DETERMINANTS OF HODGE-RIEMANN FORMS AND SIMPLICIAL MANIFOLDS

MATT LARSON AND ALAN STAPLEDON

ABSTRACT. We calculate the determinant of the bilinear form in middle degree of the generic artinian reduc-
tion of the Stanley—Reisner ring of an odd-dimensional simplicial sphere. This proves the odd multiplicity
conjecture of Papadakis and Petrotou and implies that this determinant is a complete invariant of the simpli-
cial sphere. We extend this result to odd-dimensional connected oriented simplicial homology manifolds, and
we conjecture a generalization to the Hodge—Riemann forms of any connected oriented simplicial homology
manifold. We show that our conjecture follows from the strong Lefschetz property for certain quotients of
the Stanley—Reisner rings.

1. INTRODUCTION

Let A be a simplicial complex with vertex set V' = {1,...,n} of dimension d — 1 > 0. Let k be a field,
and set K = k(aij)i<i<d, 1<j<n. We assume that A is a connected homology manifold over k, i.e., A is
connected, and the link of every nonempty face G of A has the same homology as a sphere of dimension
d — |G| — 1 over k. Let K[A] be the Stanley—Reisner ring of A, and set 6; = a; 121 + -+ + a; n2, € K[A]
fori e {1,...,d}, so 61,...,0q is a linear system of parameters for K[A]. Let H(A) = K[A]/(61,...,04) be
the generic artinian reduction of K[A].

Assume that A is oriented. Then there is a distinguished isomorphism deg: H(A) — K [Bri97], see
Section Let H(A) be the Gorenstein quotient of H(A), i.e., the quotient by the ideal (y € H(A) : (y-2)q =
0 for all z € H(A)), where y4 denotes the degree d component of y in H(A). One has H'(A) = HI(A)
for ¢ € {0,1,d}; see, for example, Proposition Also, if A is a homology sphere over k, i.e., a homology
manifold with the same homology over k as a sphere of dimension d—1, then H(A) = H(A). By construction,
H(A) is an artinian Gorenstein ring: for each ¢, the bilinear form H(A) x Fd_q(A) — K given by
(y,2) — deg(y - z) is nondegenerate.

Suppose that d is even. Let Dy o € K* /(K> )2 be the determinant of the nondegenerate bilinear form on

ﬁd/z(A). That is, choose a basis y1, ..., y, for Fd/Q(A), and let M be the symmetric matrix whose (i, j)th

entry is deg(y; - y;). Then Dg/s is the image of det M in K> /(K*)?; choosing a different basis for "? (A)
only changes det M by a square, so Dy is well-defined. For a subset F' = {j; < --- < jq} of V of size d, set
[F] to be the determinant of the d x d matrix whose (¢, m)th entry is a; j,, .

Theorem 1.1. Let d be even, and let A be a connected oriented simplicial k-homology manifold of dimension
d—1. Then
Dapp=x [[ [Fle K*/(K*)?
F facet of A

for some X € k< /(k*)2.

Papadakis and Petrotou proved Theorem for 1-dimensional simplicial spheres [PP23, Proposition 5.1].

Let F be a subset of V of size d. As [F] is an irreducible polynomial (see Lemma [4.1), it defines a

valuation ordp: K* — 7Z given by the order of vanishing along the hypersurface defined by [F]. This

descends to a homomorphism ordjpy: K*/(K*)? — Z/2Z. We immediately deduce the following corollary
1
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to Theorem It implies that the determinant of the bilinear form on "’ (A) is a complete invariant of
the connected oriented simplicial k-homology manifold A.

Corollary 1.2. Let d be even, and let A be a connected oriented simplicial k-homology manifold of dimension
d — 1 with vertex set V. Let F be a subset of V of size d. Then

1 if F is a facet of A

ordir)(Day2) = {0 if otherwise.

When A is a simplicial sphere, Corollary was conjectured by Papadakis and Petrotou [PP23, Conjec-
ture 5.4], who called it the odd multiplicity conjecture. This conjecture has motivated our work.

We conjecture a generalization of the odd multiplicity conjecture. Let ¢ = Z?zl xT; € T (A). For
0 < ¢ < d/2, define the Hodge Riemann form H'(A) x H'(A) — K via (y, z) — deg(f?2¢ .y - z). When
d is even and ¢ = d/2, the Hodge-Riemann form is the bilinear form on Fd 2(A) considered above, and
Conjecture below is Corollary Let D, be the determinant of the Hodge Riemann form on H'(A).

Conjecture 1.3. Let A be a connected oriented simplicial k-homology manifold of dimension d — 1 with
vertex set V., and let 0 < ¢ < d/2. Let F be a subset of V of size d. Then

1 if F is a facet of A

0 if otherwise.

ord[F} (Dq) = {

The nondegeneracy of the Hodge-Riemann form, which is part of Conjecture [I.3] is equivalent to the
map FQ(A) — Fd_q(A) given by multiplication by #4729 being an isomorphism. By Lemma this is
equivalent to H(A) having the strong Lefschetz property in degree ¢, i.e., that there is some y € H (A) such
that the map "’ (A) — Hd_q A) given by multiplication by y?~2¢ is an isomorphism.

In particular, Conjecture is a generalization of the algebraic g-conjecture for A (that H(A) has
the strong Lefschetz property), and it implies that the Hodge-Riemann form in any degree is a complete
invariant of A. A proof of the algebraic g-conjecture for connected oriented simplicial k-homology manifolds
was announced in [APP21], see also [Adil8| [KX23| [PP20]. While our work does not directly rely on it, we
have been heavily inspired by the recent progress on the algebraic g-conjecture, and, in particular, the key
insight that one should study the generic artinian reduction of K[A] and the corresponding degree map. See
also [APP24].

In Example we verify Conjecture for simplicial spheres obtained from the boundary of the d-
dimensional simplex by successively doing stellar subdivisions in the interiors of facets. In Conjecture [5.1
we give an alternative statement that we show is equivalent to Conjecture holding for all 0 < ¢ < d/2.

We can verify Conjecture when ¢ = 0. As " (A) is 1-dimensional, the determinant of the Hodge—
Riemann form is equal to the image of deg(¢?) in K> /(K*)2. Then we can prove a more precise result.

