization of I'.

(4) regular if it is geometric, and the triangulation can be chosen to be the projection of the lower faces
of the convex hull of a polyhedron.

The above conditions are listed in increasing order of strength, i.e., {4) = @) = () = (1).
Consider a topological triangulation o: I' — 2V of a (d — 1)-dimensional simplex. Let h(T') = (ho, ..., hq)
be the h-vector of T' with corresponding h-polynomial h(T;t) = Efzo hst®. The local h-vector ((T') =
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(Lo, ...,4q) of o and corresponding local h-polynomial ¢(T';t) = Zj:o L4t% are defined by

1) (rit) = 30 (1Y),

ucv
For example, when §) = U C V, then h(T'y;t) = £(Ty;t) = 1. Note that £(T') depends on o and not just on
T (see [Sta92, Example 2.3¢]).

Let k be a field, and let {1,...,n} be the vertex set of I'. Consider the polynomial ring k[x1,...,2,], and
let 2f" = [ zj for any subset F of {1,...,n}. Recall that the face ring k[I'] = @©,k[I']* is the quotient
of k[z1,...,m,] by the ideal (¥ : F C {1,...,n}, F ¢ I'). We say that elements § = {0;,...,0;} with
0, € k[[']! are a linear system of parameters (l.s.0.p.) if Ag(T) := k[I]/(61,...,04) is finite-dimensional as a
k-vector space. In this case, h(I") agrees with the Hilbert series of Ay(I") because k[I'] is Cohen-Macaulay,
see, e.g., [Sta96, pg. 61]. We say that an element f = >-" ) a;x; in k[T']' is supported on the vertices
{j:a; #0} of I', and we write f|r := 3, pajz; for a face F' of I'. We will use the following criterion to
determine if 6 is an l.s.0.p.

Lemma 2.3. [Sta96, Lemma II1.2.4] Consider elements 6 = {61, ...,04} with 0; € k[T|*. Then 0 is a l.s.0.p.
if and only if, for every face F of T, the restrictions {01|r,...,04|F} span a k-vector space of dimension |F|.

Recall that € is special if, for each 1 < i < d, 6; is supported on vertices j of T" with i € o(j). Assume
that 6 is a special 1.s.0.p. Recall from Deﬁnitionthat Ly(T) is the image of (intT') = (% : o(G) = V) in
Ap(T"). When the triangulation o is quasi-geometric, £(I") agrees with the Hilbert function of Ly(I") for any
special 1.s.o.p. 8 = {61,...,04} |Sta92, Theorem 4.6].

The excess of a face F of T is e(F) := |o(F)| — |F|. The following formula was proved in [Sta92,
Proposition 2.2] and is useful for computing examples:

(2) (T3t = 37 (—1) 417 Pgd=e (P (1 e,

Example 2.4. A topological triangulation o: I' — 2V is semi-small if 2¢(F) < |o(F)| for all F in T. In
this case, by considering terms of lowest degree in and using the symmetry of the local h-vector from
Theorem we conclude that ¢(T';t) = {F €T : |F| = d/2, o(F) = V}| - t4/2.

For example, £(I';t) = 0 if d is odd. Moreover, if ' is quasi-geometric, then the image of {z" : |F| =
d/2, o(F) =V} is a k-basis for L(T'), for example by Lemma

2.2. Bilinear forms on local face modules. Let 0: I' — 2V be a quasi-geometric triangulation of a
simplex of dimension d — 1, and let 6 = {f,...,604} be a special l.s.o.p. for k[I']. We will make use
of a symmetric bilinear form B: Ly(T') x Ly(I') — k. This bilinear form is k[[]-invariant, in the sense
that for € k'] and u,v € Ly(T'), we have B(z - u,v) = B(u,z - v). The bilinear form was constructed
in [Sta92, Corollary 4.19] using an identification of the canonical module of k[I'] with (intT'). We give a
different description of it.

Let I' be the triangulation of a (d — 1)-dimensional sphere obtained from I' by adding a vertex ¢, and for
each face G of T which is contained in the boundary of T', i.e., with o(G) # V, adding the face GU {c}. Set
0; = 0;—x.. It follows from Lemmamthat 01,...,04is an Ls.o.p. for k[I']. Let Aé(f) =k[[)/(61,...,0,). Tt
is known that Aé(f‘) is an artinian Gorenstein algebra [Sta96, pg. 65]: there is an isomorphism deg: Ag(f‘) —
k such that the pairing A% (T) x Agfs(f‘) — k defined by (z,y) — deg(x - y) is nondegenerate. We choose an

orientation of I' and use the standard normalization of the degree map [Bri97], see [KX23, Section 2.5]. For
y € A4(I'), let ann(y) denote the annihilator of y in A4(I"). Note that if G’ is an interior face, then G'U {c}
is not a face of I', so 2€ € ann(z.).
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Lemma 2.5. There is a graded isomorphism of k[I'|-modules between ann(x.)/((z.) Nann(x.)) and Le(T),
given by sending the class of € to the class of € for every interior face G.

Proof. As Aé(f‘)/(zc) is naturally identified with Ay (T') = k[[']/ (01, . . .,04), it suffices to show that ann(x.) =
(intI") C A (). One inclusion is easy: as observed above, if G is interior, then € € ann(z,.). We therefore
have a surjective map
Ay(D)/(int T) — A4(T)/ ann(a,).

Note that A (I')/ ann(z.) is an artinian Gorenstein algebra with socle in degree d — 1. Indeed, the pairing
between graded pieces of degrees s and d — 1 — s defined by (x,y) — deg(x - y - z.) is nondegenerate. Also,
Ap (f‘)/(int I') is the quotient of the face ring of the cone over the boundary of I by an l.s.o.p. Using one of
the elements of the l.s.0.p., we can write the variable z¢ corresponding to the cone vertex in terms of the
other vertices. This identifies A;(I")/(int ') with the quotient of k[lk.(I")], the face ring of the link of ¢ in T,
by an L.s.0.p. Because I is a ball of dimension d— 1, lk.(I") is a sphere of dimension d—2, and so this quotient
of k[lk.(I")] is an artinian Gorenstein algebra with socle in degree d — 1. The result follows, as a surjective
map between artinian Gorenstein algebras whose socles are in the same degree is an isomorphism. O

Lemma 2.6. The restriction of the Poincaré pairing to ann(x.) induces a nondegenerate bilinear form
B: LQ(F) X LQ(F) — k.

