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In these notes, we will discuss some positivity phenomena arising from the K-theory of projective varieties.
This can be summarized as showing that some integer is non-negative (or non-positive) by realizing it as
the Euler characteristic of a vector bundle on some variety, and then showing that the cohomology of that
vector bundle is concentrated in a particular degree.

This technique has a number of combinatorial applications. The first applications of this idea, in some
form, are due to Stanley [Sta75L|Sta80]. Our main example will be a paper of Speyer [Spe09], which bounds
the complexity of matroid polytope subdivisions, as well as subsequent developments. Throughout we will
mostly focus on the case of realizable matroids, and we will only sketch how to extend results to the non-
realizable case.

We will work over a field k, which we will often need to assume has characteristic 0. We will assume
that it is algebraically closed for convenience. The reader will lose little by assuming that k¥ = C. Let
[n] ={1,...,n}, and let ([Z]) denote the set of subsets of [n] of size r. A “variety” means a separated scheme
of finite type over k, which is not assumed to be integral. All toric varieties are normal.

We summarize the content of these notes. In Section [I we introduce the Grassmannian and study
torus-orbit closures in it. This leads to the definition of matroids, and we discuss some basic examples and
properties. No background in matroid theory is assumed.

In Section [2| we study matroid polytope subdivisions. We state Speyer’s f-vector conjecture (Conjec-
ture , a conjectural bound on the complexity of matroid polytope subdivisions. Our main goal in these
notes is to explain the mathematics surrounding this conjecture.

In Section |3 we introduce K-theory of spaces. This is a geometric construction which can be viewed as
a type of intersection theory. Throughout these notes, we will give applications of positivity properties in
K-theory to several combinatorial problems.

In Section [4] we describe the K-theory of Grassmannians. We discuss Brion’s positivity results [Bri02]
for the K-theory of Grassmannians and the key role that the Kawamata—Viehweg vanishing theorem (The-
orem plays in its proof. We discuss how the K-theory of Grassmannians can be used to construct some
matroid invariants, although these invariants are not strong enough to prove Conjecture [2.11

In Section [5] we introduce the g-polynomial of a matroid. This invariant, which was defined in [Spe09|,
is the key to proving the known cases of Conjecture We explain Speyer’s proof, using the Kawamata—
Viehweg vanishing theorem, that the g-polynomial of a matroid which is realizable over a field of characteristic
0 has non-negative coefficients. We also explain how to extend the definition of the g-polynomial to non-
realizable matroids, and we establish its basic properties.

Besides Speyer’s proof of the non-negativity of the g-polynomial for matroids realizable over a field of
characteristic 0, the best result towards Conjecture [2.11] is that the last non-trivial coefficient of the g-
polynomial is non-negative. This coefficient, which is called the omega invariant of a matroid, was proved to
be non-negative by Berget and Fink in [BF24]; see Theorem A different proof was given in [EFL25|.
The rest of these notes are aimed at explaining the proofs of this result.

Starting in Section [0} an increasing amount of algebro-geometric background is assumed. We discuss
Cohen—Macaulayness of graded rings. As originally observed by Stanley, Cohen—Macaulayness can be used
to deduce positivity properties of Hilbert series of graded rings. We explain the connection between Cohen—
Macaulayness and certain cohomology vanishing properties.
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In Section [7] we discuss some additional properties of the g-polynomial. We prove some formulas for the
g-polynomial from [FS12] and [BEST23|, and we give some examples which illustrate the difficulties in some
possible approaches to proving the non-negativity of the coefficients of the g-polynomial of a matroid.

In Section [§] we study an important family of subschemes of a product of projective lines. These sub-
schemes, which were dubbed kindred subschemes in |[EFL25|, satisfy many remarkable properties, and they
are very useful in the proof of Theorem [5.38

In Section [0] we discuss the proof of Theorem We sketch three different approaches, focusing on the
case of realizable matroids. Each of these three approaches proves different cohomology vanishing theorems
which can be used to prove the non-negativity of the omega invariant of a realizable matroid.

In Section [I0, we discuss some connections between the ideas in the previous section and graph rigidity.

0.1. Acknowledgements. The proof of Proposition [5.8] was shown to me by Chayim Lowen. I thank
Christopher Eur for help with the examples in Section [0.I]and Nick Proudfoot for help with Example[9.49] I
thank Cameron Chang, Teddy Gonzalez, and Ethan Partida for helpful comments on an earlier draft of these
notes. I am indebted to Andrew Berget and Alex Fink for explaining many aspects of their beautiful work
[BF24]. T am grateful to Matthew Dupraz, Christian Haase, and Leonid Monin for organizing the summer
school at which these lectures took place.

1. THE GRASSMANNIAN AND MATROIDS

1.1. The Grassmannian. For a natural number n and 0 < r < n, the Grassmannian Gr(r,n) is the space
of r-dimensional subspaces of k™. This can be given the structure of a projective variety, as follows. For
an r-dimensional subspace L of k™, choose an r X n matrix M whose row span is L. If M’ is another such
matrix, then there is g € GL,(k) such that M’ = gM.

The Pliicker coordinates of L are the (:) determinants of the maximal minors of M. Up to scaling by a
non-zero constant, they are independent of the choice of M: if we replace M by gM for some g € GL,(k),
then all of the Pliicker coordinates are scaled by det g. We therefore obtain a well-defined element [L] of
projective space P(7)=1. For a subset S of ([:])7 we denote the corresponding Pliicker coordinate by ps([L])
or simply by pg.

It turns out that the subset {[L] : L € Gr(r,n)} is a Zariski-closed subset of JP’(:)_l7 i.e., it is the vanishing
locus of a set of polynomials. The ideal of these polynomials is generated by a very explicit set of polynomials
called Pliicker relations. These equations have the following form. Given subsets I, J of [n] of size r — 1 and
r + 1, respectively, the following equation holds on Gr(r,n):

(1) Z (=1)%*proepse =0,
eeINI

where Sy = [{i € I :i >} +|{j€J:j>{}. As we vary over all choices of subsets, these equations cut
out Gr(r,n). One can also show that the linear subspace L can be recovered from its Pliicker coordinates,

and we can identify Gr(r,n) with this locus in P, For a proof of the above statements, see [Ful97].
Example 1.1. The Grassmannian Gr(1,n) is P*~1.

Example 1.2. The Grassmannian Gr(2, 4) is a hypersurface in P°. If the coordinates on P® are p1a, p13, P14, P23, P24,
and psg, then Gr(2,4) is the vanishing locus of p1apss — p13p2s + Prapos.

Example 1.3. There is an isomorphism from Gr(r,n) to Gr(n —r,n), given by taking [L] € Gr(r,n) to the
subspace L+ = {v € k" : (v,w) = 0 for all w € L}, where (—, —) is the standard inner product on k™.
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The Grassmannian admits a transitive action of GL, (k). In terms of the r x n matrix M whose row span
is L, an element g € GL, (k) replaces L by the row span of Mg. This transitive action implies that Gr(r,n)
is smooth. Because GL,, is connected, this action also implies that Gr(r,n) is irreducible. One can show
that the dimension of Gr(r,n) is r(n —r).

Inside of GL,, there are two particularly important subgroups. The Borel subgroup B is the space of
upper triangular matrices. The torus T is the space of diagonal matrices. If L is the row span of an r X n
matrix M and ¢t = (¢1,...,%,) € T, then the point ¢ - [L] represents the row span of the matrix obtained by
scaling the n columns of M. This torus is isomorphic to G}, i.e., the nth power of the multiplicative group.
Much of these notes will focus on the geometry and combinatorics of torus-orbits on Grassmannians.

The action of GL,(k) on Gr(r,n) extends to an action on ()1 This is particularly easy to see for

the torus: an element ¢ = (¢1,...,%,) scales the coordinate labeled by a subset S of {1,...,n} of size r by
HieS ti-
Remark 1.4. The Grassmannian Gr(r,n) can also be viewed as a moduli space of (essential) arrangements
of n hyperplanes in an r-dimensional subspace. Given a subspace L of k", we obtain n hyperplanes by
intersecting L with the coordinate hyperplanes (at least if L is not contained in any coordinate hyperplane).
If we have an arrangement of n hyperplanes in L whose intersection is 0, then we can obtain an embedding
of L into k™ by writing each hyperplane as the vanishing locus of a linear form. Different choices of the
linear forms yield points of the Grassmannian which are in the same torus-orbit.

1.2. Torus-orbits on the Grassmannian. We will now begin a detailed study of the torus-orbits on the
Grassmannian, using ideas introduced in [GS87]. The first step is to analyze the stabilizers of points in the
Grassmannian. Note that the subgroup of T" that consists of diagonal multiples of the identity acts trivially
on Gr(r,n), so every point has a stabilizer.

Proposition 1.5. For each subspace L of k™, there is a unique finest partition [n] = S;U---U S, such that

c
L=PLnk.
i=1
The stabilizer of [L] € Gr(r,n) in the torus T is GS,, with the ith factor diagonally scaling k™.

Proof. The support of a linear form ¢ = > a;x; which vanishes on L is the set {i : a; # 0}. A linear form
which vanishes on L is said to have minimal support if it is non-zero, and there is no non-zero linear form
whose support is strictly contained in the support of £. If two linear forms of minimal support have the same
support, then they are constant multiples of each other. Every linear form vanishing on L can be written as
a linear combination of linear forms of minimal support which vanish on L.

Consider the equivalence relation generated by setting i ~ j if ¢ and j are both contained in the support
of some linear form vanishing on L with minimal support. Let Si,...,S. be the equivalence classes. Then
the ideal of L is generated by linear forms whose support is contained in some .S;, implying that there is a
direct sum decomposition

c
L=PLnk.
i=1

For any direct sum decomposition like this, the ideal of L is generated by linear forms whose support is
contained in the blocks, implying that this is the finest partition which induces a direct sum decomposition.

Let t = (t1,...,t,) be an element of the stabilizer of L, i.e., tv € L for all v € L. Then for each linear
form ¢ = > a;x; vanishing on L, the linear form > ¢;a;x; also vanishes on L. If £ has minimal support, then
this must be a constant multiple of £. We deduce that ¢t; = ¢; for all 7, j in the support of £. The description
of the S; in terms of the equivalence relation ~ then implies the result. O
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We say that the partition [n] = S; U --- U S, is the partition into connected components. If 0 < r < n,
then a general point of Gr(r,n) has a 1-dimensional stabilizer in T, i.e., there is only a single connected
component.

The key tool that we will use to study torus-orbits in Gr(r,n) will be the theory of moment polytopes.
We first recall the general theory; see [Ful93| Chapter 3], [Sot03| Section 8], or [EFLS24], Section 6.1]. Let H
be a torus with character lattice M. Let V be a representation of H. Then V has a unique decomposition
V ~ @ ,V; into H-eigenspaces, where V; is the subspace of V where H acts by some character a; € M.