Theorem 1.4. Let A be a connected oriented simplicial k-homology manifold of dimension d—1 with vertex
set V. Let F be a subset of V' of size d. Then

—1 if F is a facet of A

0 if otherwise.

ord (deg (£4)) = {

We show that Conjecture follows from a strengthening of the algebraic g-conjecture for less generic
artinian reductions of K[A]. Let F be a subset of V of size d which is not a facet of A, and set 61 = > jgF 01,5

Then 0f, 05, ..., 0, is still a linear system of parameters for K[A] by Stanley’s criterion (see Proposition.
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Let Hp(A) = K[A]/(6F,0,,...,04). Then there is a distinguished isomorphism deg: H&(A) — K (see
Section . Set ﬁF(A);co be the Gorenstein quotient of Hp(A). For example, if A is a homology sphere
over k, then Hp(A) = Hr(A).

Conjecture 1.5. Let A be a connected oriented simplicial k-homology manifold of dimension d —1, and let
0 < g <d/2. Then for every non-face F of size d, Hp(A) has the strong Lefschetz property in degree q.

When d is even and ¢ = d/2, Conjecture is vacuously true. The following result is then a generalization
of Corollary

Theorem 1.6. If Conjecture holds for all A of dimension d — 1 in degree q, then Conjecture holds
for all A of dimension d — 1 in degree q.

In order to deduce Conjecture for A, we use Conjecture for A and for the stellar subdivisions of
A in the interiors of facets.

We also show that, when ¢ = 0, Conjecture [L.5|is a consequence of Theorem See Remark

Our paper is organized as follows. In Section [2] we recall the construction and properties of the degree
map. In Section [3] we compute some special cases which will be used in the proofs of the main theorems. In
Section 4] we prove the main theorems. In Section[5] we give some examples and discuss possible extensions.

Throughout, we fix a connected oriented simplicial k-homology manifold A of dimension d — 1 with vertex
set V. If G is a face of A with vertices {j1,...,J,}, we write z¢ = z;, - - -z, for the corresponding monomial
in K[A]. We will sometimes abuse notation and use z¢ to denote its image in H(A) or H(A). See [Sta84]
for any undefined terminology.

We will assume throughout that d > 1. If d = 1, the (not connected) case of a simplicial sphere of
dimension 0, i.e., A consists of two points, is discussed in Example (3.3

Acknowledgements. We thank Ed Swartz for suggesting Example

2. DEGREE MAPS

We now discuss degree maps on artinian reductions of Stanley—Reisner rings of connected oriented sim-
plicial k-homology manifolds. The normalization of the degree map will be crucial in what follows, as the
results of the introduction can fail if we use an arbitrary isomorphism H¢(A) — K. Explicitly, two such
isomorphisms vary by multiplication by a nonzero element w € K, and if p = dimﬁq(A) is odd, then the
determinant of a nondegenerate bilinear form on H(A) will vary by multiplication by w? = w € K* /(K *)2.

We first discuss orientations in the case when the characteristic of k is not 2. If d > 1, then an orientation
on a (d — 1)-dimensional simplex is a choice of ordering of the vertices, up to changing the ordering by an
even permutation. If d = 1, then an orientation on a (d — 1)-dimensional simplex is a choice of € € {1, —1}.
An orientation on a (d — 1)-dimensional simplex induces an orientation on each facet. If d > 1 and the
simplex is ordered by {v; < --+ < vq}, then we orient {vs,...,v4} using the ordering vy < -+ < vg, and we
orient the facet which omits v; by changing the ordering by even permutations so that v; is first. If d = 1
and the simplex is {v; < v2}, then we orient {v1} by —1 and orient {va} by 1.

Because A is a k-homology manifold, each (d — 2)-dimensional simplex is contained in exactly two facets
(as the link must be SY). An orientation of A is a choice of orientation for each facet of A such that the two
orientations on any (d — 2)-dimensional simplex of A induced by the two facets containing it are opposite.
In what follows, we fix a choice of orientation.

If k has characteristic 2, then we say that any k-homology manifold is oriented by definition.

For each facet F = {j1 < -+ < jq}, the orientation on A defines a sign ep € {1,—1}, which is 1 if
the permutation which takes (ji,...,Jjq) to the ordering given by the orientation is even, and is —1 if this
permutation is odd. If the characteristic of k is 2, then ez = 1 by definition.
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There is an explicit isomorphism deg: H(A) — K, called the degree map. This isomorphism was con-
structed by Brion [Bri97], see also [KX23| Lemma 2.2]. Recall that, for a subset F' = {j; < -+ < jq} of V

of size d, [F|] is the determinant of the matrix whose (i, m)th entry is a; j,,, .

Proposition 2.1. There is an isomorphism deg: HY(A) — K of K-vector spaces such that, for any facet
F of A, we have

€EF
(1) deg(er) = =
[F]
In particular, if k£ does not have characteristic 2, then the degree map associated to the opposite orientation
is the negative of the original degree map.
More generally, consider d elements = (1, ..., puq) in K[A] of degree 1, with u; = Zjev i j; for some
wi; € K. Let k[a; ;] denote the polynomial ring k[a; ;j]1<i<d, 1<j<n With fraction field K, and consider the
k-algebra homomorphism ev,,: k[a; ;] = K defined by

evp(aij) = pij-
We will use the following criterion for the elements of p to be a linear system of parameters (l.s.0.p.).

Proposition 2.2. (Stanley’s criterion) [Sta92l Proposition 4.3] Consider d elements u = (u1, ..., [tq) n
K[A] of degree 1. Then pu1, ..., pq is an Ls.o.p. if and only if ev,([F]) # 0 for each facet F' of A.