Proof. For any y € ann(z.) and z € (z.), we have deg(y - z) = 0, so the pairing descends to Ly(T") by
Lemma The pairing is nondegenerate because ann(ann(xz.)) = (z.) as A4(I') is an artinian Gorenstein
algebra. (I

To summarize, given u,v € Ly(T"), we can compute B(u,v) by lifting u and v to ann(z.) C Aé(f‘),
multiplying them, and then computing the degree in Aé(f).

Remark 2.7. In fact, if u,v € Ly(T") are the images of a Z-linear combination of monomials, then B(u,v) is
the image of an element of Z(a; ;)1<j<n,ico(;) in K. This follows from the construction of the degree map.
See, for example, [LNS24] (1),(4)].

2.3. Generating the local face module. We will need to prove several results giving generators for local
face modules. See also Corollary Let o: T — 2V be a quasi-geometric triangulation of a simplex of
dimension d — 1, and let § = {61,...,04} be a special L.s.o.p. for K[I']. The underlying face of a nonzero
monomial " ---z% in K[I'] is {j : a; # 0}. Because the monomial is assumed to be nonzero, this is indeed
a face of T

Lemma 2.8. The classes {x% : G interior face} span Ly(T).

Proof. By definition, Ly(T") is spanned by monomials in (intI'). Given such a monomial which is not
squarefree, we can write it as x; - 7, where the underlying face of 27 is an interior face F' and j € F. By
Lemma we can take a k-linear combination of the 8; so that the coefficient of z; is 1 and the coeflicient
of zj is 0 for all j' € F'\ {j}. Using this, we can rewrite x; - 7 in terms of monomials that have larger
support. Because F is interior, the underlying faces of these monomials will still be interior. O

Lemma 2.9. If T is vertex-induced, then Lg(T") is spanned by monomials whose underlying face is interior
and does not contain any vertices of excess 0.

Proof. Let x’/ = 2! -+ 2§ be a monomial whose underlying face is {j1, ..., j+}, and assume that {ji,...,j+}
is interior. Because I' is vertex-induced, V = o(j1) U---U o (j¢). Suppose that j; has excess 0, with o(j;1) =
{i1}. Then ji is the unique vertex of excess 0 such that iy € o(j1). We may write 60, = a;, 5,75, +>_; iy j:Tjr,

where a; ; € k and j' varies over all vertices of I" such that i; € o(j’) and j” does not have excess 0. Moreover,
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for any i # i1, i ¢ o(j1) implies that 0;[(;,; = 0, and Lemma implies that 0;,|(;,y = ai, j, 75, # 0.
Substituting the relation xj, = — >, a;, ' ai, jyj € Ag(T) into z7 and expanding, we express 2/ as a linear
combination of monomials with a strictly smaller number of vertices of excess 0 in their underlying faces than
x”7. Moreover, the underlying faces of these monomials are all interior. Indeed, this follows since T' is vertex-
induced and the image of the underlying faces under o contains both i1 and V ~\ {i1} C o(j2) U--- U (js).
Repeating this gives the result. O

Remark 2.10. If T is not vertex-induced, then the conclusion of Lemma [2.9| can fail, see Example

3. CHARACTERISTIC 2 RESULTS

Throughout this section, we consider a quasi-geometric triangulation o: I' — 2. We fix k to be a field of
characteristic 2 and set K = k(a;,j)1<j<n,ico(;)- We use a generic special 1.s.0.p., i.e., 0; = Za(j)ai a; jT;.

3.1. Differential operators. If L is an m x n matrix of nonnegative integers for some positive integer m,
then define =
L ._ Li; _ i Lij
v = H T S = H ; .
0,J J
)

For each (4,7) with i € o(j), the differential operator Fa; acts on K. Let I be a d x n matrix of

nonnegative integers. We say that I is valid if I, ; = 0 whenever i ¢ o(j) and all row sums are 1, i.e., each
row of I contains a unique 1 and all other entries are 0. If I is valid, then we set

a \"
ol = H (3(11-,]-) .

4]

Here we are thinking of o/ as an element of the polynomial ring K[z1,...,r,], but we will also consider it

as an element of K[I'] or K[I'].

Remark 3.1. Suppose that I is valid and ! € K[I'] is nonzero. Let G be the underlying face of 2 in T.
Then for every 1 < i < d, there exists a vertex j such that I;, ; = 1, and so i € 6(j) C o(G). We deduce that
G is interior.

We will make use of the following identity, which was conjectured by Papadakis and Petrotou [PP20] and
proved by Karu and Xiao [KX23]. See |[KLS24, Corollary 3.1] for a generalization to characteristic p. Given
a monomial m = x{* .-z we set \/m = x'lh/Z - o /? if each a; is divisible by 2, and we set /m = 0
otherwise.

Proposition 3.2. [KX23| Corollary 4.2] Let h € K[f‘]s for some s < d/2, let I be a valid d X n matriz of
nonnegative integers, and let J be a 1 X n matriz of nonnegative integers with row sum d — 2s. Then

o deg(h? - x7) = (deg(h - Val - x7))2.

In [KX23|, the authors work with a completely generic l.s.o.p. See [LNS24, Corollary 2.10] for a discussion
of how to check that [KX23| Corollary 4.2] can be adapted to l.s.0.p.s which are not fully generic, like the
l.s.o.p. which is used for A(;(f‘). Using the construction of the bilinear form on the local face module, we
deduce the following identity for the bilinear form with a generic special L.s.o.p.