There is an action of H on PV. Given a point x € PV with representative v € V|, let

N
A, ={a; : v; # 0 in the expression v = Z v; }.
i=1

Then the normalization of the torus-orbit closure H - x is the toric variety corresponding to the normal fan of
Conv(A,;) C M ®zR, with respect to the affine lattice generated by A, i.e., the translation of the sublattice
of M generated by {a; — a; : a;,a; € A} so that it contains A,. The polytope Conv(A;) C M ®z R is
called the moment polytope of H - x. In particular, by [CLS11, Corollary 3.A.6], there is a bijection between
k-dimensional faces of the moment polytope and k-dimensional H-orbits in H - x.

We apply this to points of the Grassmannian in its Pliicker embedding. The character lattice of the torus
T is identified with Z", and the eigenspaces of T" acting on the ambient space of the Pliicker embedding are
the coordinate lines. The character corresponding to a subset S € ([’:J) is eg := Zie g €. The torus-fixed

points of P(")~ are in bijection with ([Z]).
Given [L] € Gr(r,n), we see that the set Az is {es : ps([L]) # 0}, where pg is the Pliicker coordinate

corresponding to S. The moment polytope of T - [L] is
Conv(es : ps([L]) # 0).

However, T - [L] is contained in Gr(r,n). Although there is a unique T-fixed curve between any two distinct

T-fixed points in IE”(':)_l, most of these curves do not lie in Gr(r,n).

Proposition 1.6. The T-fized curve in P() =1 petween the T-fized points corresponding to distinct subsets
51,55 in ([Z]) lies in Gr(r,n) if and only if So = (S1\ i) U j for some i € S1,j € Sa.

Proof. Suppose that So = (51 \i)Uj for some i € Sy,5 € So\ S1. Let SN Se ={ay,...,ar._1}. Fort € kX,
set [L¢] to be the point of Gr(r,n) corresponding to the span of e,,, ..., €4, , and e; +te;. Then the closure
of {[L,] : t € k*} is the T-fixed curve between the T-fixed points corresponding to S; and Ss.

If we don’t have Sy = (S7 \ ¢) U j for some i € S1,j € S, then we claim that the corresponding T-fixed
curve, i.e., the locus in P(")=1 where all Pliicker coordinates are 0 except for those corresponding to S; and
Sa, does not lie in Gr(r,n). Indeed, let S; = {i1,...,i,}, and let Sy = {j1,...,4}. Assume that i, & So.
Then using the sets {i1,...,4.—1} and {j1,...,Jr,ir} in , there is exactly one term which is non-zero for
any linear subspace which has pg,,pg, # 0 and pr = 0 for all other T" € ([Z]), which is impossible. O

Remark 1.7. There are finitely many 2-dimensional T-fixed subvarieties of Gr(r,n). However, Gr(2,4) has
infinitely many 3-dimensional T-fixed subvarieties.

In particular, every edge in the moment polytope of T - [L] must connect two vertices es, and eg, with
So = (51 \ ©) Uj. This happens if and only if every edge is parallel to e; — e;, i.e., it is parallel to a root of
type A, _1. This proves the following.

Theorem 1.8. [GS87] All edges of the moment polytope of a torus-orbit closure in Gr(r,n) are parallel to
a vector of the form e; — e;.
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Motivated by this, we define matroids as a generalization of moment polytopes of torus-orbits in Grass-
mannians. Matroids are certain subsets of ([:]) that model the set of non-vanishing Pliicker coordinates of
a linear subspace.

Definition 1.9. A subset B of ([TT‘]) is a matroid of rank r on ground set [n] if the polytope
Conv(eg : S € B)
has all edges parallel to a vector of the form e; — e;.

A matroid is usually called M, and we say that the set B appearing in Definition [1.9]is its set of bases.

For a matroid M, the polytope Conv(es : S € B) is called the matroid polytope of M. Tt is denoted P(M).
From Theorem we deduce that each linear subspace L C k™ of dimension r gives rise to a matroid on
ground set [n] of rank 7. A matroid arising in this way is called realizable (over k).

Example 1.10. For 0 < r < n, the uniform matroid U, ,, is the matroid whose bases are all subsets of [n]
of size r. A general linear subspace realizes U, .

Example 1.11. Consider the matrix

0 1 1 01
01 0 11
1 01 11

If k has characteristic 2, then the row span of A in k7 realizes a matroid called the Fano matroid Fr. If k
has characteristic different from 2, then it realizes a matroid called the non-Fano matroid F7+ , which is the
same as the Fano matroid except that {4,5,6} is a basis. The Fano matroid is realizable exactly over fields
of characteristic 2, and the non-Fano matroid is realizable exactly over fields of characteristic different from
2.

Example 1.12. Given two matroids M; and My of ranks 71,79 on ground sets {1,...,n} and {n+1,...,m},
their direct sum My @ My is the matroid of rank r; + 7o whose bases are {B; U By : B; basis of M;}. The
matroid F; @ F.© is not realizable over any field.

We say that a matroid is connected if it cannot be written as a direct sum of two matroids on non-empty
ground sets. For a matroid M on [n], the dimension of P(M) is n — ¢(M), where ¢(M) is the number of
connected components of M. In particular, M is connected if and only if its polytope P(M) has dimension
n— 1.

Example 1.13. A face of a matroid polytope is a matroid polytope.

Example 1.14. Given a matroid M on [n], the dual matroid M* is the matroid with bases {[n] \ B :
B basis of M}. If M is realized by L C k", then M is realized by L' C k", i.e., the image of the point [L]
under the isomorphism Gr(r,n) ~ Gr(n — r,n).

Remark 1.15. The Pliicker equations imply another property of the set of non-vanishing Pliicker

coordinates of a linear subspace. Suppose that B and B’ are sets with pg([L]) and pp/([L]) both non-zero.
Then, for each i € B\ B’, (1) gives a relation of the form

pe([L)pe ([L]) = Z Eppviv; ([LD)pnjui([L)-
JEB', j#i
As the left-hand side is non-zero, there must be some term on the right-hand side which is non-zero. This
implies that the set S = {B: pg([L]) # 0} satisfies the following property:

for all B,B’ € S and i € B\ B’, there is some j € B’ \ B such that B\ iU j and B"\ j Ui lie in S.
Surprisingly, this is equivalent to S being the bases of a matroid. See |Ox111, Exercise 2.1.19].
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1.3. Normality of torus-orbit closures. Proposition describes the dense torus inside a torus-orbit
closure in the Grassmannian, and Theorem describes the normal fan. In order to use this to identify the
torus-orbit closure (up to isomorphism), we need to know that torus-orbit closures are normal. This follows
from the following highly non-obvious property of matroid polytopes. For a polytope P, let aP denote its
ath dilate.

Theorem 1.16. [Wel76, Chapter 18.6, Theorem 3] For any positive integer a, every lattice point in aP(M)
is a sum of a lattice points in P(M).

To prove the normality of torus-orbit closures, we discuss semigroup algebras of lattice polytopes.

Definition 1.17. Let P be a lattice polytope in R™. The semigroup algebra Rp of P is the graded vector
space @kzo Dpekprznk - p, equipped with the multiplication induced by p-q=p+q.

Proposition 1.18. [BH93, Theorem 6.1.4] The semigroup algebra Rp of a lattice polytope is normal.

If L is a realization of M, then the homogeneous coordinate ring of T' - [L] is the subalgebra of the semigroup
algebra which is generated in degree 1. As Theorem implies that the semigroup algebra is generated in
degree 1, this implies that the homogeneous coordinate ring is equal to the semigroup algebra. As such a
semigroup algebra is normal, this implies the following result.

Corollary 1.19. [Spe09, Proposition A.1] Each torus-orbit closure T - [L] in Gr(r,n) is projectively normal
n ]P’(T:)_l, i.e., the cone over it is normal in AR,

In particular, torus-orbit closures in Grassmannians are normal, and so if [L;] and [Ls] are points of the
Grassmannian over k which realize the same matroid, then there is a toric isomorphism from 7T - [L;] to

T [Lo].

Remark 1.20. Torus-orbit closures in homogeneous spaces of other types do not enjoy the nice properties
of torus-orbit closures in the Grassmannian. Outside of type A, torus-orbit closures frequently fail to be
normal. Except in a few other cases (such as maximal orthogonal Grassmannians), the vanishing or non-
vanishing of the generalized Pliicker coordinates of a point does not determine the stabilizer, i.e., there is no
description of the stabilizer like in Proposition See [ELS25, Example 2.5] for an example of two points
in the Lagrangian Grassmannian LGr(2,4) whose torus-orbit closures have the same moment polytope, but
different stabilizers. In that example, there is an interior lattice point in the moment polytope which may or
may not be contained in A. The generalized Pliicker coordinates correspond to the vertices of the moment
polytope, and knowing the vanishing or non-vanishing of generalized Pliicker coordinates does not determine
the lattice affinely generated by A.

2. MATROID POLYTOPE SUBDIVISIONS

We will be interested in subdivisions of matroid polytopes into unions of matroid polytopes. It turns out
that there is a natural source of these subdivisions arising from the geometry of the Grassmannian. This
seems to have first been noticed by Kapranov [Kap93]. The properties of these subdivisions have taken on
an increasingly important role in matroid theory, thanks to the development of a technique which allows one
to use matroid polytope subdivisions to reduce statements to the case of realizable matroids. In particular,
this allows one to use tools from algebraic geometry to prove results about non-realizable matroids. We will
discuss this technique in Section

Definition 2.1. Let P be a polytope in R™. A polyhedral subdivision of P is a collection of polytopes
Q1,Qo, ..., Q) which are contained in P and of the same dimension as P, such that P = UF_,Q;, the
relative interiors of the Q; are disjoint, and the intersection of any two of the Q; is a face of both.
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An interior face of a polyhedral subdivision is a face of some ); which is contained in the relative interior
of P. In particular, each of the ); is an interior face.

The easiest subdivisions to construct are reqular subdivisions. These are subdivisions that are constructed
by choosing a finite subset S of P which includes all of the vertices, and choosing a height function h: S — R,
forming the polytope P in R™ x R as the convex hull of (p, h(p)) for p € S, and then projecting the lower
faces.

Definition 2.2. A matroid polytope subdivision of a matroid polytope P(M) is a polyhedral subdivision of
P(M) such that all of the polytopes appearing in the subdivision are matroid polytopes.

FIGURE 1. The matroid polytope P(Us.4).

Example 2.3. There is a subdivision of the polytope P(Us 4) with two full-dimensional cells, corresponding
to the top half and the bottom half of the bipyramid in Figure[l} See Figure

Because a face of a matroid polytope is a matroid polytope by Example to check that a subdivision
is a matroid polytope subdivision, it suffices to check that the top-dimensional cells are matroid polytopes.