Suppose that = (p1, ..., pta) is an Ls.o.p. Let H,(A) = K[A]/(p1, ..., pg). We still have dim HI(A) = 1
(see, for example, [Sch&81]), and so the degree map described in Proposition “specializes” to an isomor-
phism deg, : Hff(A) — K of K-vector spaces such that, for a fixed choice of facet F' of A,

2) deg,, (vp) = —=

evu([F])
We will verify below that is independent of the choice of facet F'. We also have a well-defined Gorenstein
quotient H,(A), i.e., the quotient of H,,(A) by the ideal (y € H,(A) : (y-2)q = 0 for all z € H,(A)), where
ya denotes the degree d component of y in H,(A). For example, as in the statement of Conjecture let
F be a subset of V of size d which is not a facet of A, and set 0 = ngF ai,j. Then 0p = (0F 04,...,04)
is an Ls.o.p., and we write Hp(A) == Hy, (A), Hp(A) := Hy, (A), and degp = degy,..

We now describe two known techniques that can be used to compute the degree map. We first recall the
following application of Cramer’s rule, see, e.g., [PP23| Proposition 2.1]. Below, sgn(w) € {£1} denotes the
sign of a permutation .

Lemma 2.3. Let = (p1,...,uq) be an l.s.o.p. Let F = {j1 < -+ < ja} be a subset of V of size d.
Fiz1 <m <d. Then

(3) evu([F)zs,, == Y sen(m)evu([F U{v} N {m}])an € Hi(A),

veEVNF
where 7, € Sy is the permutation such that the elements of Ty (J1, .-+ Jm—1,V; Jm+1s - - -»Jd) Gre in increasing
order.

Suppose that F and F’ are facets of A. It is well-known that there is a sequence of facets F =
F1,Fs,...,Fs = F', where F; and F,i; meet along a common face of dimension d — 2 for 1 < j < s.
Suppose that F = {j; < -+ < jq} and F’ meet along the common face F' \ {j,}. Then multiplying by
xp/x;, and tracing through the signs yields that ep ev,, ([F']) = eps ev, ([F]) € H(A). We conclude that
holds for any facet F of A.
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b

Given a nonzero monomial x?il J;J” € K[A] with each b; > 0, define its support to be the face

{J1,...,Js} of A. Suppose that the above monomial is not squarefree, i.e., b; > 1 for some 1 < m <'s. Let
F be a facet containing the support {ji,...,Js}. Then Lemma implies that
. 1 . xbn . .xby‘s
. , v T, ,
(4) pt el = ——— s S sgn(my) eviu([F U {v} N {m ) 22 € Hy(A),
N () D
vEVNF m

for some permutations 7, as defined in Lemma Importantly, all nonzero monomials on the right-hand
side of have support strictly containing the support of :L‘jil e x;’] Hence we may compute the degree
of any monomial by using to repeatedly increase the size of the support.

We will need the following lemma. Let R C K be the localization of k[a; ;] at the irreducible polynomials

F|: F facet of A}. By Proposition [2.2] ev,, extends to a k-algebra homomorphism ev,: R — K.
I I

Lemma 2.4. Let pn = (p1,...,44) be an l.s.o.p. Let g € k[xy,...,x,]q be a polynomial of degree d. Then
deg(g) € R and deg,,(g) = ev,(deg(g)).

Proof. Tt is enough to consider the case when ¢ is a monomial. If g is squarefree, then the result follows
from . If g is not squarefree, then the result follows by using to repeatedly increase the size of the
support. O

We will apply Lemma [2.4] in combination with the following simple observation. We will often use the
remark below with P = [F] for some non-face F' of size d.

Remark 2.5. Consider an element f € R. Let P € k[a; ;] be an irreducible polynomial, and suppose that
there is an l.s.o.p. p with ev,(P) = 0, but ev,(f) # 0. We claim that ordp(f) = 0. Indeed, because
ev,(P) =0, P is not a scalar multiple of any {[F] : F facet of A}, so ordp(f) > 0. But P can’t divide f to
positive order as ev,(f) # 0.

We next recall a formula for the degree map due to Karu and Xiao. It is closely related to the work of
Brion [Bri97] as well as a formula of Lee [Lee96, Corollary 4.5]. To state the formula, we define V == {0}UV
and K = K(a;0:1<1i<d). For a subset F={j1 < <ja} of V of size d, let [F] be the determinant of
the d x d matrix whose (¢, m)th entry is a; j,, .

Proposition 2.6. [KX23, Lemma 3.1, Theorem 3.2] Let g € K[x1,...,2,]q be a polynomial of degree d.
For any facet F = {j1 < --- < ja} of A, let gr(t1,...,tq) be obtained from g by setting x; to zero for i ¢ F
and setting x;, =ty for 1 <m <d. Let Xpm = (—1)"[FU{0} \ {jm}] € K for 1 <m < d. Then

ergr(Xra, ..., Xp,
) dal) =y, ForELAnd)
F facet of A [F] Hm:l XF,m

In particular, the expression in (5)) lies in K. When g € k[x1, ..., x,] this formula specializes to a formula
for all 1.s.0.p.’s. Explicitly, suppose that u = (p1,...,1q) is an Ls.o.p. Recall that we have an evaluation
map evy: k[aw-] — K defined by ev#(am) = for 1 <4< dand 1< j <n. This naturally extends to

a k-algebra homomorphism év,,: kla; jl1<i<a,0<j<n — K such that év(a; o) = a;o for 1 < i < d. Below, if
F={j1 <---<jq}is afacet of A and 1 < m < d, observe that év,([F'U {0} \ {jm}]) is nonzero since it
specializes (up to a sign) to ev, ([F]) by setting a; o to p; ;,, for 1 <i <d. By Proposition ev,([F]) #0.

Corollary 2.7. Suppose that u = (u1,...,uq) is an l.s.o.p. Let g € k[z1,...,x,)a be a polynomial of degree
d. For any facet F = {j1 < -+ < ja} of A, let gp(t1,...,tq) be obtained from g by setting x; to zero for
i ¢ F and setting x;,, =ty for 1 <m <d. Let Xp = (=1)"ev, ([FU{0} N\ {jm}]) € K for1 <m <d.
Then
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ergr(Xrp1s- - XFp,d)
. .