Corollary 3.3. Let uw € L*(T") for some s < d/2, let I be a valid d x n matriz of nonnegative integers, and
let J be a1 x n matriz of nonnegative integers with row sum d — 2s. Then

' B(u,z” - u) = (B(u, Val - z7))2.
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Note that Remark implies that the image of V&l - 27 is a well-defined element of L(T") in the statement
of Corollary

3.2. Lefschetz results. We recall Hall’'s marriage theorem.

Theorem 3.4. [Hal35| Let G = (X,Y, E) be a finite bipartite graph with bipartite sets X and Y, and edge
set E. For any subset S of X, assume that |S| < {y € Y : (x,y) € E for some x € S}|. Then there exists
an X -perfect matching, i.e., an injection t: X —'Y such that (z,1(x)) € E for all x € X.

Proof of Theorem[1.6 when k has characteristic 2. Let u € L(I')' be a nonzero element. By Lemma
and the nondegeneracy of B, there is an interior face G of I' with |G| = d — 1 such that B(u,z%) is
nonzero. By Remark for every subset S of G, we have |S| < |o(S)|. Because T is vertex-induced,
o(S) = {i : i € o(j) for some vertex j € S}. By Hall’s marriage theorem (Theorem [3.4) with X = G,
Y ={1,...,d} and E = {(j,%) : © € 0(j)}, there is an injection t: G — {1,...,d} with «(j) € o(j) for all
j€Gq.

There is a unique 7 € {1,...,d} which is not in the image of . Because G is interior and I' is vertex-
induced, there is some vertex j € G with i € o(j). Let I be the d x n matrix which is 1 at (¢(5), ) for
j € G and at (7,7), and is 0 elsewhere. By construction, I is valid, and 2! = 2@ -xj. Let j’ be a vertex of
G distinct from j, which exists because d > 3, and let 7 be the unique monomial so that 27 - z: ST = zC.

j
By Corollary we have

"Bl -u,x” - ) :8IZB(u,xJ~xj cu) = ZB(u,q/xl cxtxi)?
j=1

Jj=1

Since ' - x7 =z (25 - x7)?, we have \/xl -2/ - x; =0 for j # 5/, and /ol -2/ - xj = %, We deduce that
I'B(l-u,x” - u) = B(u,z%)%.
In particular, 9T B(¢ - u,x” - u) is nonzero, so £ - u is nonzero. a

Corollary 3.5. If I is verter-induced, then L4~1(T') is generated by classes of the form xij, where G is
an interior face of size d — 2.

Proof. Using the bilinear form B, the map L4~2(I') — L4~1(T") given by multiplication by ¢ is dual to the
map L'(T') — L?(T") given by multiplication by ¢, so it follows from Theorem that multiplication by £
induces a surjection from LY2(T") to L~Y(T"). By Lemma L3=Y(T) is spanned by classes of the form
(- x%, where G an interior face of size d — 2. As £ = x; + - - - + x,,, this implies the result. O

When k has characteristic 2, we will deduce Theorem [I.7] from Corollary To apply Corollary we
will need to know that L*(T") is generated by monomials of a particular form.

al ag

Lemma 3.6. Suppose I is vertez-induced, d is even, and LY?(T") is generated by monomials z7 = ) i
such that, for every subset S of {1,...,s}, we have |o({j; : t € S})| > 23 ,cgar. Then B: L¥?(T') x
LY2(T) — K is anisotropic.

Proof. Let u be a nonzero element of L%/ 2(I'). Then the nondegeneracy of B implies that there is some
monomial 27 = :E?ll e x?: satisfying the hypothesis of the lemma with B(u,z”) # 0. Let T' be the multiset
consisting of 2a; copies of j1, 2as copies of ja, and so on. Note that |T'| = d. For any multiset S’ C T, if S
is the underlying set associated to S, then [S'| <23, ga; < o({js : t € S}). By Hall’s marriage theorem

(Theorem [3.4) with X =T,Y = {1,...,d} and E = {(j,4) : i € ()}, there is a bijection ¢: {1,...,d} = T
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such that i € o(c(7)) for all i. Let I be the d x n matrix which is 1 on the entries (4,¢(i)) and 0 otherwise.
By construction, I is valid, and 2! = (2”)2. By Corollary we have

d'B(u,u) = B(u,z”)?.
This implies that 9! B(u,u) # 0, so B(u,u) # 0. O

Proof of Theorem [I.7] when k has characteristic 2. As L°(T") = 0, the statement is trivial when s = 0. When
d =2 or d = 4, Lemma [2.9| implies that the hypothesis of Lemma [3.6]is satisfied, proving the anisotropy of
the Hodge-Riemann form in degree d/2.
Consider the case when d = 3 and s = 1. Let u be a nonzero class in L!(T"). By Corollary there is
a vertex j and an interior vertex j’ such that B(u, x5 - xj) is nonzero. Choose some i € 0(j), and let I be
the 3 x m matrix which is 1 in the entries (7,7) and (i’,afor each 7/ € {1,2,3}\ {i}, and is 0 in all other
3.3

entries. Then I is valid, 2’ = xj - x?,, and by Corollary

d'B(l - u,u) = 0" ZB(U, j-u) = Blu,z; - xj)%.
j=1

Therefore B({ - u,u) is nonzero, proving that anisotropy holds.
The remaining case is when d = 4 and s = 1. Let u € L*(T") be a nonzero class. Then ¢ - u is nonzero by
Theorem so the anisotropy of B on L?(T) implies that B(£ - u,f-u) = B(f? - u,u) is nonzero. O

Remark 3.7. The results in this section generalize to vertex-induced homology triangulations over a field
of characteristic 2. If stronger results were known about spanning sets for local face modules, then one could
prove Lefschetz results for local face modules of characteristic p vertex-induced homology triangulations for
any prime p using the results in [KLS24]. For example, if d > p+1 and L4~ 1(T) is generated by monomials in
the interior vertices over a field of characteristic p, then the proof of Theorem shows that multiplication
by ¢ induces an injection from L!(T") to L?(T).