We will now construct a large number of matroid polytope subdivisions. Let R be a discrete valuation
ring, with fraction field K, valuation v: K* — Z, and residue field k. Let L be a saturated R-submodule of
R"™ of rank r. This is the same thing as a map Spec R — Gr(r,n), i.e., the germ of a curve in Gr(r,n). We
have a matroid M induced by the subspace L ® g K of K.

For each basis B of M, we obtain an integer v(pg) by taking the valuation of the Pliicker coordinate
corresponding to B. The Pliicker coordinates are defined up to scaling, and so these integers are defined up
to translation by a global constant. We obtain a regular polyhedral subdivision of P(M) by using the v(pp)
as a height function on the vertices of P(M). This subdivision does not change if we translate the heights
by a global constant, so it does not depend on the choice of scaling of the Pliicker coordinates.

Theorem 2.4. [Spe09, Proposition A.2] The subdivision of P(M) described above is a matroid polytope
subdivision.

Example 2.5. Let R be the discrete valuation ring k[t](;), and let L be the R-submodule of R* generated

by the rows of the matrix
1 01 1
A= (O 1 1 t+ 1) '

We have M = U 4. Using the matrix A to compute the Pliicker coordinates of L ® p K, we have v(pss) = 1
and v(pg) = 0 for all other bases. Then the induced matroid polytope subdivision is the subdivision in

Example

There are two ways to prove Theorem [2.4 The first is to observe that implies some constraints on
the valuation v. Let B, B’ be bases of M. Then, for each i € B\ B’, we have

v(pg) +v(pp) =v Z EPB\iuPBA Ui
JEB', jF#i
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Q

FIGURE 2. A subdivision of P(Us 4)

By the definition of a valuation, this implies that there must be some j € B’ \ B with

v(pg) +v(pp) = v(pB\ivs) + v(PBAjUi)-
This means that v is a valuated matroid, in the sense of the following definition.

Definition 2.6. Let M be a matroid. A function v from the bases of M to R is a valuated matroid if, for
all bases B, B’ of M and i € B\ B’, there is j € B’ \ B with

v(B)+v(B") >v(B\iUj)+v(B'\jUi).
The following result then immediately implies Theorem

Proposition 2.7. [Spe08, Proposition 2.2] (see also [OPS19, Corollary 13]) A height function v on the
vertices of P(M) induces a matroid polytope subdivision if and only if v is a valuated matroid.

Example 2.8. Let M be a matroid of rank 7 on [n], and let rky: 2(") — Z be the rank function of M,
given by rkyi(S) = maxg pasis |[B N S|. Then the regular subdivision of U, ,, induced by the height function
h(S) = —rkm(S) on the vertices of P(U,,) is a matroid polytope subdivision, because it can be checked
that —h is a valuated matroid. If M is connected, then P(M) intersects the relative interior of P(U, ), and
so it is a face of this subdivision.

The second approach to Theorem 2.4 which can be generalized without difficulty to torus-orbit closures in
any homogeneous space, is to use a general description of projective toric varieties over a discrete valuation
ring [Smi96, Section 2]. This is the proof in [Spe09, Proposition A.2], which shows the following. Inside of
]P’g% )_1, projective space over Spec R, take the closure of T - [L ® g K|. Then the special fiber in ]ID,(J)_1 is
a reduced union of torus-orbit closures, which are in inclusion-preserving bijection with faces of the regular
subdivision of P(M) induced by v.

Example 2.9. The example in Example can be computed very explicitly. Inside of P%, Gr(2,4) is
the hypersurface defined by the equation piapss — p13p2s + p1ap2s = 0. The torus-orbit closure of [L] is
3-dimensional, and it is defined by the additional equation (14 ¢)p12p3s = —tp1ap2s. When we set t = 0, the
equations defining the torus-orbit closure become p12pss = 0 and p14pa3 = p13p24. This has two components,
each of which is the toric variety of a square pyramid.

Remark 2.10. Outside of type A, the description of a degeneration of a torus-orbit closure in terms of a
regular subdivision of the moment polytope is still valid, but the components may not be reduced.

The main purpose of these notes is to discuss the mathematics surrounding the following conjecture.
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Conjecture 2.11. A matroid polytope subdivision of P(U, ) has at most (T_c)!gz:f:gi(c_l)! interior faces

of dimension n — ¢ for ¢ < min{r,n —r}, and it has no interior faces of dimension less than max{r,n —r}.

Remarkably, there are many non-isomorphic subdivisions of P(U,,) which achieve equality. In [Spe08|
Proposition 2.11], Speyer shows that Conjecture implies sharp bounds on the total number of faces in
a matroid polytope subdivision of P(U, ;). Conjecture was formulated in [Spe0§|, and it is known as
Speyer’s f-vector conjecture. Major progress was made in [Spe09], where Conjecture was reduced to
verifying the non-negativity of a certain invariant of matroids. In [Spe09|, Speyer proved this non-negativity
for matroids realizable over a field of characteristic 0. See Section for a summary of the known results.

We now outline the strategy introduced in [Spe09]. For each n, define the valuative group Val, to be
the subgroup of functions from R™ to R generated by the indicator functions of matroid polytopes on [n].
There is a direct sum decomposition Val,, = @®;_, Val, ,, where Val,,, is the subgroup generated by indicator
functions of matroid polytopes of rank r. A function f from the set of matroids on [n] to an abelian group
A is said to be wvaluative if it factors through Val,.

There are many easy examples of valuative invariants, such as the number of bases of a matroid, the
volume of P(M) (with respect to a volume form on the hyperplane > x; = r), and the Ehrhart polynomial
of P(M). Surprisingly, most natural invariants of a matroid turn out to be valuative, such as the Tutte
polynomial [AFR10] and most “algebro-geometric” invariants such as the Bergman class |[BEST23| and
various K-theoretic invariants [LLPP24].

If we have a matroid polytope decomposition of P(M), then, by a version of inclusion-exclusion |[AFR10|
Theorem 3.5], we have an equality

(2) (—1) M+ L pgy = > (1) g,

Q@ interior face, dim Q=n—c
Here 1p is the indicator function of P. Suppose that f: {matroids on [n]} — Z is a valuative invariant such
that (—1)°*1f(M) > 0 for each matroid M with ¢ connected components. Then, for any matroid polytope
subdivision of P(U,,), we have

FUrn) = > (=) F(Q)
Q@ interior face, dim Q=n—c
Each term on the right-hand side is non-negative, and so this gives a bound on the complexity of the
subdivision.

It is easy to construct valuative invariants which are non-negative on all matroids. However, there are
fewer obvious ways to construct a valuative invariant with the sign property that is needed to use (2)) to
bound the complexity of a matroid polytope subdivision. As we will explain, such invariants arise naturally
from K-theoretic constructions. Here are some elementary examples, although they are still, in some way,
related to K-theory.

Example 2.12. The volume of the matroid polytope P(M) is a valuative invariant which is 0 on all discon-
nected matroids. The (normalized) volume of P(U, ,,) is known to be the Eulerian number A(n—1,7—1), the
number of permutations in S,,_; with r — 1 descents. A matroid polytope is a lattice polytope, so its volume
is at least 1. This implies that a subdivision of P(U,.,,) has at most A(n — 1,7 — 1) top-dimensional interior
faces. This is much weaker than Conjecture which states there are at most (?:12) top-dimensional
interior faces.

Example 2.13. The Ehrhart polynomial ehrp(y)(t) is a valuative invariant of matroids. For a positive
integer a, ehrpapy(—a) is equal to (—1)"~¢ times the number of lattice points in the interior of the dilate
aP(M). In particular, this gives a bound on the complexity of a matroid polytope subdivision. It seems that
these bounds are not strong enough to prove Conjecture [2.17]
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To approach Conjecture 2.11] we will need more powerful tools to construct matroid invariants. Checking
that they have the desired sign property will be even more difficult.

Remark 2.14. Derksen and Fink showed that Val,, is the quotient of the free abelian group with a basis
labeled by matroids on [n] by the subgroup generated by relations of the form [DF10, Appendix A]. See
[EHL23| Appendix A] for a discussion of related questions.

3. K-GROUPS OF SPACES

We now discuss the K-theory of schemes; see [Ful98| Section 15.1]. K-theory is a type of intersection
theory, and, as is usual, it comes in two flavors, a homological flavor and a cohomological flavor. When the
scheme is smooth, these flavors can be identified.

Let X be a scheme which is of finite type over k. Let K,(X) be the Grothendieck group of coherent
sheaves on X, i.e., K,(X) is the quotient of the free abelian group generated by classes of coherent sheaves
on X by the subgroup generated by relations corresponding to short exact sequences. In other words, if
0 — F1 — F2 — F3 — 0 is a short exact sequence of coherent sheaves on X, then [Fz] = [F1] + [F3] in
Ko(X). If there is an exact sequence

0—=>F = Fo— = Fp—0,

then we have Zle(—l)i[}'i] =0 in K,(X) by breaking this exact sequence into short exact sequences.

Let K°(X) be the Grothendieck group of vector bundles on X. If 0 — F; — F» — F3 — 0 is a short
exact sequence of coherent sheaves on X and £ is a vector bundle, then 0 - EQRF| - EQRFy > ERF3 — 0
is a short exact sequence. It follows that K°(X) is a ring, with multiplication given by tensor product, and
K,(X) is a module over K°(X).

There is a map K°(X) — K,(X), obtained by viewing a vector bundle as a coherent sheaf. In general,
this map is neither injective nor surjective, but if X is smooth then it is an isomorphism [Ful98| Appendix
B.8], essentially because every coherent sheaf has a finite resolution by vector bundles. In this case, we
denote both K°(X) and K.(X) by K(X).

Example 3.1. There is an isomorphism K (A™) = Z sending a coherent sheaf F on A™ to its rank, i.e., the
dimension of its stalk at the generic point. In other words, a coherent sheaf on A™ is the same thing as a
finitely generated module M over k[z1,...,z,], and the rank is the dimension of M ®y[y, ... o, k(71 ..., Tp).
This map is injective because every finitely generated module over k[z1,...,x,] has a finite free resolution
[BH93, Corollary 2.2.14], and so is equal in K (A™) to a multiple of the structure sheaf.

We list some properties of K-groups. Let m: X — Y be a map of schemes which are of finite type over k.

(1) For any variety X, K,(X) is generated (as an abelian group) by classes of structure sheaves of
(integral) subvarieties of X . This follows from [Sta25, Lemma 01YF].

(2) If 7 is proper, then there is a pushforward map m,: Ko(X) — K,(Y'), which is defined by m.[F] =
> iso(=1){[Rim, F]. That this is well-defined follows from the long exact sequence on derived push-
forwards.

(3) There is a pullback map 7*: K°(Y) — K°(X) defined by 7*[€] = [7*E€], because exact sequences of
locally free sheaves remain exact when pulled back.