F facet of A GVM([F]) Hm:1 XF,M,m
Proof. Recall that R C K is the localization of k[al ;] at the irreducible polynomials {[F' } F is a facet of A},

and ev, maps R to K which is contained in K. With the notation of Proposition let R C K be the
localization of kla; jl1<i<d,0<j<n at the irreducible polynomials {Xpm F facet of A O < m < d}, where

deg,(9) =

XFp = [F]. Then €V, extends to a k-algebra homomorphlsm &V, R — K such that ev,, is the restriction
of év, to R C R. By Lemma both sides of (5] lie in R and v, (deg(g)) = deg,(g). The result now
follows by applying év,, to both sides of (5). O

Finally, we show that the degree can be computed “locally” on A, in an appropriate sense. The closed star
Stara (G) of a face G of A is the simplicial complex consisting of all faces G’ of A that contain G, together
with their subfaces. Let G = {j1,...,js} be a face of A, and let S be the set of vertices in Stara(G). Let
Kg be the subfield of K generated over k by a; j, where 1 <i < d and j € S. Let A’ be another connected
oriented simplicial k-homology manifold of dimension d, with vertex set V' and a face G' = {ji,...,j.}.
Let K’ = k(a; ;)1<i<a,jev' be the field of coefficients for H(A'). Suppose that there is an isomorphism of
simplicial complexes 7: Stara(G) — Stara/(G’) that maps jp, to j,, for 1 < m < s. Then 7 allows us to
identify Ks with a subfield of K’. Let deg,: H*(A) — K and deg,,: HY(A') — K’ denote the degree maps
for A and A’ respectively.

b

Lemma 2.8. With the notation above, let x?i REE 28 be a monomial of degree d with support G. Then

degA(x?—i x?) € Kg. Using the identification of Ks with a subfield of K', we have
b

degA(:r?i cemyt) = edegA,(x?i x?;),

where € = 1 if the orientations on Stara(G) induced by the orientations on A and A" agree, and e = —1 if
they are opposite.

Proof. The only nonzero terms in the right-hand side of the formula for deg A( bl 3:;’) in are those
corresponding to facets in Stara (G), and those terms lie in Kg(a; 0)1<i<q and are equal (up to a global sign)

to the corresponding terms in the formula for dega, (x;’,l el )- O
1 El

3. SOME IMPORTANT SPECIAL CASES

In this section, we analyze several important special cases. In order to prove the main theorems, we will
need a detailed understanding of the suspension of the boundary of the (d — 1)-dimensional simplex, i.e., the
complex ¥ with vertex set V = {1,...,d + 2} and minimal non-faces {1,...,d} and {d+1,d + 2}. For this,
it will be helpful to study the boundary of the d-dimensional simplex, i.e., the complex S?~! with vertex
set {1,...,d 4+ 1} and minimal non-face {1,...,d 4+ 1}. We continue to assume that d > 1 unless otherwise
stated.

Recall that the polynomials {[G] : G C V, |G| = d} in k[a; ;] are irreducible (see, for example, Lemma [L.1)).
We will need the following lemma.

Lemma 3.1. If A can be written as a k-linear combination of {[G] : G C V, |G| = d} where at least two
coefficients are nonzero, then ordig)(A) =0 for all G C'V of size d.

Proof. The k-algebra generated by the irreducible polynomials {[G] : G C V, |G| = d} in k[a; ;] is isomorphic
to the Pliicker ring, i.e., the homogeneous coordinate ring of the Grassmannian of d planes in £". In
particular, since the Pliicker relations all have degree strictly greater than 1, the polynomials {[G] : G C
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V, |G| = d} are linearly independent over k. Each [G] is homogeneous of degree d. Hence A is also
homogeneous of degree d. If ordjg)(A) > 0, then, by comparing degrees, A = A[G'] for some A € k,
contradicting the assumption that at least two coeflicients are nonzero. (]

We can now analyze the boundary of the d-dimensional simplex, for d > 1.

Example 3.2. Let S?! be the boundary of the d-dimensional simplex with vertex set {1,...,d + 1}. By
Lemma 23] for 1 <m,p < d+ 1, we have

(6) Vs ApHem = (~=1)P7V ~ {m}]z, € H'(A).
Fix 0 < ¢ < d/2. A basis for H1(A) = H*(A) is z?. Using (6), we compute

d

(H (=" VN {m}]> deg(z{) = [V~ {1}]*7" deg(z1 - - za),

and hence, for some € € {£1}, we have

de x(il — M'
U S

Using (6), we compute
[V~ {1}]9729 deg(r4—22 . w%q) = A2 deg(x?),

where A == Y%L (—1)m=1[V \ {m}]. By Lemma ordig)(A) = 0 for all facets G of A. Putting this

m=1
together gives

€AV~ {1}]2%
[TV~ {m)]
Let D, be the image of deg(¢?=24 . z29) in K*/(K*)2. Then

_Jellg facet |G if d is even
T \eA [l facet (Gl if d is odd.

deg(£720 - 437) =

We conclude that Conjecture holds in this case. Observe that Conjecture holds vacuously since S9!
has no non-faces of size d.

We will also need to analyze the case of S, i.e., the disjoint union of two vertices. Although S° is not
connected, H(S%) is a Gorenstein ring with a well-defined degree map, and we may verify directly that the
conclusion of Theorem (and hence Conjecture [1.3]) holds.

Example 3.3. Let d = 1, V = {1,2}, and consider the complex S° with vertex set {1,2} and minimal
non-face {1,2}. We orient S° by assigning —1 to the facet {1} and assigning 1 to the facet {2}. We have
1 1 a1 —a
deg(¢) = deg(z1) + deg(ze) = ——+ — = Lt e
ai 1,2 aiai2
We now analyze ¥, the suspension of the boundary of the (d — 1)-dimensional simplex. The proofs of
Theorem Theorem and Theorem will depend on this special case, via a use of Lemma Let
F={1,...,d} and recall that V. ={1,...,d+2} and { = x1 + - - - + zg2.
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Lemma 3.4. There are polynomials Agqy1, A2 € kla; ;] such that ordig)(Agy1) = ordjg)(Ags2) = 0 for
any subset G of V' of size d, and
[Flt = Agp12a41 + Adrozare € HY(D).
Moreover, there is € € {1} such that, for 0 < j <d,

(7) deg(¢*7 .27 ) = GAZJF{[ . and  deg(¢?7 .24, ,) = €AZ+§[ .