4. CHARACTERISTIC 0 RESULTS

In this section, we prove Lefschetz results for local face modules in characteristic 0. We first complete the
proof of Theorems [I.6] and [I.7] by deducing the case when k has characteristic 0 from the case when k has
characteristic 2. This argument is fairly standard, see, e.g., [KX23, Section 5] or [KLS24} Proposition 3.5].
We then relate local face modules to the cohomology of toric varieties and use that to prove Theorem

Proof of Theorem[1.6 when k has characteristic 0. Let M be the matrix whose rows are labeled by interior
vertices j of I' and whose columns are labeled by interior faces G of size d—2, where the corresponding entry is
B(¢-x;,x2%), using the bilinear form on the generic local face module over a field k of characteristic 0. Define
Ms> similarly, except using the bilinear form on the generic local face module over a field of characteristic 2.
By Remark the entries of My and M are the images of elements in Z(a; ;). In particular, the entries
of My lie in Fa(a; ;) and are independent of the choice of field of characteristic 2, and similarly for M. By
the characteristic 2 case of Theorem the rank of My is equal to dim L}(T") = ¢,(T"). We obtain My by
reducing M modulo 2, and so the rank of M is equal to ¢;(I"), which implies that multiplication by ¢ is
injective. (|

Proof of Theorem when k has characteristic 0. Recall that the 2-adic valuation on Q is v: Q — ZU{cc},
where 1(0) = oo, 2/(™) is the largest power of 2 dividing m for a nonzero integer m, and v(2) = v(m)—v(m’)
for nonzero integers m,m’. By Chevalley’s Extension Theorem [EP05, Theorem 3.1.2], there exists an
extension of the 2-adic valuation to a valuation v: k — I'U{oo}, for some ordered abelian group I". Consider
the valuation ring R = {z € k : v(z) > 0} with maximal ideal m = {z € k : v(z) > 0} and residue field
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k = R/m. Let L(I'),, denote the generic local face module over x(a; ;), and let L(I'), denote the generic
local face module over K. For each s < d/2, choose a basis for L*(T"),; consisting of monomials. The same
monomials form a basis for L*(T");, as well. Given a nonzero element u of L*(I'), we can find an element
A € kla; ;] so that, when we express Au in this basis, the coefficients are polynomials in R|a; ;], and at least one
of the coefficients is nonzero in a; ;). Let Au € L*(T'),; be the result of reducing all coefficients to x, which
is nonzero. Then B(\u,£?2%-\u) # 0. But this is obtained by reducing B(Au, £972%. \u) = N2 B(u, £472% -u)
to , so B(u, 3725 - u) # 0. O

In order to prove Theorem [1.9) we first discuss some aspects of the cohomology of algebraic varieties.
See [dCMOQ9] for a reference. Let Y be a complex projective variety, and let f: X — Y be a projective
morphism with X a rationally smooth variety, e.g., a simplicial toric variety. Let d = dim X. There is an
increasing filtration on the singular cohomology of X, 0 C Py C P, C --- C Py = H*(X;Q), called the
perverse filtration, which is characterized as follows. The decomposition theorem [BBD82] states that there
is an isomorphism in D%(Y):

(3) Rf*@x [d] = @]C(Yav‘ca)[sa]'

Here {Y,} is a set of locally closed smooth subvarieties of Y, L, is a simple local system on Y, IC(Y,, La)
is the intersection cohomology perverse sheaf, and s, is an integer. Taking hypercohomology, this induces a
decomposition

H*(X;Q) = PHUIC(Va, La)[sa — d)),

where the grading on H*(X;Q) goes from 0 to 2d. We set P, to be the subspace of H*(X;Q) spanned by
H(IC(Yy, Lo)[Sa — d]) for those a with s, > d —b. While the isomorphism in (3]) is not unique, the induced
filtration is independent of this choice.

A class z € H'(X;Q), thought of as an element of Homps(x)(Q,,,Q, [i]), pushes forward to give a map
Rf.Q, — Rf.Q,[i], and so it induces a map

P 1C(Va, Lo)[s0 — d] - @D IC(Va, La)[sa +i — d].

The definition of the perverse t-structure implies that there are no nonzero maps from IC(Yy, L4)[Sa — d]
to IC(Yp, Lg)[sp + 11— d] unless sg — s +i > 0. Therefore, for each b, we have = - P, C P,1;. In particular,
the associated graded Gr® P is an H*(X;Q)-module, where H(X;Q) - Gr®* P C Gr*** P. Note that Gr® P
is bigraded, where the grading arising from the grading on H*(X;Q) is not indicated in the notation.

The intersection cohomology perverse sheaves associated to simple local systems are simple objects in the
category of perverse sheaves. In particular, there are no nonzero maps IC(Yy, Ly) — IC(Y3,Lg) unless
IC(Yy,, L4) is isomorphic to IC(Y3s, Ls). Collecting the summands in which are isomorphic to a shift of
some fixed IC(Y,, L) and taking hypercohomology, we obtain an H*(X;Q)-module summand of Gr® P.

Let o: ' — 2V be a regular triangulation of a simplex. Identify 2V with the standard simplex in R%.
Because T' is regular, it is possible to identify the vertices of I' with points of the standard simplex and
choose a height h(j) for each vertex j so that the induced regular subdivision of the standard simplex is
I'. Because I is a triangulation, we can perturb the coordinates of the vertices of I' so that they lie in Q¢
without changing the combinatorial structure. We may also assume that the heights are rational.

Let X be the fan over I', i.e., X is a fan whose support is R‘io, and whose cones are the cones generated
by the faces of I'. Let X be the associated toric variety. Because Yr is a simplicial fan, Xt is rationally
smooth.
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Because the support of Xr is R‘éo, there is a proper map f: Xr — A% We can then apply the decompo-
sition theorem to Rf*@xr [d]. By |[dCMM18, Theorem 5.1], the strata appearing are torus-orbits in A?, and

all local systems appearing are trivial. For S € 2", let V(S) denote the coordinate subspace of A% where
the coordinates labeled by S are all 0. The decomposition theorem then takes the form

REQ, 5 @ @S -1+ 5]
Se2V seZ
where £(S,s) =0 if s+ |S| is odd. In [Sta92} Section 5], Stanley shows that ¢(V,d — 2k) = £;(T") by showing
that it satisfies the same recursion as the local h-polynomial, i.e., the local h-polynomial enumerates the
number of summands which are supported at the origin.