(4) If 7 is proper, a € K°(Y), and © € K,(X), then

(3) T (T a - x) = a- mr.

This follows from the usual projection formula: if F is a sheaf on X and & is a locally free sheaf on
Y, then Rim, F ® € ~ Rim,(F @ n*&).
The property is known as the projection formula.
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Remark 3.2. Note that if X and Y are smooth, then there is a pullback map 7*: K,(Y) — K,(X), using
the isomorphism between K° and K,. Given a coherent sheaf F on Y, 7*[F] is usually not equal to [7*F].
Rather, we resolve F by vector bundles and pull those back.

Particularly important is the case when X is a projective variety and Y is a point. Then K(Y) = Z, and
the pushforward map K,(X) — Z is equal to the Euler characteristic. That is, the pushforward of [F] to a
point is equal to

X(X, F) = (~1)" dim H'(X, F).
i>0

There are two practical ways to compute the Euler characteristic, which we now describe.

If £ is a line bundle, then the function a — x(X, F ® £L®%) is a polynomial in a. If £ is ample, then for a
sufficiently large, Serre vanishing implies that y (X, F ® £L&?) agrees with dim H°(X, F ® £L&%). In this case,
we can compute x(X, ) by forming the graded module @, H°(X, F @ £#%), finding the polynomial p(a)
which agrees with dim H°(X, F ® £L®?) for a sufficiently large, and then setting a = 0.

For example, we compute the Euler characteristic of the line bundle O(a) on P¥. The corresponding

graded module is k[zg,...,zn][a], i.e., the ring k[zo,...,xzn], with 1 placed in degree —a, viewed as a
module over k[zo,...,zx]. For i > —a, the dimension of the ith graded piece is (V7¢™). Setting i = 0, we
see that

N+a
(@ @, 0) = (V7).

If X is embedded into PV for some N, then a coherent sheaf on X can be pushed forward to a coherent
sheaf on PY. A coherent sheaf F on PV corresponds to a graded module M = @, , H(PY, F(i)) over
the polynomial ring k[xo, ..., 2x]. This correspondence is a bit subtle in general, but an exact sequence of
graded modules induces an exact sequence of sheaves on PV. By the Hilbert syzygy theorem [BH93, Corollary
2.2.14], any graded module M over k[zg,...,zy] has a graded free resolution

0—)]{)[l‘o,...,l‘N]®VN—>I€[$0,...,$N]®VN_1—)-u—)k[l‘o,...,Z‘N}@%—)M—)O,

where each V; is a graded vector space. This induces an exact sequence of sheaves on PV involving F, the
sheafification of M, and a bunch of direct sums of line bundles. This writes [F] as a linear combination of
classes of line bundles, and one can then use to compute the Euler characteristic.

We now describe the K-theory of PV, This will be done more generally for Grassmannians later.

As shown above, K (P?) is spanned (as an abelian group) by classes of line bundles. Repeatedly using the
short exact sequence 0 — O(—1) = O — Oy — 0, where H is a hyperplane, and inducting on the dimension,
we see that K (PV) is generated as an abelian group by powers of [Og]. Using the Koszul complex, i.e., the
exact sequence

0= O(—(N+1)) - O(-N)®VH ... 5, 0(-1)V T 5 0 =0,

we see that [Og]V*! = ([0] — [O(=1))V*! = 0, and so K(PY) is generated as an abelian group by
(O], [On], [Ou)%, ..., [0x)N.

We claim that these classes form a basis for K (PY). There is a pairing K(P") x K(PY) — Z given by
(a,b) = x (PN, ab). We have
1, ifi+j <N,
0, otherwise.

XY, [0n]'[Ou)) = {

The matrix whose (7, j)th entry is x(PV, [Og]*[Ox]’) is nondegenerate. This means that this pairing does
not descend to any quotient of the span of [O], [Ox],...,[Ox]", and so these classes must be linearly
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independent in K (PY). We conclude that
K(PY) = Z[z]/ (@), @ =[On],

where H is a hyperplane. Note that, for instance by Proposition below, [Oy]* is the class of a linear
subspace of PV of codimension k for each k < N.

The nondegeneracy of this pairing means that we can compute the class of a sheaf [F] in K(PV) in terms
of the Hilbert polynomial of 7. That is, we have [F] = 3" a;[Ox]V %, where

(5) XY, F® 0(a)) —iaq(“”).

q=0 1

We see that K,(PV) can be identified with the subspace of polynomial functions on Z which is spanned by
the functions a — (az;q)’ for ¢ = 0,..., N. This is exactly the space of numerical polynomials of degree at
most N, i.e., polynomials p € Q[t] such that p(a) is an integer for every a € Z; see [BH93|, Lemma 4.1.4].

3.1. Connections with intersection theory. We now explain the sense in which K-theory is a form of
intersection theory. First we describe the product on K,(X) when X is smooth. A coherent sheaf F has a
finite resolution 0 — &, — -+ = & — F — 0 by vector bundles [Ful98, Appendix B.8], so we can write
[F] = Zf:()(—l)i[&-] in K,(X). Given a sheaf G, define the ith Tor sheaf Tor;(F,G) as the homology at
&; ® G of the complex

(6) 0=2&6ERG— - —=E®RG—0.

These sheaves behave like usual Tor groups; see [Sta25, Section 06Y7]. In particular, Torg(F,G) = F ® G,
and if 0 = G; — G — G3 — 0 is a short exact sequence of sheaves, then the Tor sheaves form a long exact
sequence

coo = Tora(F,Gs) = Tor1(F,G1) = Tor1(F,Ga) = Tor1(F,G3) > FRG > FRGs > F®Gs — 0.

Because F has a finite resolution by vector bundles, this long exact sequence is finite. By breaking up the
complex @ into short exact sequences, we see that

[F]-16] =Y (~1)'[Tori(F,9)) = [F 6]+ > _(=1)'[Tori(F,G)].

i>0 i>1

This is a finite sum because F has a finite resolution by vector bundles. This describes the product in K, (X)
of the classes of two coherent sheaves F and G as a “main term” [F ® G| and “error terms” given by Tor
sheaves. Note, however, that this “main term” depends on the sheaves F and G, not merely on their classes
in Ko(X).

Importantly, Tor sheaves can be analyzed locally: the stalk of Tor;(F,G) at a point € X is the Tor
group Tor?x’” (Fz, Gz) between the stalks over the local ring at x.

Example 3.3. Let p and ¢ be distinct points on P*. We have [0,] = [O,] = [O]—[O(-1)] in K(P!). We have
Tori(Op, O4) =0, so [Op] - [O,4] =0. On the other hand, by tensoring the resolution 0 — O(-1) - O — 0
of O, with Oy, we see that Torg(Op, Op) = Tor1(0,, 0p) = O, and Tor;(O,, Op) =0 for i > 1.

If Y and Z are smooth subvarieties of a smooth ambient variety X, then we say that Y and Z are
transverse at a point x € Y N Z if the tangent spaces T,Y, T,,Z to Y and Z at x are transverse inside of
T.X,ie.,codimT,Y NT,Z = codimT,Y + codim T, Z, where codim is the codimension inside of T, X.

Proposition 3.4. IfY and Z are smooth subvarieties of a smooth variety X which meet transversely, then
[Ov]-[0z] = [Oynz].
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Proof. Tt suffices to show that Tor;(Oy,0z) = 0 for all ¢ > 0. In order to prove this, it suffices to
show that for every closed point x € X, the Tor group in the regular local ring Ox , vanishes. Be-

cause Y and Z are smooth, the ideal of ¥ in Ox . is generated by a regular sequence yi,...,¥y., and
the ideal of Z is generated by a regular sequence zi,...,z4. The transversality condition guarantees
that y1,...,9c, 21,...,24 is a regular sequence. Using the Koszul complex, one can then compute that

Tor?x'“(OX,x/(yl, e Ye)s Ox o/ (21, ..., 2q)) = 0 for ¢ > 0. See [Bri02, Lemma 1] for a strengthening. O

Usually one does intersection theory using a graded ring like singular cohomology or the Chow ring.
K-theory captures some refined information, as illustrated by the following examples.

Example 3.5. Let Y, Z be subvarieties of a variety X. Then there is an exact sequence
0= Oyyuz 20y 0z — Oynz — 0,

so [Oyuz] = [Oy] 4 [Oz] — [Oynz]. Note that, if Y and Z are the same dimension, then we have [Y U Z] =
[Y] + [Z] in Chow or in cohomology, so K-theory records some information about how Y and Z meet.

Example 3.6. Let Y be the union of two skew lines in P3. Then [Oy] = 2[0Oy]? in K(P3), as [Oy]? is the
class of a line. Let Z be the union of two lines in P? that meet at a point. We have x(Z, O(a)) = 2a + 1, so
[02] = 2[0x]? — [Og]? by (B). Note that ¥ and Z have the same class in the cohomology ring H*(P?).

Furthermore, it is often the case that if Z; and Z5 are subvarieties of a smooth scheme X which can be
deformed to each other, then [Oz,] = [Oz,] € K(X), as in the following examples.

Example 3.7. Let X be a smooth projective variety such that K(X) is a finitely generated torsion-free
abelian group and the pairing K (X) x K(X) — Z given by (a, b) — x(X, ab) is nondegenerate. For example,
this holds for Grassmannians or smooth projective toric varieties. Let C' be a connected curve, and suppose
that Z is a subscheme of X x C' which is flat over C. Let p be the map from X x C' to C'. Then for any vector
bundle £ on X and points ¢1,q2 € C, we have x(p~*(q1) N Z, Elp-1(q1)) = x(p~tg2) N Z,E|p-1(g,)) because
the Euler characteristic is locally constant in proper flat families [Vak25, Theorem 24.7.1]. This implies that
[Op—l(ql)mz] = [Op—l(qQ)mZ] in K(X)

Example 3.8. Let X be a variety, and let F be a sheaf on X x A! which is flat over A'. Then for any
point ¢ € A, we obtain a class in K,(X) given by the restriction of F to the fiber over ¢q. This class is
independent of the choice of fiber. To see this, note that pulling back along the flat map X x A' — X
induces an isomorphism K, (X) = K,(X x A!) [Weil3, Theorem 11.6.5.1]. Also, because the inclusion of a
fiber i: X < X x Al is a regular embedding, there is a “Gysin pullback” i*: K,(X x A') — K,(X), which
sends the class of a coherent sheaf F to [Torg(Ox, F)] — [Tor1(Ox,F)]; see [KS04, Section 2.2]. This map
is the inverse to the isomorphism K, (X) — Ko(X x Al). If F is flat over A!, then 4'[F] is the class of the
restriction of F to the fiber. As this is the inverse to the isomorphism K,(X) — K,(X x A!), this implies
that the class of the restriction is independent of the choice of fiber.