Y M FUld+ 1)~ {m)] T P U{d+ 2y (m))
Proof. By Lemma for 1 < m < d, we have
(8) [Flzg, = (=)™ (FU{d+ 1}~ {m}zap1 + [F U {d+ 2} ~ {m}|zas2) € H(D).

For v € {d+1,d+ 2}, by multiplying z,, with the product of (8) over all 1 < m < d and by using the relation
Zd+1 - Tar2 = 0 in K[X], we deduce that there is ¢ € {£1} such that

d—1
(H [FU{v}~ {m}]) 2l =€ [F ey gy 2.

m=1

By Proposition 2.1} taking degrees of both sides of this equation yields

el[F]d71
EFPU{vI~{d—1 d Z‘g =
FU{v}~{d—1} deg(z7) T2 _ [FuU{v}~ {m}]

If we set € = €'€pu{v}-fd—1}, then the j = d case of @ follows since €pyfay1}~{d—1} = —€FU{d+2}~{d—1}-
Applying (] . for 1 < m < d yields

9) [Ft = Agy12a41 + Agyozars € H'(Z),
where for v € {d + 1,d + 2}, we have

d
A, = [F] Y ED)MF U v} N {m)] € Kfaig)-

By Lemma ordig(Aas1) = ordig)(Aay2) = 0 for any subset G of V' of size d. Using @D and the relation
ZTd+1 * Td+2 = 0, we compute

[F]*77 deg(£777 - a) = A deg(a7).
The result now follows from the j = d case of @ O

Although it will not be needed in what follows, we observe that Lemma [3.4] implies Conjecture for %

in the case 0 < ¢ < d/2. Explicitly, {zf, ,, 2} ,} is a basis for HY(X) = H (%), and implies that the
corresponding determinant D, € K* /(K*)? is equal to

) = {_ [e tacet [G1 if d is even

Dy = deg(£4727 - 237 ) deg(¢?729 - 23! o
a —Agi1Adra TG facet[G] i d is odd.

d+2

See also Example
The next lemma will be crucial to the proof of Theorem [I.4] Recall that d > 1 and ¥ is the suspension

of the boundary of the (d — 1)-dimensional simplex.

Lemma 3.5. For every non-face G of size d, we have ord|g)(deg(¢4)) = 0.
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Proof. By Lemmaand Remark it is enough to show that there is an l.s.0.p. p which has ev,([G]) =0,
but deg#(fd) = ev,(deg(¢?)) # 0. Set p; = a; 171 + - + ajqzq for 1 < i < d, and set g = aga+1Ta+1 +
ad,d+2Td+2. Because ¥ = S972 x SO we see that H,(X) = H(S??) ® H(S?). Furthermore, we can write
£ =101+ ly, where {1 =1+ -+ x4 and o = x441 + Tg42. We have Zil =0 and /3 = 0, and we see that

deg,, (¢7) = deg,, (¢17" - £2) = degga—»(¢17") deggo(£2).

Since degga—» (fol) # 0 and deggo(¢2) # 0 by Example and Example respectively, we deduce that
deg,, (¢*) # 0. It remains to show that ev,([G]) = 0. Since G is a non-face, either G = {1,...,d} or
G contains {d + 1,d + 2}. In the former case, ev,([G]) is the determinant of a matrix whose dth row is
identically zero. In the latter case, ev,([G]) is the determinant of a matrix whose last two columns are
identically zero except in the dth row and hence are linearly dependent. O

4. PROOFS OF THEOREMS

In this section, we prove Theorem then Theorem [I.6] and then finally Theorem [I.I] Recall that
throughout we are assuming that d > 1. We first prove a lemma which will be used in the proof of
Theorem The case when p = m is very well known; see, for example [Boc64, Theorem 61.1].

Lemma 4.1. For some 1 < p < m, let N be the m x m matriz with N; ; = a;; ifi =1 and j < p or if
i>1, and N; ; =0 fori=1 and j > p. Then det N is an irreducible polynomial in k[a; ;].

Proof. Suppose that det N = f- g, where f, g € k[a; ;]. Because det N is linear in a4 1, we see that a; ; must
occur in exactly one of f and g, say f. Because p > 1, the variables a;; appear in det N for ¢ > 1. Those
variables must also only occur in f, because a1 1a;1 does not appear in det N. This implies that a; ; must
also occur only in f for each j, because a; 1a; ; does not appear in det N. We conclude that g is a unit. O

In particular, Lemma [4.1] implies that the polynomial det N defines a valuation on K. We now begin
proving Theorem We first deal with the case when F' is a facet.

Proposition 4.2. Let F' be a facet of A. Then
ord(f(deg(¢4)) = 1.
Proof. Using Proposition [2.6] and properties of valuations, we have

d
d .
(10)  orde(deg(£9)) = , min (dord[F] (Xa1+ -+ Xg,q) — ordp([G]) — mz::lord[F] (XG,m)> :
with equality if the minimum is achieved only once. As Xq m, [G], and [F] are irreducible polynomials of
the same degree which are not scalar multiples of each other (except that [G] = [F] if G = F'), we see that
for G # F, the quantity in the minimum in is nonnegative. Note that ordjz|(Xp1 +--- 4+ Xpa) = 0 by
the proof of Lemma Therefore the quantity in the minimum in is equal to —1 when G = F', and so
the minimum is —1 and is achieved exactly once. ]

Proof of Theorem[I.4) By Proposition [£.2] it suffices to show that if F is a subset of V of size d which is
not a facet, then ordpj(deg(¢?)) = 0. By Lemma [2.4] and Remark it is enough to show that degx(¢?) =
evg, (deg(¢4)) # 0.

First assume there is a facet F’ of A with |F' N F| < d —2. Let [F'] = evg, ([F']), which is irreducible by
Lemma We use Proposition [2.6| to compute that ordm(deg #(£%)) is bounded below by

d
(11) G faIggE)f A <d01‘d[F,](XG79F71 4+ oo+ XG,OF,d) - ordm(eVQF([G])) - Z Ord[F/](XG,QF,m)> s
m=1
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with equality if the minimum is achieved only once. If G # F', then it is easy to see that ordﬁ(eve ~([G])) =

0, because [F'] and evy, ([G]) are irreducible polynomials of the same degree which are not scalar multiples.
Similarly, ordﬁ(XGﬂF’m) = 0 (this holds even if G = F). So if G # F’, then the quantity in the minimum
in is nonnegative.