Because I is a regular subdivision, f is a projective morphism. Explicitly, each vertex j of I' corresponds
to a torus-invariant divisor D;. Let A; be the sum of the coordinates of the primitive lattice point on the
ray spanned by j. The class Y, h(j)\;[D;] € H*(Xr;Q) is relatively ample. The relative Hard Lefschetz
theorem implies that the sequence (¢(V,d — 2k))k=0,1,... 4 is unimodal, thereby proving the unimodality of
the local h-polynomial [Sta92, Theorem 5.2]. We will prove a stronger statement below.

Let 3f be the fan obtained by adding to X the ray spanned by (—1,...,—1), and for each face F' of T’
which is not interior, adding the cone generated by (—1,...,—1) and the vertices of F. Note that ¥ is a
complete fan.

Let X be the toric variety corresponding to ¥p. Let f: Xp — P? be the map induced by the fact
that ¥4 is a subdivision of the fan of P?. The map f is projective: if we add a sufficiently large multiple
of the divisor corresponding to the ray spanned by (—1,...,—1) to >, h(j)A;[D;] € H?(X#;Q), then the
associated piecewise-linear function is convex, and so this class is ample.

Proof of Theorem[1.9 We will apply the decomposition theorem to Rf*QXA [d]. By [dCMM18, Theorem
- r

5.1], the summands which appears are shifts of the constant sheaf on torus-orbit closures in P4. Because
f is an isomorphism over the generic point of any torus-orbit closure which is disjoint from A% c P?, all
summands which appear are shifts of constant sheaves on a torus-orbit closure which intersects A4. We
deduce that

(4) RLQ, A3 P PQESd—|s|+s),
Se2V seZ

where PV\9 is the closure of the coordinate subspace V(S) of A% and £(S,s) = 0 if s + | S| is odd. After
halving the degrees, we can identify H*(X;Q) with the ring denoted Aé(f) in Section where £ = Q
and the Ls.o.p. is the one induced by the globally linear functions on R [Ful93| Section 5.2]. Explicitly,
if p; is the primitive lattice point on the ray spanned by j and e; is the ith standard basis vector, then
0; = > jerleipj)zj. Let z. € Aé(f) = H?*(X;;Q) be the class of the divisor corresponding to the ray
spanned by (—1,...,—1). Note that z. is the pullback of the hyperplane class on P4, For k =0,...,d — 1,

let Ly = Q[xc]/(xk“) thought of as a module over Q[z.]/(x?*!). Here z. is in degree 1. Taking the
hypercohomology of | . we have an 1somorphlsm

5 D DLl -]+ )/2)

Se2V sel
This decomposition gives the Jordan block decomposition of the action of . on Aé(f). Let o be the origin,
and note that the hypercohomology of the summands isomorphic to a shift of Q is @Sengﬂ(V’s) [(—d+s)/2].
The intersection of Py, with this subspace of H*(X; Q) is @Szd_bL?e(v’s) [(—d+3s)/2]. By Lemma Ly(T)
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is identified with ann(z.)/((xz.) N ann(z.)), and we see that ann(z.)/((x.) N ann(z.)) is identified with
@SezL?E(V’S)[(—d + 5)/2]. This identifies Lg(I') with a summand of the associated graded of H*(Xp;Q)
with respect to the perverse filtration, and so the relative Hard Lefschetz theorem [dCMO09, Theorem 1.6.3]
implies that the action of any ample class induces an isomorphism from L} (T) to Ly~ *(T') for each ¢.

It remains to deduce that L(T') has the strong Lefschetz property from this. Given an element y € Q[I']!,
multiplication by y?~2* induces an isomorphism from L§(T") to Lg_t(F) if and only if the bilinear form
LY(T) x LE(T) — Q given by (u,v) — B(u,y?=2-v) is nondegenerate. Let My be the matrix whose rows and
columns are indexed by interior faces of size ¢ and whose entry labeled by faces F and G is B(z!", y4=%t . 29),
using the bilinear form on Ly(I"). Then multiplication by y¢~2 is an isomorphism if and only if the rank of
My is equal to £;. Let M be the matrix which is defined analogously except using the bilinear form on L(T").
The entries of M are rational functions, and we obtain My by evaluating these rational functions. Therefore
the rank of M is at least the rank of My, and so if multiplication by y?~2! induces an isomorphism from
LE(T) to L§~H(I), then multiplication by y?~2* also induces an isomorphism from L!(T') to L (T). O

5. DISCUSSION AND EXAMPLES

5.1. Examples. We first recall some properties of the join of two subdivisions. Let o: I' — 2V and o’: I —
2V be topological subdivisions of simplices with [V| = d and [V’/| = d’. Let T« = {(F,F'): F e I, F' e "}
be the join of I’ and I". Then there is a corresponding topological subdivision o x ¢/: T' % I — 2VUV”
defined by o(F,F') = o(F) U o(F’). Moreover, if o and o’ are regular subdivisions, then o * o’ is a
regular subdivision. Let k be a field. Then the corresponding face ring is k[I" * I''] & k[['] ® k[[V]. If
0 = {61,...,04} and 0" = {0',...,0,} are special 1.s.o.p.s for k[I'| and k[I"] respectively, then (0,60") :=
{01 ®1,...,0,01,1®46;,...,1®0/,} is a special .s.o.p. for k[I'*I'], and, moreover, any special 1.s.0.p. for
kJ[F * F/] has this form. Then A(M,)(F * F/) = A@(F) Qr Agr (F/) and L(M,)(F * F/) = LQ(F) R Lo (F/)

Example 5.1. Let V = {v;,v9,v3} and let o: ' — 2V be the regular subdivision of a standard simplex
with a unique interior point w, i.e., I" has vertices vy, vs, v3, w with o(w) =V, o(vs) = vs for s € {1, 2,3},
and minimal nonface {v1, v9,v3}. Fix a field k of characteristic p (here we allow p = 0), and let € be a special
l.s.o.p. for k[[']. Then Ay(T') = k[z]/(2®) and Lg(T') = kx & ka?, where x = x,,.