However, in general, subschemes or sheaves which can be deformed to each other are not equal in K(X).
For example, the units group K (X)* contains a copy of the Picard group Pic(X).

Example 3.9. Let C be a smooth projective connected curve over k. There is a map det: K(C) — Pic(C)
which sends the class of a vector bundle to the class of its determinant, and a map rk: K(C) — Z which
sends the class of a vector bundle to its rank. These maps induce an isomorphism K(C) = Z @ Pic(C)
[Weil3| Proposition 11.8.2.1].

If C is a smooth projective geometrically connected curve of genus g > 0, then Pic(C) is the k-points
of a group scheme with a positive-dimensional identity component. The classes of two non-isomorphic line
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bundles in the identity component of the Picard group will not be equal in K(C'), even though they can be
deformed into each other. Furthermore, if k is uncountable, then K (C) will be uncountable.

Example 3.10. Let X be a variety which has an action of G,,, and let Z be a subscheme of X. We can
degenerate Z to a subscheme of X which is fixed by the G,, action, as follows. Let Z be the subscheme
{(t-z,t):2€ Z,t € Gy} of X X Gy, and Z be its closure in X x A'. Then Oz is flat over A'. Let Z; be
the (scheme-theoretic) fiber of Z over 0, which is fixed by G,,,. Then Example |3.8implies that [Oz] = [Oz,]
in K(X). This type of degeneration is often called a Grébner degeneration.

Remark 3.11. For any manifold M, the topological K -theory K*°P (M) is the Grothendieck group of complex
topological vector bundles on M. It has a ring structure given by tensor product. If M is a compact
manifold with an almost complex structure, then there is a map x: K*P(M) — Z constructed using the
Thom isomorphism; see [BEM79, Section 3.2]. It can in fact be constructed somewhat more generally, for
even-dimensional manifolds with a spin® structure; see [ABS64]. It is known that K'P(M) is a finitely
generated abelian group, and that the pairing K'"P(M)/ tors @ K*°P(M)/ tors — Q given by (a,b) — x(ab)
is unimodular, where tors is the torsion subgroup of K*P(M). See [BFMT79, Section 3.4]. If X is a smooth
complex projective variety, then there is a map from K(X) to K*P(X), given by considering the underlying
topological vector bundle of a locally free sheaf, and the map x coincides with the sheaf Euler characteristic
X(X,—): K(X) — Z |[BFM79, Section 4]. The map K(X) — K'"P(X) is in general neither injective nor
surjective, but it is an isomorphism if X is a toric variety, a Grassmannian, or, more generally, has an affine
paving in the sense of Proposition When this holds, the hypothesis of Example will hold.

3.2. Connections with Chow. There is a direct connection between K-groups and Chow groups, which
are an algebraic version of homology. If X is a scheme which is of finite type over a field, K,(X) is equipped
with a decreasing filtration Fy 2O F; D -+ O Fgimx 2 0 called the coniveau filtration. Here F; is the
subgroup of K,(X) generated by classes of coherent sheaves whose support has codimension at least i.
There is a surjective map from the Chow groups A.(X) to the associated graded gr K,(X), obtained by
sending the class of a subvariety [Z] to [Oz], and this map becomes an isomorphism after tensoring with Q
[Ful98| Example 15.1.5].

When X is smooth, the Chow groups have a ring structure which is graded by codimension. This ring is
contravariant with respect to maps between smooth schemes. We denote this ring by A*(X). If £ is a vector
bundle on X, then there are Chern classes c;(£) € AY(X) fori = 0,1,...,1k(€). For example, ¢y(£) = 1 and
c1(€) is represented by the divisor of a rational section of det £, so if £ is a line bundle, then £ is determined
by its first Chern class.

If € is globally generated, then its Chern classes can be computed as the class of the locus where an
appropriate number of sections fail to be linearly independent. For instance, if £ is globally generated, then
cri(e)(€) is the class of the vanishing locus of a general section of &.

We define the total Chern class of a vector bundle € as ¢(£) = 14+c¢1(E)+--- € A*(X). 0= E - F —
G — 0 is a short exact sequence of vector bundles, then ¢(€) - ¢(G) = ¢(F). From this, one can deduce that
there is a map ¢: K(X) — A®*(X)* which turns addition into multiplication.

The Chow ring of X is related to K(X) via a ring map called the Chern character ch: K(X) — A*(X)qg.
If £ is a line bundle on X, then it defines a divisor class ¢1(£) € A*(X). We have
C1 (£)2

2!
where the sum is finite because A*(X) = 0 for 4 > dim X. The Chern character commutes with pullback: if
f:Y — X is a map between smooth schemes, then f*ch(a) = ch(f*a) for all @ € K(X). It turns out that

this property and characterize the Chern character: if £ is any vector bundle on X, then there is a map
f:+Z — X from a smooth scheme Z such that the pullback maps K(X) — K(Z) and A*(X) — A*(Z) are

(7) ch([L]) = e = 1+ e1(L) + +oen,
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injective, and [f*£] is a sum of classes of line bundles in K(Z). One can take Z to be an iterated projective
bundle over X. If V is a subscheme of X, then

(8) ch([Ov]) = [V] + higher codimension terms,

see |[Ful98, Example 15.1.5 and 15.2.16]. After tensoring K (X) with Q, the Chern character becomes an
isomorphism K(X)g — A*(X)q.

If X is smooth and projective of dimension d, there is a map deg: A4(X) — Z which sends the class of
any point to 1 (or more generally, if k is not algebraically closed, the dimension of its residue field over the
ground field). This map is related to the Euler characteristic by the Hirzebruch—Riemann—Roch theorem.

Theorem 3.12. Let X be smooth and projective. Then there is a class td(X) in A*(X), called the Todd
class, such that, for any a € K(X), we have

Xx(X,a) = deg(ch(a) - td(X)).

See [Ful98, Corollary 15.2.1]. The Todd class can be explicitly computed in terms of the tangent bundle
of X. When X is a curve, Theorem [3.12] reduces to the usual Riemann—Roch theorem. Theorem [3.12] can
be generalized to describe the connection between the proper pushforward map in K-theory and in Chow;
see |[Ful98, Theorem 15.2]. This generalization is called Grothendieck—Riemann—Roch.

3.3. Additional structures. Although the ring K°(X) is not graded, it does have some additional struc-
ture. Namely, it is a A-ring. The definition of a A-ring is a bit technical-looking, so we just describe what
we will use this structure for. The operation which sends a vector bundle £ to its ith exterior power A€
is well-defined on K°(X), i.e., the class of A’€ in K°(X) only depends on the class of £ in K°(X). For
each i, there is a map A': K°(X) — K°(X) which satisfies A![€] = [A!€] for every vector bundle £. This
operation A’ is not linear, but it satisfies some natural compatibilities with the ring structure. For example,
A(a+b) =3 1 A*(a) A' (D), mirroring the formula A (1B E) ~ Beyi—i A*ELQA'Es. See |GroTl, Exposé
V, Exemple 3.9.1].

It turns out that the operations A® are enough to define a host of other operations on any A-ring, such as
K°(X). For instance, for each j > 0 there is an operation Sym?: K°(X) — K°(X), such that Sym’[£] =
[Sym? £] for any vector bundle &.

Furthermore, there is a ring involution (—)Y: K°(X) — K°(X), defined by sending the class of a vector
bundle € to the class of the dual vector bundle £Y. This descends to K°(X) because the dual of a short
exact sequence of vector bundles is a short exact sequence of vector bundles.

4. K-THEORY OF THE GRASSMANNIAN

We will now describe the K-theory of the Grassmannian. Recall that GL, acts on Gr(r,n), and so B,
the Borel subgroup of upper triangular matrices in GL,,, acts on Gr(r,n).

Proposition 4.1. [Ful97, Section 9.4] The action of B on Gr(r,n) has finitely many orbits, one for each

partition A = (A1, Aa, ..., ) withn —r > Xy > --- > \. > 0. The orbit corresponding to X is isomorphic to
AM A

Let Q) denote the closure of the B-orbit corresponding to A. This is called the Schubert variety associated
to A Set [A\| = A1+ 4+ A, s0 dimQy = |AL

We say that a variety X has an affine paving if there is a filtration of X by closed subschemes ) C Xy C
X1 C -+ C X} = X such that X;\ X;_; is isomorphic to a disjoint union of affine spaces, possibly of different
dimensions. We say that these affine spaces, viewed as subsets of X, are the cells of X.

Proposition 4.2. Let X be a variety with an affine paving. Then the classes of the structure sheaves of the
closures of the cells of X form a basis for Ko(X).
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The analogue of Proposition is well-known for Chow groups; see |[Ful97, Lemma B.3.6] for the case
when k£ = C. When X is smooth, Proposition can easily be deduced from the version for Chow group
by applying the Chern character, but proving it in general requires more machinery. First, note that if X is
a variety, then the natural map K,(X"%) — K,(X) is an isomorphism [Weil3, Corollary 11.6.3.2]. Let U be
an open subset of X, and let Z be the complementary closed subset; note that K,(Z) is independent of the
choice of scheme structure on Z. Then there is a localization exact sequence

Ko(Z) = Ko(X) = Ko(U) — 0,

where the first map is pushforward under the inclusion of Z into X, and the second map is the pullback
under the flat map U — X; see [Weil3| Application 11.6.4.2].

To prove Proposition we will use a sophisticated tool. For each variety X, there is a sequence of
groups {G;(X)}i>o, with Go(X) identified with K,(X). See [Weil3, Chapter IV]. These groups have similar
functoriality properties to K,. Importantly, if X is a variety, U is an open subset, and Z = X \ U, then
there is an exact sequence

= G2(U) = G1(Z) = G1(X) = G1(U) = Go(Z) = Go(X) — Go(U) — 0,
extending the localization sequence to a long exact sequence. See [Weil3, Example V.6.11].

Proof of Proposition[{.24 Inducting on the length of the filtration in the definition of an affine paving, we
may assume that X contains an open set U which is a disjoint union of affine spaces, and Z := X \ U has
an affine paving. By Example K, (U) is generated by the structure sheaves of the components, and the
image of the class of the structure sheaf of a cell closure in X under the map K, (X) — K, (U) is the class of
the structure sheaf of the cell. By induction, K,(Z) is generated by classes of structure sheaves of closures
of cells.

As U is a disjoint union of affine spaces and k is algebraically closed, it follows from [Weil3| Theorem
V.6.3] and [Weil3| Corollary VI.1.3.1 and Theorem VI.1.6] that G1(U) is a divisible group. As K,(Z) is a
free abelian group of finite rank, the map G1(U) — K,(Z) is 0. Therefore we have a short exact sequence

0— Ko(Z) = Ko(X) = Ko(U) — 0.
The result then follows from the five lemma. O
Corollary 4.3. The classes of B-orbit closures {[Oq,]} form a basis for K(Gr(r,n)).
Note that, when r = 1, this recovers the basis for K(P"~!) described previously.