If G = F’, then ordﬁ(erF([G})) = ordﬁ([F’]) =1. Write F/ = {j1 < --- < je}and fix 1 <m < d.
Then for 1 < m' < d, the coefficient of the monomial a1,0a2j, - @m j,_ Cmt1jmgy  Cdje D XEr 00 me
is 1 if m = m’ and is 0 otherwise, and the coefficient of this monomial in [F'] is zero. We deduce that
Xprgp1+ -+ Xprg,.q is nonzero with the same degree as [F'] and ordW(XF/ygFJ + 4+ Xprgp.q) =0.

Therefore, the quantity in the minimum in is —1 for G = F”, so we deduce that ordﬁ(degF (£1)) = —1.

In particular, deg(¢7) # 0.

Suppose that there is no such facet F’. Then we show that A must be the suspension ¥ of the boundary
of a (d — 1)-dimensional simplex, i.e., the case discussed in Section Let v be a vertex of A not in F,
so every facet containing v has d — 1 vertices from F. Let L be the link of v. Because A is a k-homology
manifold, L is a (d — 2)-dimensional k-homology sphere whose facets are all contained in the boundary of F,
which is isomorphic to S%~2. In particular, because L is pure of dimension d — 2, L must be a subcomplex
of §9-2,

Suppose that L is a proper subcomplex of S%72, i.e., it does not contain some facet G of S%~2. Then the
map L — S92 factors through the contractible complex S?~2 \ G, and so the induced map on Hy_5 is 0.
The long exact sequence in homology associated to the pair (S¢~2, L) begins

0— Hyo(L) = Hy2(S"?) — Hy—2(S* %, L) — Hy_3(L) — -,
which implies that Hy_2(L) = 0, contradicting that L is a k-homology sphere.

We see that A is isomorphic to the join of S92 with a disjoint union of some vertices {vy, ..., v, }. Because
the link of any facet of S9=2 is {vy,...,v,}, we must have 7 = 2 in order for A to be a homology manifold.
Therefore A = X. The case of ¥ was treated in Lemma [3.5 O

Remark 4.3. The above argument, together with the proof of Lemma [3.5] shows that if F' is a non-face of
size d, then degp(¢?) = evy, (deg(¢?)) is nonzero. In particular, Conjecture holds when ¢ = 0.

We now prove Theorem We will need the following result of Novik and Swartz, which uses as
input results of Grébe and Schenzel [Gra84) [Sch81]. Let ; = dim H9(A; k), the dimension of the reduced
cohomology of A over k. By the universal coefficient theorem, this depends only on the characteristic of k.
Let (ho(A),...,hq(A)) be the h-vector of A. Let H,(A) be the Gorenstein quotient of K[A]/(u1, ..., pa)
for an l.s.o.p. p = (u1,...,pq) for K[A].

Proposition 4.4. [NS09, Theorem 1.3 and 1.4] Let = (p1,...,pq) be an l.s.o.p. for K[A]. Then

he(A) = () S020(-1)77B, 1 if0<q<d

dim H, (A) = ,
1 if g =d.

In particular, dimﬁZ(A) is independent of the choice of 1.s.0.p. Recall from the introduction that 61 =
> jgr a1,;7; and that Hp(A) is the Gorenstein quotient of K[A]/(6F,...,0,4). Let ¢: K[A] — H(A) and
¢r: K[A] = Hp(A) be the quotient maps. Set (r = pr (3, ;) € ﬁ;(A)

Lemma 4.5. Fiz some 0 < q < d/2. The algebra Hp(A) has the strong Lefschetz property in degree q if and

only if multiplication by EdF_Qq is an isomorphism from Hp(A) — F;{:q(A), i.e., {r 1s a strong Lefschetz
element.
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A similar equivalence holds for H(A), i.e., H(A) has the strong Lefschetz property in degree ¢ if and only
if £ is a strong Lefschetz element in degree q.

Proof of Lemma[f.5. If {p is a strong Lefschetz element in degree g, then clearly Hr(A) has the strong
Lefschetz property in degree ¢q. For the converse, we may replace k by its algebraic closure. Then a Zariski
open subset of all y € F}; (A) are strong Lefschetz elements in degree g. It follows that a Zariski open subset
of all coefficients (A1,...,A,) € k™ correspond to elements > \jz; € F;(A) which are strong Lefschetz

elements in degree q. Therefore, we can find a strong Lefschetz element {p ) = Y Ajx; with each \; € k.
Let

Hpa(A) = K[A/ O] Njar o, Y Njaz s, ...y Ajaa;;),
JEF J J
and let H g x(A) be the Gorenstein quotient. Because the Aja; ; are algebraically independent, ¢ is a

strong Lefschetz element for Hp x(A). Let ®: Hp(A) — Hp ) be the graded isomorphism given by sending
aij to Aja; ;. Then we have a commutative square

As the bottom horizontal arrow is an isomorphism, so is the top horizontal arrow. O

Let = (p1, ..., pa) be an Ls.o.p. for K[A]. Let ¢,: K[A] — H,(A) be the quotient map and set ¢, =

‘Pu(Zj xj) € Fi(A) Recall that R C K denotes the localization of k[a; ;] at the irreducible polynomials
{[G] : G facet of A}, and ev,: R — K is the map defined by ev,(a; ;) = p; ;.

Lemma 4.6. Let p = (p1,...,1q) be an Ls.o.p. and let 0 < q < d/2. Suppose that multiplication by 52_2‘1
is an isomorphism from FZ(A) — inq(A), i.e., £, is a strong Lefschetz element. Let P € k[a; ;] be an
irreducible polynomial such that ev,,(P) = 0. Then there are monomials yi, ..., y, such that {¢(y;)} is a basis
of H(A) and ordp(det M) = 0, where M is the p x p matriz whose (i,7) entry is deg(£4=29-(y;)-0(y;)). In
particular, if Dy € K*/(K*)? is the determinant of the Hodge-Riemann form on H'(A), then ordp(D,) =
0€Z/2Z.