For t a positive integer, consider the regular subdivision obtained by taking the join ¢ x --- X ¢ of &
with itself ¢ times. Let I'y = I'*x--- % I" and let 6; be a special l.s.o.p. for k[I';]. For 1 < s < ¢, let x4
be the variable in k[[';] corresponding to the interior vertex in the sth copy of ' in T';. By the discussion
above, Ag, (Ty) = k[xy,...,2,)/(x3,...,23), and Ly, (I';) has a k-basis {z!' -- 2k : I, € {1,2} for 1 < s <
t}. The corresponding nondegenerate bilinear form B: Ly, (T't) x Lg,(I't) — k satisfies the property that
B(ah -~-mf§t,xllll acii) is nonzero if and only if I; + 1, =3 for 1 < s <t.

Consider a nonzero element y = Ei:l asTs € Aét (T;) for some as € k. For t < m < 2t, let z, =

2ol ab g T g gl € Ly (Ty), where the sum varies over all (ly,...,l;) with I; € {1,2} for
1 <s <t and )  Is = m. For example, 2, = z1---2; and 29; = ([[,as)z}---27. We claim that

Y zm=(m+1—1t)zm41 in Ly, (Ty). Indeed, we compute

¢
Y+ Zm = ( g asxs> E alllfl...afttflxlll :Cit
s=1 (ll

= 3 Hsrly=2lal ™ af
(l350)
where the latter sum varies over all (17,...,0}) with I, € {1,2} for 1 < s <t and > I, =m+ 1. The claim
follows since {s: I, =2} =m+1—t.
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In particular, multiplication by y" induces a map from L} (T;) = k1 -2, to L3'(T'y) = k- - - 27 given
by multiplication by ¢! [], as. We conclude that the strong Lefschetz property fails for Ly, (I';) if 0 < p < t.

Similarly, multiplication by yr%] induces a map from Lét (Ty) = kxy -2t to Lgt%q (T'4), and y(éw X Ty =
ylsl. 2 = f%]!z(%w. Therefore if 0 < p < [§], or, equivalently, p > 0 and 2p — 1 < ¢, then the above map
is not injective. Because the local h-vector of I'; is unimodal, this implies that the weak Lefschetz property
fails for Ly, (T';): at least one of the maps Lj (I';) — L;jl(l“t) with ¢ < s < [3L] is not injective. For
example, when p = 2 and t = 3, the map Lgt (Ty) — Lgt (T'¢) induced by multiplication by a nonzero element
y € Aég (T'3) is not injective. In this case, z4 is nonzero, but y - z4 = 0.

Finally, consider the bilinear form Lg"(T;) x Ly (I'y) — k given by (u,v) — B(u,y* ™ - v) for some
t<m< L%J We claim that this form is not anisotropic for any m # t and for k a field of any characteristic.
Indeed, consider a basis element u = 2!t - - 2l of Ly (Ty) with [s € {1,2} for 1 <s <tand )  [s=m >t
Then there exists an index s’ with Iy = 2, and it follows that B(u, y3' =™ - u) = 0.

Our next goal is to recall analogues of the h-vector and local h-vector in Ehrhart theory, and present an
analogue of Example We refer the reader to [Bar08] and [BR15| for surveys on Ehrhart theory. Let N
be a lattice, and write Ng := N ® R. Let P C N be a full-dimensional lattice polytope with respect to
N. The h*-polynomial h*(P;t) and local h*-polynomial ¢*(P;t) are polynomials of degree at most dim P
with nonnegative integer coefficients. The h*-polynomial encodes the number of lattice points in all integer
dilates of P, while the local h*-polynomial satisfies the symmetry ¢*(P;t) = t3m P+1p(P:¢=1). For example,
if h*(Pyt) = S0P prii and 04(Pit) = S0 P pxti then by = 1, £5 = 0, bt = |[PN N| —dim P — 1, and
G =05 p = Miim p = |Int(P) N N|, where Int(P) denotes the relative interior of P. When P is the empty
set, h*(P;t) = ¢*(P;t) =1

Assume further that P is a simplex with vertex set indexed by V = {1,...,d}. In this case, the h*-
polynomial and local h*-polynomial can be inductively defined in terms of each other via the equations

W (Pit) = > O (Fyst), £(Pit) = > (-)IVITIVIns(Fy;e),
Ucv ucv
where Fyy denotes the face of P with vertices U C V. Suppose there exists a unimodular lattice triangulation
T of P, ie., I'is a geometric triangulation of P with vertices in NV such that for every facet G of I' with
vertices uq, ..., uq, the vectors u; — ug, ..., uq—1 — ug form a basis of N. In this case, h*(P;t) and £*(P;t)
agree with the h-polynomial h(T';¢) and local h-polynomial £(T';t) respectively.

Let N = N ®7Z, and let Cp C Ng denote the cone generated by P x {1}. Fix a field k. The lattice points
CpNN naturally form a semigroup. Let k[P] denote the correspondmg semigroup ring. That is, k[P] has a
k-basis {z* :u € Cp N N}, and z¥z% = vt for any u,u’ € Cp N N. Projection onto the last coordinate
ht: Nz x R — R induces a natural grading on k[P] = @Zk[P]i such that " has degree ht(u) € Zx( for
all u € Cp N N. Let k[P,0P] be the graded ideal of k[P] with k-basis {z, : v € Int(Cp) N N}. We say
that an element f = Y _poy auz™V € k[P]! is supported on {u € PN N : a, # 0}. The k-algebra k[P]
is Cohen-Macaulay with Krull dimension d. A collection of elements 6 = {61,...,04} with ; € k[P]' are
an ls.o.p. if #(P) := k[P]/(61,...,04) is finite-dimensional as a k-vector space. In this case, the Hilbert
polynomial of @(P) is equal to h*(P;t). Let c: PN N — 2V be the map so that F,,) is the smallest face
of P containing u. Then an l.s.o.p. 6 is special if 6; is supported on v € PN N with ¢ € o(u). Special
l.s.o.p.s always exist; for example, {x(“’l) : u vertex of P} is a special L.s.o.p. Given a special l.s.0.p., we
define % (P) to be the image of k[P,0P] in «%(P). In this case, the Hilbert polynomial of %(P) is equal
to £*(P;t).