4.1. K-theoretic positivity on the Grassmannian. As a consequence of Corollary given any sub-
scheme X of Gr(r,n), we can write [Ox] = )", ax[Oq,]| for some integers ay. We will show that, in good
circumstances, these integers a) have certain positivity properties.

The first observation is that ay = 0 if |A\| > dim X. This can be seen by using the relationship between
K,(Gr(r,n)) and the Chow groups Ae(Gr(r,n)). This connection also implies that if [A| = dim X, then ay
is the coefficient of [2)] in the expansion of the fundamental class of X in Agim x (Gr(r,n)) in terms of the
classes of Schubert varieties. It follows from the Kleiman—Bertini theorem [Ful98, Lemma B.9.2] that the
coefficients of the expansion of [X] in terms of classes of Schubert varieties can be computed as the length of
the dimensionally transverse intersection of X with a subvariety of Gr(r,n), and so the a) are non-negative
in this case.

When |A| < dim X, then the a) capture more refined information about X. For example, they can be
used to distinguish two skew lines in P? from two lines that meet at a point.

We say that an integral scheme X over a field of characteristic 0 has rational singularities if a resolution
m: X — X, i.e., a proper birational map from a smooth scheme X, has 7,03 = Ox and R'7r.0O% = 0 for



18 MATT LARSON

i > 0. Importantly, this holds for smooth schemes. In fact, if 7: X 5 Xisa proper and birational map
between smooth schemes over a field of any characteristic, then 7,04 = Ox and Rir, O ¢ =0fori>0
|CR15).

This implies that, if the vanishing in the definition of rational singularities holds for one resolution, then it
holds for any resolution, because, over a field of characteristic 0, it is a consequence of Hironaka’s resolution
of singularities that any two resolutions can be dominated by a third. In particular, if 7: X — X is a
resolution of a variety with rational singularities, then 7, [O¢] = [Ox].

Example 4.4. If X is a (normal) toric variety |[Ful93, pg. 76] or a Schubert variety [BKO05, Section 3.4],
then it has rational singularities.

If X is proper and has rational singularities, then for any a € K°(X) and any resolution 7: X = X, we
have x(X,a) = x(X,7*a) by the projection formula. In fact, the Leray spectral sequence and the projection
formula imply that, for any vector bundle £, the natural map from H*(X, &) to H (X, 7*€) is an isomorphism
for all 4.

Theorem 4.5. [Bri02| Let X be a closed subvariety of a Grassmannian over a field of characteristic 0, and
assume that X has rational singularities. Write [Ox] =3, ax[Oq,]. Then (—1)dmX=Rgy > 0.

That is, the coefficients which are used to express [Ox] in the basis given by structure sheaves of Schubert
varieties alternate in sign. When |A| = dim X, one has a) > 0 without any restriction on the singularities or
characteristic. In the case of Gr(1,n) = P"~!, Theorem predicts the signs occurring in the expansion of
the Hilbert polynomial of X using the basis {(azq)}q:07,,,,n_1 for the space of polynomials in a of degree at
most n — 1, as in . Indeed, the Schubert varieties in P"~! are coordinate subspaces, and the coefficients
used to expand [Ox] in terms of the classes of structure sheaves of coordinate subspaces are the same as the
coeflicients used to expand the Hilbert polynomial of X in this basis.

The key tool to prove K-theoretic positivity results is the Kawamata—Viehweg vanishing theorem. This
controls the cohomology of inverses of nef and big line bundles on a smooth projective variety. A line bundle
L on a projective variety X is nef if its restriction to every integral curve in X has non-negative degree. We
say that L is big if the sections of its tensor powers have the maximal possible growth rate, i.e., if
dim HO(X, £L&%)

lim sup LAm X > 0.

a— o0

If £ is nef, then £ is big if and only if its top self-intersection number [y ¢;(£)4™*

[Laz04), Section 2.2] for proofs and more about big line bundles.
We can obtain nef and big line bundles as follows: we take a surjective map X — Y with dim X = dimY
and an embedding of Y into projective space P", and then we pull back the hyperplane bundle O(1) to X.

is positive. See

Theorem 4.6 (Kawamata—Viehweg vanishing theorem). Let X be a (connected) smooth projective variety
over a field of characteristic 0, and let L be a nef and big line bundle on X. Then H'(X,L™') = 0 for
i< dim X.

By Serre duality, H*(X,£™1) is dual to H¥™X~%(X wyx ® L), where wx is the canonical bundle, so
Kawamata—Viehweg vanishing is often phrased as saying that if £ is nef and big, then H*(X,wx ® L) = 0
for all 7 > 0.

Proof of Theorem[].6f We assume that k = C and that £ is very ample; the general case is obtained by an
intricate reduction to this case. Let d be the dimension of X. By Bertini’s theorem, we can find a smooth
divisor H in the linear series of £. The Lefschetz hyperplane theorem states that the restriction map in
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singular cohomology H;ing(X, C) — Hging(H, C) is an isomorphism for ¢ < d — 1 and is injective if 1 = d — 1.
Hodge theory produces a direct sum decomposition

Hsling(X7 (C) = @ Hp’q(X)7
pHq=i
where HP4(X) = H%(X,Q%). There is a similar direct sum decomposition for the cohomology of H, and
the restriction map respects this decomposition. Taking the case p = 0, this tells us that the restriction map
HY(X,0x)— HY(H,Og) is an isomorphism for ¢ < d — 1 and is injective when ¢ = d — 1. The long exact
sequence on cohomology associated to the short exact sequence 0 — £~! — Ox — Oy — 0 implies the
result. O

Corollary 4.7. Let X be a projective variety with rational singularities over a field of characteristic 0, and

let L be a nef and big line bundle on X. Then (—1)3m Xy (X, £71) > 0.

Proof. Let m: X — X be a resolution of X, with X projective. Then 7*£ is a nef and big line bundle on X,
so, by Theorem [4.6] we have
X(X,m L7 =) (-1 dim H/(X, 7" L7") = (=)™ X dim B X (X, 7o L7,
i>0

The result follows, as (X, £71) = x(X,7*£~") because X has rational singularities. O

Note that Theorem [4.6|and even Corollary [4.7| can fail in positive characteristic. Indeed, in [Tot19] Totaro
constructed a purely inseparable cover of a partial flag variety which has a very ample line bundle £ that
does not satisfy the conclusion of Corollary .7} Corollary [£.7] can also fail without the assumption that X
has rational singularities:

Example 4.8. Choose some integers d > n > 3. By generically projecting the rational normal curve in P,
construct a smooth degree d rational curve in P™. Let Y be the cone over this curve, and let Y be the blow-up
of Y at the cone point, so the map 7: ¥ — Y is a resolution of singularities. The variety Y is isomorphic to
the dth Hirzebruch surface, and, using toric geometry, one can show that H* (Y, 7*O(—1)) = 0 for all 7. But
Y is not normal: there is a (d — n)-dimensional vector space of sections of O(1) on the rational curve which
are not restricted from P". This implies that the sheaf 7,0y /Oy has length at least d — n. Because 7 is an
isomorphism outside of the origin, this sheaf is concentrated at the origin. Also, R'7.0Oy = R*m,. Oy = 0
because the curve is rational, so we have

T.[Oy] = [Oy] + m[O,], m >d—n.
By the projection formula (@), we have x(Y,O(-1)) = —m < 0.
The example in [Tot19] shows that the extension of Theorem to fields of characteristic p does not
hold, even in the case of projective space.

We now prove Theorem in the case r = 1, i.e., for subschemes of projective space. The general case
is similar, except that it requires a much more sophisticated vanishing theorem.

Proof of Theorem[].5, We will use the observation that the pairing K(P"~!) x K(P""!') — Z given by
(a,b) — x(P"~1 ab) is nondegenerate. Under this pairing, the dual basis to {[O],[On],...,[Ox]" "'} is
{[Ox]" 1, [Ox]"2[O(-1)],[Og]"3[O(=1)],...,[O(=1)]}. That is, we have

[Ox] = an-1-3[0n]’,  where a1 = x(P",[Ox] - [Ou]" " [O(=1))).

Let 7: X — X be a resolution of singularities of X. By Proposition 7*[Oy]" 17 is represented by the
structure sheaf of the preimage Z; in X of the intersection of X with n — 1 — ¢ transverse hyperplanes. By
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an appropriate version of Bertini’s theorem [Vak25| Exercise 21.6.1], Z; will be smooth if the hyperplanes
are sufficiently general. Because X has rational singularities, we have

X", [0x] - [0n]" T O(-1)]) = x(X, 7 ([0p]" 1 - [0(-1)]) = X(Zi, 7 O(-1)).
Note that the restriction of 7O(1) to Z; remains big because the intersection number [, ¢ (7*O(1))dim %

is equal to [y ¢1(O(1))4™X which is positive. As Z; has dimension dim X — (n — 1 — i) and is smooth, it
follows from Corollary [£.7] that

(_1)dimX—(n—1—i)X(Zi,ﬂ_*(/)(_l» — (_1)dimX—(n—1—z’)an_l_i > 0. 0

Remark 4.9. If one replaces [Ox] with 7.,[O%], where 7: X — X is a resolution of X, then Theorem
holds without any assumption on the singularities.

4.2. Bounds on matroid polytope subdivisions. Using Theorem we can construct valuative invari-
ants of matroids that, at least for matroids realizable over a field of characteristic 0, have the sign property
that is needed to bound the complexity of a matroid polytope subdivision.

Given a linear subspace L C k", we may expand the class of the structure sheaf of the torus-orbit closure
(O ]] in terms of structure sheaves of Schubert varieties:

TL
OF [L] Z ax[Oq,].

Let M be the matroid of L, and let ¢ be the number of components of M, so dimT - [L] = n — ¢. The
torus-orbit closure T - [L] is a normal toric variety, and normal toric varieties have rational singularities by
Example Then, if k£ has characteristic 0, Theorem E gives that (—1)”*|)‘|’CaA > 0.

It is reasonable to expect that the class [Oz 7+ [L]] € K(Gr(r,n)) depends only on the matroid of L: often,
though not always, it is possible to deform any other realization L’ of M to L. Such a deformation induces
a deformation of the corresponding torus-orbit closures, which implies that their K-classes are equal by
Example

In situations like this, when one has an “algebro-geometric” invariant of realizable matroids, it is almost
always possible to extend the definition of this invariant to all matroids. One finds a formula for the invariant,
and then this formula typically makes sense for an arbitrary matroid.

Example together with Example m suggests that the class [OF [ L]]
to matroid polytope subdivisions. See [Spe09, Proposition A.3]. It is reasonable to hope that this behavior
extends to non-realizable matroids.