Proof. Choose monomials yi,...,y, in the degree ¢ part of K[A] such that {¢,(y;)} is a basis for FZ(A);
this is possible because FZ(A) is spanned by the images of monomials.

Let M be the p x p matrix whose (4, ) entry is deg(¢4=29- ¢(y;) - p(y;)). By Lemma each entry of M
lies in R, so det M lies in R. By Remark if we can show that ev,(det M) # 0, then ordp(det M) = 0.

Let M, be the p x p matrix whose (i, j) entry is degu(ﬁffzq ~0u(yi) - u(y;)). By Lemma the (i,7)
entry of M, is ev,,(deg(¢4=24 - p(y;) - p(y;))), so det M,, = ev,(det M). As ¢, is a strong Lefschetz element
for FZ(A), det M,, # 0, and we conclude that ordp(det M) = 0.

Finally, that det M is nonzero implies that {¢(y;)} is linearly independent in H*(A). As dim H*(A) =
dimﬁZ(A) by Proposition {o(y:)} is a basis for H'(A), so det M computes the determinant of the

Hodge—Riemann form on F(A) This completes the proof. (|
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Proposition 4.7. Let F be a subset of V' of size d which is not a facet, and let 0 < q¢ < d/2. Suppose
that Hp(A) has the strong Lefschetz property in degree q. Let Dy € K> /(K*)? be the determinant of the
Hodge-Riemann form on H'(A). Then ord(z(Dg) = 0.

Proof. By Lemma {r is a strong Lefschetz element for F%(A). The result now follows from Lemma
setting y = 0 and P = [F]. O

Lemma 4.8. Let F be a facet of A. Then for each q, there is a basis for Fq(A) consisting of the images of
monomials in K[A] whose support is disjoint from F.

Proof. Using the L.s.0.p., one can write any monomial in ﬁl(A) in terms of the monomials corresponding to
vertices not in F. As H(A) is generated in degree 1, this implies that each H”(A) is spanned by monomials
whose support is disjoint from F. Some subset of these monomials form a basis. ]

For a facet F of A, let A’ be the simplicial complex obtained by doing a stellar subdivision in the interior
of F, i.e., the vertex set of A’ is VU{n+1} ={1,...,n+ 1}, and the facets of A" are the facets of A except
for F, together with (F U {n + 1}) \ {j} for each j € F. Then A’ is an oriented connected k-homology
manifold, with its orientation determined by orienting the facets of A’ which are also facets of A in the same
way that they are oriented in A.

Lemma 4.9. For 0 < ¢ < d, we have dim H*(A) + 1 = dim H*(A")

Proof. The geometric realization of A’ is homeomorphic to the geometric realization of A, so the reduced
Betti numbers do not change. Therefore, by Proposition [4.4) dim H'(A’) — dim H"(A) = hy(A") — he(A).
That this is 1 when 0 < ¢ < d follows from the formula for how the h-vector changes under refinement in
[Sta92, Theorem 3.2], or can be checked using the formula for the h-vector in terms of the f-vector. O

Note that the proof of Proposition implies that if F is a non-face of size d and H (A) has the strong
Lefschetz property in degree ¢, then so does H(A). If A has no non-faces of size d, then A must be isomorphic
to S9!, and so Conjecture holds for A by Example When proving Theorem |1.6) we may therefore
assume that H(A) has the strong Lefschetz property in degree q.

Proof of Theorem[1.6 As Theoremimplies Conjecturewhen ¢ = 0, we may assume that 0 < ¢ < d/2.

Proposition shows that if F' is not a facet, then ordjz)(Dy) = 0. Suppose that F is a facet of A. By
Lemma we may choose a collection of monomials y1,...,y, € K[A] of degree ¢ whose support is disjoint
from F and such that their image in H"(A) under : K[A] — H(A) is a basis. By the version of Lemma
for H(A), ¢ is a strong Lefschetz element in degree q. Let M be the p x p matrix whose (i, j)th entry is
deg (0972 - o(y;) - ¢(y;)), so M is nonsingular and the image of det M in K*/(K*)? is D,,.

Let A’ be the simplicial complex obtained by doing a stellar subdivision in the interior of F', with ori-
entation as described above. We can identify K[A]/(xp) with a subring of K[A’], and hence consider
the images y{,...,y}, of y1,...,yp in K[A']. Set y,,, = x? ;. Let ¢': K[A'] - H(A') be the quotient
map, and let ¢/ = @’(Z?Ll xj) € ﬁl(A’). Let M’ be the (p+ 1) x (p + 1) matrix whose (¢, j)th entry is
deg((ﬁ’)d’qu’(y;)~ga’(y})). For j < p, we have y; -y, = 0in K[A']. By Lemma M’ is a block diagonal
matrix whose northwest p x p block is M and whose (p + 1,p + 1) entry M][')+1 ,.1 is equal to the degree
of (424 :EZ?H in the complex ¥ considered in Section (up to sign). Lemma implies that M, ., is
nonzero and ordig) (M, 1y ,41) = 2¢ — 1.

We see that M’ is nonsingular, so {¢'(y1),-..,¢'(y,41)} is a linearly independent subset of HY(A)). As
dimHY(A") = dimH*(A) + 1 by Lemma {&'Wh)s - 9" (Ypy1)} s a basis for H*(A"). In particular,
det M’ computes the determinant of the Hodge-Riemann form.
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As F is not a facet of A/, Propositiongives that ordz)(det M') is even. Since ordjg)(M, 1 ,41) = 2¢—1
is odd, we see that ord|pj(det M) is odd, as desired. O

Remark 4.10. The argument used to prove Theorem together with Lemma shows that, if A’ is
the stellar subdivision of A in the interior of a facet of A, then Conjecture holds for A in degree ¢ if and
only if it holds for A’ in degree q.