Let P’ be a full-dimensional lattice simplex with respect to a lattice N’ of rank d’ — 1. Let Onx and Op-
denote the origins in N and N’ respectively. The free join P % P’ is the convex hull in Ng & N & R?
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FIGURE 1. A triangulation that is not vertex-induced

of {(u,0n7,1,0) : w € P} and {(On,v’,0,1) : v/ € P’}. Then P« P’ is a lattice simplex with respect to
N @ N’ @Z? with d+d' vertices. We have an isomorphism of graded k-algebras v : k[P]®y, k[P'] — k[P x* P'],
defined by t(z(wm) @ g M) = gluu’mm’,mtm’)

If 0 ={61,...,04} and ¢ = {61,...,0),} are special 1.s.0.p.s for k[P] and k[P’] respectively, then (0,0") =
{Wl ®1),...,9021),v(1®07]),...,%(1 ®86,)} is a special Ls.o.p. for k[P x P'], and, moreover, any
special 1.s.0.p. for k[P P'] has this form. Then ¢ induces isomorphisms .7 (P) ® @ (P') = </ o1y (P * P')
and Zy(P) @y Ly (P') = Lg,9y(P * P'). Finally, we have the following analogue of Example

Example 5.2. Let P C R? be the convex hull of (1,0), (0,1) and (—1,—1). Then P has 4 lattice points;
its vertices and the interior lattice point w = (0,0). Fix a field k of characteristic p and let 6 be a special
l.s.o.p. for k[P]. Then «%(P) = k[z]/(2%) and %(T') = kx & kx?, where x = x,,. For ¢ a positive integer, let
P, = Px---xP be the free join of P with itself ¢ times and let #; be a special l.s.0.p. for P;. For1 < s <t, let x4
be the variable in k[P;] corresponding to the interior lattice point in the sth copy of P in P;. By the discussion
above, @, (P;) = klz1,...,x,/(x3,...,23), and Lp,(T;) has a k-basis {z! -- -zl : I, € {1,2} for 1 < s < t}.
We have a natural unimodular lattice triangulation I'; of P, corresponding to the regular triangulation of
Example [5.1] The exact same computations as Example then show that the strong Lefschetz property
fails for 2, (P;) if 0 < p <'t, and the weak Lefschetz property fails for .4, (P;) if p > 0and 2p — 1 < ¢t.

Finally, we give an example which shows that many of the results of this paper fail for quasi-geometric
triangulations which are not vertex-induced. The authors of [JKMS19] use a cousin of Example to
construct examples, starting when d = 4, of quasi-geometric triangulations where the local h-polynomial is
not unimodal.

Example 5.3. Consider the quasi-geometric triangulation I' of a 2-dimensional simplex in Figure [1} which
appeared in |[JKMS19, Figure 1(c)]. Note that T' is not vertex-induced, as there are vertices 2 and 3 of
excess 0 such that {2,3} is interior. Fix a field k and let 6 be a special 1.s.o.p. for k[I']. Then there is
a surjection k[xy,zs5]/(z4 - x5,22) — Ap(T') which is an isomorphism in degrees at most 2. In particular,
Ly(T) = kxs @ kxoxs and ((T;t) = t + t2. We see that L'(T) is contained in the socle of L(T'), and that
weak Lefschetz fails for L(T").

5.2. Relative local h-vectors. We now describe the generalization of our results to relative local h-vectors.
Let o: I' = 2V be a topological triangulation of a simplex, and let F be a face of I'. For a face F of a simplicial
complex A, let Ikp(A) be the link of F in A, i.e., the collection of faces G of A which are disjoint from F,
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and have the property that F' L G is a face of A. The relative local h-polynomial is defined as

(T, Et) = > ()Y Wik, (B);0).
UDo(E)

The relative local h-vector is the vector of coefficients of the relative local h-polynomial. When E = (), the
relative local h-vector is equal to ¢(T").

Like local h-vectors, the relative local h-vector ((I', E) = ({o,...,l4_g|) of a triangulation is symmet-
ric [Ath12b, Remark 3.7], with ¢, = £4_|g—s;. When I' is quasi-geometric, the relative local h-vector is
nonnegative [Ath12a,[LPS23]. When T is regular, the relative local h-vector is unimodal [KS16].

For a quasi-geometric triangulation o: I' — 2" and a face E of I, one can construct a module whose
Hilbert function is ¢(T', E). Let k be a field, and let {1,...,n} be the vertex set of I". In this setting, we say
that an Ls.o.p. 0 = {01,...,04_ g} for k[lkp(E)] is special if there is an injective function f: V' \ o(E) —
{1,...,d — |E[} such that, for each vertex i € V' \ o(F), 04(;) is supported on vertices j of lkp(£) such that
i€ a(j). Set

Ap(T, E) = kllkr (E)]/ (01, -, 04— (),

and let Ly (T, E) be the image of the ideal (z¢ : (G U E) = V) of k[lkr(E)] in Ag(T', E). Then Ly(T, E) is
a module over k[lkr(E)], and for any special Ls.o.p. 6, the Hilbert function of Ly(T', E) is ¢(T', E') [Athl2a}
LPS23].

After renumbering, we may assume that o(E) = {b+1,...,d}, where b = d — |o(E)|. Set K =
k’(ai’j)lgigd,‘E"lngn. FOI‘ 1 S 7 S b, set 9?‘5“ = Za(j)ai ai,jxj S K[lkF(E)] FOI‘ b—I— 1 S 7 S d — |E‘|7
set 07" = > a;jv; € K[lkr(E)]. Then 05" = (01,...,04_|g|) is a special Ls.o.p., and we set L(T', E) =
Losen (T, E).