These properties were established in [FS12], although none of them are obvious. That is, for each matroid
M of rank r on [n], the authors construct a class [Oum] € K(Gr(r,n)) that agrees with the class of the
structure sheaf of the torus-orbit closure of a realization, if M is realizable. The function M — [Oy] is
valuative. We explain the construction in Section below.

We can construct more valuative invariants by writing

Za)\ )[Oq,] in K(Gr(r,n)).

As explained previously, if M is realizable over a field of characteristic 0, then (—1)"*~I}=c¢Mgy (M) > 0, i.e.,
the valuative function M — (—1)"~1=I*gy (M) has the sign pattern needed to give bounds on the complexity
of matroid polytope subdivisions, at least when all of the pieces are realizable over a field of characteristic 0.

It is conjectured, but not known, that (—1)"~*=c¢M gy (M) > 0 for all matroids M [BF22, Conjecture
9.8]. However, it seems that the bounds one obtains using this strategy are not enough to prove the sharp
bounds in Conjecture 2.11] (except in the case of faces of dimension n — 1; see Proposition [5.30)).

behaves valuatively with respect
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4.3. Generators for the valuative group. We now describe a basis for the valuative group Val, ,. The
matroids in this basis are realizable over any infinite field. This implies that if two valuative functions are
equal on realizable matroids (or matroids realizable over C), then they are equal.

Given a sequence A = (A,..., A.) withn —r > XAy > --- > \. > 0, we can consider the corresponding
Schubert variety €2y in Gr(r,n). This Schubert variety is irreducible, so a general point of {2 realizes some
particular matroid My. As a dense open subset of 2y is isomorphic to Al*, the matroid M, is realizable
over any infinite field.

A Schubert matroid is a matroid which is isomorphic to M, for some A, i.e., there is some w € S,, such
that the bases of the matroid are {w - B : B basis of Mx}. There are n! Borel subgroups containing the
diagonal torus in GL,; Schubert matroids are exactly the matroids realized by general points of orbits of
one of these Borels on a Grassmannian.

Theorem 4.10. |[DF10, Theorem 5.4] The valuative group Val,.,, has a basis given by indicator functions
of Schubert matroids of rank r on [n].

A different proof was given in |[EHL23|, which proceeds by identifying Val, with the cohomology of a
certain toric variety, and then using algebraic techniques to find a basis for that ring. The description of
Schubert matroids that is used there is that they are particular cotransversal matroids. See [Haml7| for a
related result.

Corollary 4.11. Let f and g be valuative invariants of matroids of rank r on [n]. If f and g agree on
Schubert matroids, then they are equal.

We now describe a different family of matroids which also span the valuative group. A matroid is series-
parallel if it has a ground set of size 1, or it is the matroid associated to the row span of a matrix which can
be obtained from the matrix (1 1) by doubling columns or by taking the orthogonal complement of the
row span. For example, the matroid associated to the row span of the matrix

10 -1 -1
01 -1 -1

is series-parallel, as it is obtained from (1 1) by doubling a column, taking the orthogonal complement,
and then doubling a column again. A matroid is quasi series-parallel if it is a direct sum of series-parallel
matroids. If M is quasi series-parallel, then the matroid corresponding to any face of P(M) is quasi series-
parallel. See [FL24] Section 2] for more on quasi series-parallel matroids.

Proposition 4.12. The valuative group Val,,, is generated by indicator functions of quasi series-parallel
matroids.

Proof. Tt is shown in [CRA11] that the matroid polytope of every Schubert matroid can be subdivided into
matroid polytopes of quasi series-parallel matroids. See |[FS24] Appendix A] for an exposition. |

4.4. Equivariant K-theory. In order to extend the definition of some invariants to non-realizable matroids,
it is useful to consider equivariant K-theory. We will focus on the case of a torus action, and we will make
some rather restrictive assumptions on the scheme. See [VV03] for a much more general setting.

Let X be a variety over k with an action of a torus T. A linearization of a vector bundle £ on X is
a lift of the action of T' on X to the total space of £. That is, let Tot(€) denote the total space of &,
which is equipped with a map p: Tot(£) — X. A linearization is an action of T' on Tot(€) such that p is
T-equivariant, and for every ¢ € T, the map from the fiber over z € X to the fiber over ¢ - x given by this
action is a linear map. A map between linearized vector bundles is said to be T-equivariant if the induced
map between their total spaces is T-equivariant.



22 MATT LARSON

The T-equivariant K-theory of X, denoted K3.(X), is the Grothendieck group of T-linearized vector
bundles. It has a ring structure, with multiplication given by tensor product. It has similar formal properties
to the Grothendieck ring of vector bundles: if X — Y is a T-equivariant map, then there is a pullback map
K(Y) —» K3(X).

There is also an equivariant version of K,, denoted KI'(X). This is the Grothendieck group of T-
equivariant coherent sheaves; see [Sta25, 03LF] for the definition of an equivariant coherent sheaf, which is
somewhat subtle. The functoriality of K (X) is similar to that of K,(X). There is a map K3%(X) — KI(X),
given by viewing an equivariant vector bundle as an equivariant coherent sheaf. As with ordinary K-theory,
if X is smooth, then the map K$(X) — KZ(X) is an isomorphism |[Nie74, Proposition 2.1]. We will use
Kp(X) to denote K2.(X) when X is smooth.

If X — Y is proper, then there is a pushforward map K (X) — KI(Y), and these maps satisfy a version
of the projection formula . In particular, if X is proper, then we can pushforward classes in K (X)
along the map from X to a point, where the T-action on the point is trivial. A T-equivariant vector bundle
on a point is just a representation of T', so Kr(pt) is the Grothendieck ring of representations of 7. In
any characteristic, every (algebraic) representation of T is a direct sum of 1-dimensional representations of
T, and if T = G}, then the 1-dimensional T-representations are indexed by Z™, with the representation
corresponding to (ai,...,a,) € Z™ being the map T — GL;(k) given by (t1,...,t,) — t71--- 2. A 1-
dimensional representation of T is called a character, and the group of characters under tensor product is
called the character lattice of T. We therefore have

Kr(pt) = Z[TE, ... T

Via pullback from the map X — pt, K2.(X) is a module over Kp(pt).

The map KX (X) — Kr(pt) amounts to taking the equivariant Euler characteristic: if F is a linearized
coherent sheaf on X, then each cohomology group H(X,F) is a representation of T, and we can consider
the class [HO(X, F)] — [HY(X, F)] + [H*(X,F)] — - -+ in the Grothendieck ring of representations of T'.

There is a forgetful map K3.(X) — K°(X) obtained by forgetting the linearization. This map is often
surjective. For example, if X is smooth and X7 is finite, then this map is surjective. By |[BB73, Theorem
4.4] and [BB76], X has an affine paving where the cells are unions of torus-orbits, so K (X) is generated by
the classes of structure sheaves of closures of cells by Proposition The closure of each cell is fixed by T',
and so its structure sheaf is in the image of the map Kp(X) — K(X).

One feature of T-equivariant K-theory which is not present in ordinary K-theory is that it satisfies very
useful localization theorems. Let X be a smooth variety, and let ¢: X7 — X be the inclusion of the T-fixed
locus. As ¢ is a T-equivariant map, there is a pullback map ¢*: Kr(X) — K7(X7T). Because the T-action
on X7 is trivial, we have K7(XT) = K(XT) ®z Kr(pt); see, e.g., |[AP15, Lemma 2.3]. Surprisingly, ¢* is
often injective, allowing us to describe K7 (X) as a subring of a relatively simple ring. Results of this form
date back to the work of Segal [Seg68]. For the rest of the section, we will make the following assumptions:

(1) X is smooth and proper.
(2) X7 is 0-dimensional.
(3) There are finitely many T-fixed curves in X.

One sometimes calls a variety satisfying these assumptions a GKM space, after an influential paper of
Goresky, Kottwitz, and MacPherson [GKMO98|.

It follows from [CGP15, Proposition A.8.10(2)] that X7 is a union of reduced points, and that each T-
fixed curve is smooth. As the only smooth curve whose automorphism group contains a torus is P!, each
T-fixed curve is isomorphic to PL. The action of T on this curve induces a map from 7' to Aut(P') = PG L,
whose image is a 1-dimensional torus. If we identify this 1-dimensional torus with GL;(k), then we obtain a
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character of T. This character is well-defined up to inversion, as the identification of a 1-dimensional torus
with GL1 (k) is well-defined up to inversion. One has the following result; see, e.g., [VV03], Corollary 5.12].

Theorem 4.13. With the assumptions above, the map Kr(X) — Kp(XT) is injective, with image given
by the subring of elements (b,) € HpeXT Kr(pt) such that if p and q are two distinct points in XT which
are connected by a T-fized curve C' on which T acts by the character a, then b, — b, is divisible by 1 — a in
KT(pt).

The restriction in Theorem can be interpreted as follows: for any distinct points p,q € X7 which
are connected by a T-fixed P!, the restriction map Kr(X7T) — Kz(p) ® Kr(q) factors through Kr(C), so
its image must be contained in the image of the map Kr(C) — Kr(p) ® Kr(q). The image of this map is
exactly the classes satisfying the restriction in the theorem.

Theorem will allow us to check that classes associated to realizable matroids are independent of the
choice of realization. It will also let us construct classes in K7 (X) by specifying a class in Kr(pt) for each
T-fixed point of X and then checking the condition in Theorem We will use this to construct classes
associated to possibly non-realizable matroids.

Example 4.14. Let X = Gr(r,n), and let T' = G7;,. We described the T-fixed points and curves in Gr(r,n)
in Proposition Theorem [4.13| then shows that K7 (Gr(r,n)) is the subring of HSE([HJ) ZITE . TEY

given by classes (ag) such that if So = (S; \ i) U, then ag, — asg, is divisible by 1 — T;/Tj.

Furthermore, if 7: X — Y is a T-equivariant map between GKM spaces, then it is possible to describe the
pushforward map 7, : K7(X) — Kp(Y) in terms of localization. This type of result is called an Atiyah—Bott
formula, after [AB84], which described this type of formula in equivariant cohomology.

The action of T" on X induces a canonical linearization of the tangent bundle of X. For a T-fixed point
pof X, let T,X = x1 @ ® xq be the decomposition of the T-representation on the tangent space to X at
p into characters of T. Set €, :== (1 — [x1])--- (1 — [xq]) in K7 (p).