Example 4.11. Let A be a simplicial sphere obtained from S%~!, the boundary of the d-dimensional simplex,
by successively applying stellar subdivisions to the interiors of facets. Then Example [3.2] and Remark
imply that Conjecture holds. In this case, for any ¢ > 0, multiplication by £9~1 maps a basis for H'(A)
to a basis for H(A), and it follows that D, is independent of ¢ when ¢ > 0. In particular, when d is even,
the analogue of Theorem holds for D, when ¢ > 0. We saw special cases of this by explicit calculation
in Example and Lemma

Proof of Theorem[I.1 Theorem implies Corollary Hence if F' is a facet of A, then ord[(Dg/2) =
1€ Z/2Z. Let P € kla; ;] be an irreducible polynomial that is not equal (up to multiplication by a scalar) to
one of the polynomials {[F] : F facet of A}. Over k[a; ], we may factor P = P[™ ... P where the P; are
distinct irreducible polynomials over k& and m; € Z~q. Note that none of the P; are scalar multiples of [F].

We claim that there are monomials 31, ..., y, such that {¢(y;)} is a basis of Fd/Q(A) and ordp, (det M) = 0,
where M is the p x p matrix whose (4, j) entry is deg(¢(y;) - ¢(y;)). This implies that ordp(det M) = 0 and
hence ordp(Dg/2) = 0. We deduce that Dyjo = A1 facet of alF] € KX /(K*)? for some A € k*/(k*)?,
completing the proof.

It remains to verify the claim. Let V(P;) be the vanishing locus of P; inside A%", and let (u; ;) € V(Pr)

be a k-point. Set u; = >_j Hijzj. First suppose that p = (pu1, ..., pq) is an Ls.o.p. for k(a; ;)[A]. Observe
that ev,(P;) = 0 since (u; ;) € V(P1). Then the claim follows from Lemma Note that the assumption
in Lemmathat ¢, is a strong Lefschetz element holds vacuously since we are in middle dimension. Hence
we may assume that y is not an l.s.o.p. By Proposition there must be some facet F' of A such that (1 ;)
is contained in the vanishing locus of [F]. Applying this to every k-point of V(P;), we see that

virne  |J V(FD.
F facet of A
As there are only finitely many facets, this implies that V() is contained in V([F]) for some facet F. The
irreducibility of [F] then implies that P; and [F] are equal up to multiplication by a scalar, a contradiction.
O

5. FURTHER DISCUSSION

Assume that ¢ is a strong Lefschetz element in all degrees, i.e., the Hodge-Riemann form on Fq(A) is
nondegenerate for 0 < ¢ < d/2. The primitive part of H'(A) is He i (A) := {y € H(A) : 44201 .y = 0}

Let Dpyim,g € K*/(K*)? be the determinant of the induced }fodgefRiemann form on ﬁgrim(A). For
0 < ¢ < d/2, multiplication by ¢ induces an injection ﬁq_l(A) — Hq(A) which splits to give an isomorphism
H(A) = Fqil(A) P Fzrim(A). As this decomposition is orthogonal with respect to the Hodge-Riemann
form, we have Dy = Dy_1Dprim,q- In particular, D, = Dy H/:1 Dprim,q- Since we established Conjecture
when ¢ = 0 in Theorem |1.4] we conclude that Conjecture holding for all 0 < g < d/2 is equivalent to the

following conjecture.

Conjecture 5.1. Let A be a connected oriented simplicial k-homology manifold of dimension d — 1 with
vertex set V. Then £ is a strong Lefschetz element in all degrees, and, for each subset F' of V of size d and
0 < ¢ <d/2, we have ord[p)(Dprim,q) = 0.
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It is natural to try to extend Conjecture to the setting of connected oriented pseudomanifolds, where
the construction of the degree map still works (see [KX23], Section 2.5]). However, a key property of homology
manifolds which was used in the proof of our results, e.g. Theorem , was that the dimension of ﬁZ(A)
does not depend on p, the chosen l.s.o.p. (see Proposition . We show in the example below that this
independence of the dimension can fail for pseudomanifolds.

Example 5.2. Let A be the standard 6 vertex triangulation of RP?, and let A’ = A x S be the suspension.
Over a field of characteristic 2, A’ is a connected oriented pseudomanifold, but it is not a homology manifold.
Using Macaulay2 [GS], we checked that, if one chooses an 1.s.0.p. p1, 2, pi3, g with all coefficients random
elements of the field with 1024 elements, the Hilbert function of H,,(A’) is usually given by (1,4,9,6,1), and
the Hilbert function of H ,(A’) is usually given by (1,4,8,4,1). If one chooses y}, 5, ity to be generic linear
combinations of the vertices of RPP? and chooses 11y to be a generic linear combination of the vertices of S°,
then H,(A") = Hu, uy u)(A) © Hyyy(S°), and similarly for H,/(A’). We can then use Proposition (4.4 to
compute that the Hilbert function of H, (A’) is given by (1,4,9,7,1), and the Hilbert function of H,/(A’)
is given by (1,4,6,4,1).

Recently, Papadakis and Petrotou [PP20] introduced a powerful technique using the special behavior of
differential operators in characteristic 2 to prove a strengthening of the strong Lefschetz property when
k has characteristic 2. Their technique was extended by Karu and Xiao [KX23| to prove the anisotropy
of the Hodge Riemann form on H"(A): if u € H'(A) is nonzero, then deg(¢?~24 . u?) is nonzero. The
following example shows that this anisotropy property does not hold for the rings Hz(A), so it seems like
this technique cannot be used to prove the strong Lefschetz property for Hp(A).

Example 5.3. Let d = 2, and consider X as in Section [3} i.e., ¥ has vertex set {1,2,3,4} and minimal
non-faces {1,2} and {3,4}. Consider Hp(X) = Hp(X), where F = {1,2}. Then 051 = a1 3%3 + 61,424, SO
the relation z3 - x4 = 0 in K[X] implies that 22 = 0 in Hp(X). As 23 # 0 in Hp(X), anisotropy fails for
Hp(%).

It would be interesting to extend Theorem by computing D, is other cases. This is related to the
following question: for which choices of l.s.o.p. p and 0 < ¢ < d/2 is the image ¢,, of Zj x; in Fi(A) a
strong Lefschetz element for FZ(A), i.e., when is the hypothesis in Lemma satisfied?
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