Using the differential operators technique, the proof of Theorem can be easily modified to prove the
following result.

Theorem 5.4. Let o: I' — 2V be a vertex-induced triangulation of a (d—1)-dimensional simplex. Let E be a
face of T, and assume that d—|E| > 3. If k has characteristic 2 or 0, then multiplication by £ = Zjelkr(E) zj

induces an injection from L*(T, E) to L*(T', E).

The proof of Theorem [I.7]does not immediately generalize to the relative setting. The proof of Lemma [2.9]
used that, for each i € V, there is a unique vertex j for which x; only appears in 6;. This can fail if E is
nonempty: there can be multiple j such that x; only appears in some §;. Indeed, we do not know if L(T', F)
has the strong Lefschetz property when d — |E| = 4.

As in the case E = ), if " is a regular triangulation, then the relative local h-polynomial has an interpre-
tation in terms of intersection cohomology |[KS16, Theorem 6.1]. As in Section Wl let f: Xr — A be the
projective toric morphism corresponding to the triangulation. The face E defines a torus-orbit closure V(E)
on Xp. Then ¢(T', E') enumerates the copies of shifts of Q, appearing in a decomposition of Rf*QV(E).

There is a natural special 1.s.o.p. 6 on Q[lkr(E)], which is defined in terms of the fan of X1, for which
H*(V(E)) = Ag(Ikp(E)) (after halving the degrees in H*(V(E))). As in the proof of Theorem[L.9] Ly(T', E)
can be identified with a summand of the associated graded of H*(V(FE)) with respect to the perverse
filtration, and the relative Hard Lefschetz theorem then implies the following result.

Theorem 5.5. Let o: I' — 2V be a reqular triangulation of a simplex, and let E be a face of I'. If k has
characteristic 0, then L(T', E) has the strong Lefschetz property.
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5.3. Generators of local face modules. In this section, we make a couple of conjectures related to
generating local face modules. Let o: I' — 2V be a quasi-geometric triangulation of a (d — 1)-dimensional
simplex, and let k be a field. A consequence of the strong Lefschetz property for L(T"), if it holds, is that L(T)
is generated as a K[I'J-module in degree at most d/2. While we have seen that the strong Lefschetz property
can fail if the characteristic of k is positive, the authors are not aware of any vertex-induced examples where
this generation property fails.

Conjecture 5.6. Let o: T' — 2V be a vertez-induced triangulation of a (d — 1)-dimensional simplex, and let
k be a field. Then L(T) is generated as a K[I'|-module in degree at most d/2.

Conjecture [5.6] is closely related to understanding the socle of local face modules. Let
Soc L°(T") = {u € L°(T') : &j - w = 0 for all vertices j € T'}.
Proposition 5.7. For each s, the dual of Soc L*(T) is identified with L*=*(T")/K[[']* - L4=s=1(T).
Proof. Given u € Soc L*(TI") and v € L~*~1(I), for any vertex j of I' we have
B(u,z; - v) = B(z; - u,v) = B(0,v) = 0.

Conversely, if u € L*(T) has B(u,z; - v) = B(x; - u,v) = 0 for all v € LY *"1(T), then z; - u = 0 by
the nondegeneracy of B. In particular, if B(u,z; -v) = 0 for all v € L *~1(T) and vertices j of I, then
u € Soc L*(T). O

In particular, Conjecture is equivalent to showing that Soc L*(T") = 0 for s < d/2.
Suppose that d is even. As noted in Example the symmetric bilinear form B on L%/? (T") need not be
anisotropic, even if I' is regular and k = Q.

Conjecture 5.8. Let o: I' — 2V be a vertex-induced triangulation of a (d — 1)-dimensional simplez, and let
k be a field. If d is even, then the restriction of B to Soc Ld/Q(F) 1S anisotropic.

We conclude with two classes of examples where Conjecture [5.8 holds.

Example 5.9. Suppose that I" is regular and k¥ = Q. As in the proof of Theorem let 6 be the special
L.s.o.p. for which Ly(T) is identified with a summand of the perverse filtration on H*(Xr), and let n € Q[I']!
be a relatively ample class. The relative Hodge—Riemann relations [dCMO09, Theorem 3.3.1(7)] imply that the
restriction of B to the kernel of the map Lg/Z(I‘) — L(é/QH (T") given by multiplication by 7 is (—1)%/2-definite.
In particular, it is anisotropic.

This implies that the restriction of B to the kernel of the map L%2(I") — L4/?*1(T) given by multiplication
by 7 is anisotropic. Indeed, by specializing the coefficients of 685" to 6 one at a time, we can realize the
restriction of B to the kernel in Lg/Z(I‘) as a specialization of the restriction of B to the kernel in L%/2(T).
The claim follows, because a quadratic form which specializes to an anisotropic quadratic form is anisotropic.
As Soc L¥/ 2(T) is contained in the kernel of multiplication by n, this implies Conjecture in this case.

Example 5.10. Suppose that I" is vertex-induced and semi-small, as in Example Then L(T') is con-
centrated in degree d/2, so Soc L%?(I") = L4?(T"). Suppose that k has characteristic 2. Recall that L%2(I")
has a basis given by {z" : |F| = d/2, o(F) = V}. Fix an interior face F with |F| = d/2. We claim that
lo(G)| = 2|G| for any G C F. Assuming this claim, the hypothesis of Lemma[3.6/holds, and so the restriction
of B to Soc L%?(T") is anisotropic. The same holds when k has characteristic 0, by an argument similar to
the proof of Theorem

It remains to verify the claim. The semi-small condition implies that |o(G)| < 2|G| and |o(F \ G)| <
2|F N\ G| = d — 2|G|. Adding these two inequalities gives |o(G)| + |o(F ~ G)| < d. Since T is vertex-induced
and o(j) C o(G)Uo(F \ G) for all vertices j of F, we deduce that o(G)Uc(F \G) = o(F) =V, and hence
all the above inequalities are actually equalities. In particular, |0(G)| = 2|G|, as desired.
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