Theorem 4.15. Let m: X — Y be a T-equivariant map of GKM spaces, and let 1x and vy be the inclusions
of the T-fized locus into X and Y, respectively. Let [E] be a class in Kr(X) with % [€] = [[cxrap €

[I,exr Kr(pt). Then
" 1
1ym[E] = H €q Z ap .
g€Y™  peXT,m(p)=¢ "

In particular, for each ¢ € Y7, Zpe X7, n(p)=q ap:—" is a Laurent polynomial, and these Laurent polynomials

P
satisfy the conditions in Theorem [£.13]

Proof. Let S denote the multiplicative subset of Kr(pt) generated by {1 — Ty --- T4 : (ay,...,an) € Z™}.
Note that S does not contain 0. In |[Nie74, Theorem 3.2], Nielsen shows that the map ¢% : K7(X) — Kp(X7T)
becomes an isomorphism after inverting S. The inverse map is given by

9) y=] w— > yp{ffp]-

peXT peXT p

In particular, applying this to [£], we have

T [8] =, Z ap [(3;7] — Z Z ap [Oq]

peXT qeYT peXT, n(p)=q

By considering the formula for the inverse to the map K7(Y) — K7(Y7) given in (9)), we see that 7. [£] is
the image of the class in the statement of the theorem under the inverse to the map K7(Y) — Kr(YT). O
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Using this result, we can describe the class of the structure sheaf of a torus-orbit closure in K7 (Gr(r,n)).
We will realize the class [Om] € Kp(Gr(r,n)) as a pushforward. It is the pushforward of the structure

sheaf along the inclusion of T - [L] into Gr(r,n), but because torus-orbit closures in Grassmannians are
rarely smooth, we cannot directly apply Theorem Instead, we will use a particularly nice resolution of
singularities for T - [L].

The permutohedral toric variety X, is the toric variety obtained by blowing up P"~! at the torus-fixed
points, then the strict transforms of the torus-fixed lines, and so on. It is an (n — 1)-dimensional smooth
projective toric variety whose fan is the Weyl chambers of the type A,_; root system, and so its T-fixed
points are labeled by permutations in the symmetric group S,. It can be described in a number of other
ways. For example, it is the torus-orbit closure of a general point in the variety of full flags in k™, and it is
the toric variety corresponding to the polytope E;:ll P(U,.,), where the sum denotes Minkowski sum. The
key property of the permutohedral toric variety is the following:

for any matroid M on [n], the fan of X,, is a refinement of the normal fan of P(M).

Indeed, by definition, each edge in P(M) is parallel to a vector of the form e; — e;, so each codimension 1
cone in the normal fan of P(M) is contained in a hyperplane which is normal to e; — e;. The fan of X, is
the fan obtained by intersecting all of these hyperplanes.

In particular, there is a T-equivariant map X,, — Xpy), where Xp(\y denotes the toric variety of the
normal fan of P(M). Using the description of torus-orbits on the Grassmannian from Section |1} for any r-
dimensional linear subspace L of k™, there is a T-equivariant map py,: X,, — Gr(r,n) such that the identity

of the torus in X,, maps to the point [L] of Gr(r,n), and so the image of pr, is T - [L].

Lemma 4.16. We have pr.Ox, = (’)m and Ripr.Ox, =0 fori > 0.

Proof. This follows from |[CLS11, Theorem 9.2.5], using Proposition and Corollary |

Lemma implies that pr.[Ox,]| = [Om] in K7 (Gr(r,n)). As X,, is a smooth projective toric variety,
pr is a map between GKM spaces, and so we can use Theorem to calculate pr.[Ox,]. To do this, we
need to analyze the map X! — Gr(r,n)? induced by pr. For a permutation w € S,, and a matroid M, let
B3® be the w-maximal basis of M, i.e., the basis of M which maximizes (ep,vi€y1) + -+ + Vn€uy(n)) for
any decreasing sequence vy > vo > - -+ > v,. That there is a unique such basis follows from the fact that the
normal fan of P(M) is a coarsening of the permutohedral fan.

Lemma 4.17. The image of T-fized point corresponding to w € Sy, is the T-fixed point of Gr(r,n) corre-
sponding to B}**.

Proof. Choose an element (ai,...,a,) € Z"™ with ayq) > -++ > Gy, and let A\: G, — T be the corre-
sponding cocharacter. By [Ful93, p.38], inside of X,,, lim; ,oc A(t) is the fixed point of X,, corresponding
to w. On the other hand, acting by A(t) on [L] € Gr(r,n) scales the Pliicker coordinate of [L] correspond-
ing to S by [[;cgt*. Ast — oo, the largest coordinate of A(t) - [L] is the one corresponding to Bj**, so
limy 00 A(£)-[L] is the fixed point corresponding to BJ**. The result follows, because the map X,, — Gr(r, n)
is continuous. ]

Proposition 4.18. Let L be a linear subspace of k™ of dimension r which realizes a matroid M. Let vs be
the inclusion of the T-fized point of Gr(r,n) indexed by S. Then

HiGS 'gzs(l - TiilTj)
15Ol = E et — in K7(pt).
) wES, Hi=1 (1 - Tw(li)TU’(’i+1))
BRax=g
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Proof. Let S and Q denote the universal subbundle and quotient bundle on Gr(r,n). Then the tangent
bundle of Gr(r,n) is Hom(S, Q) & SV ® Q; see [EH16, Theorem 3.5]. It follows from this that the class in
Kr(pt) of the tangent space to Gr(r,n) at the T-fixed point of Gr(r,n) indexed by S'is > ;5 jas 7.
The class in Kr(pt) of the tangent space to X,, at the fixed point labeled by w € S,, is 2?2_11 Ti;ll Tow(i+1)s
see [BEST23| Section 2.3]. The result then follows from Theorem Lemma [4.16] and Lemmah O

Example 4.19. We compute the restriction of [Oy, ,| to the T-fixed point of Gr(2,4) labeled by {1,2}.
We have B2** = {1,2} if and only if {w(1),w(2)} = {1,2}. There are 4 permutations with this property:
1234, 1243, 2134, and 2143. We therefore have
12[O0v, ) = (1= T ' T3) (1 = T ) (1 = T3 ' T3) (1 — T3 ')
( 1 1
—1 —1 Ty T —1 —1 —1
-1y o)A -1, T5)(1-T5 ' Ty)  (1-Ty To)(1 =T, Ty)(1 -1, Ts)

+

1 1
(=15 1) (L~ 15 To)(1 = 15 T0) (1= T3 "To)(1 — 15 "Ta) (1 — T4—1T3>>
15T,y
CTT
Proposition [4.18[ implies that the class [Om] in Kp(Gr(r,n)) depends only on the matroid that L
realizes. It follows from Theorem that the formula in Proposition is a Laurent polynomial when
M is realizable. We will see that this holds for all matroids by using Theorem We need the following

lemma.

Lemma 4.20. For a subset S in ([:f]), the function which assigns a matroid M of rank r on [n] to

o w1 =TT
5 AL D) o, m)
wESy, Hi:l (1 - Tw(i)Tw(i+1))

is valuative.

Proof. Tt follows from [McMO09, Theorem 4.6] that for any permutation w € S, and any set S € ([Z]), the
function from the set of matroids of rank r on [n] to Z given by

M max __
M 1, it B> =S8
0, if Bmax £ g

is valuative. The function in the statement is a sum of the functions resulting from composing this function
with a certain map Z — Q(7T1,...,Ty). O

Consider the function which assigns a matroid M of rank r on [n] to the element [Oy] of HSE([TL]) Q(11,...,Ty)
which has component labeled by S given by

-1
Ouls= Y, lessest 2L D)
- n—1 —
wES [lie (- Tw(li)Tw(i+1))
BmxX=g

It follows from Lemma that this function is valuative as well. By Theorem in Val, ,, every matroid
can be written as a linear combination of realizable matroids. If M is realizable, then Theorem implies
that [Oy] lies in the subring K7 (Gr(r,n)) of Hse([“]) Q(T,...,Ty,). It follows that this holds for all matroids.
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To summarize, for each matroid M of rank r on [n], we have constructed a class [Oy] in K7 (Gr(r,n)),
and the function which assigns M to [Oy] is valuative.

See |[FS12, Section 3] for a somewhat different approach to defining [Oy] and proving that it is valuative,
without making use of the permutohedral toric variety.

5. SPEYER’S g-POLYNOMIAL OF A MATROID

We now introduce the invariant constructed by Speyer in [Spe09] in an attempt to bound the complexity
of a matroid polytope subdivision. For each matroid M, he constructed a polynomial gy (t) € Z[t] which
has the property that the function M + (—1)*®)+1gy(#) is valuative. When M is realizable over a field of
characteristic 0, Speyer showed that its g-polynomial has non-negative coefficients, and that the bounds
that it gives on the complexity of a matroid polytope subdivision are optimal, i.e., sufficient to prove
Conjecture [2.11]in that case.

We will explain the definition of the g-polynomial. We begin with the case of realizable matroids, and then
we will explain the definition for non-realizable matroids. We will describe the properties of the g-polynomial,
and then prove the non-negativity of the coefficients when M is realizable over a field of characteristic 0.

5.1. Defining the g-polynomial for realizable matroids. An element i € [n] is a loop of a matroid M
if 7 is not contained in any basis. A coloop is an element which is contained in every basis. We say that M
is loopless if it does not have any loops, and we define coloopless similarly.

If M is realized by L C k™, then M is loopless if and only if L is not contained in any coordinate hyperplane.
The loops of M are the same as the coloops of the dual matroid M.

The following technical proposition is a consequence of Remark because the matroid polytopes
of matroids with loops or coloops are contained in the boundary of the matroid polytope of the uniform
matroid, so in any matroid polytope subdivision of a loopless and coloopless matroid, all matroids appearing
as interior faces are loopless and coloopless. It can also be proved directly; see [BEST23|, Proof of Lemma
5.9].

Proposition 5.1. Let Valfll be the subgroup of Val,, generated by matroids with loops or coloops, and let
Val™ be the subgroup generated by matroids without loops or coloops. Then Val, = Val @ Val".

There are several different possible definitions of the g-polynomial. However, for matroids with loops or
coloops, these definitions can fail to be equivalent, so we will define the g-polynomial to be 0 on matroids
with loops or coloops.

Let L C k™ be a realization of a loopless and coloopless matroid M of rank r, so dim L = r and L is not
contained in any coordinate hyperplane. Let L+ C k™ be the orthogonal complement to L, so Lt realizes
M-+ and is not contained in any coordinate hyperplane. There is a rational map

n—1 n—1 n—1
P x P -—> P

given, in homogeneous coordinates, by (z1, - ,2n) X (Y1, ,Yn) — (T1y1,- .., TnYn). Because M is loopless
and coloopless, L and L+ are both non-zero vector spaces, so we can consider their projectivizations. Using
the embeddings PL — P"~! and PL+ < P*~!, we obtain a rational map

PL x PLL -7 P2,

Note that the image of m is contained in the hyperplane H = {z; + --- + 2, = 0} of P"~!. As both H
and PL x PL' have dimension n — 2, m can be viewed as a rational map between two varieties of the same
dimension. The g-polynomial of M will capture certain data about this map, such as its degree.

Let Z be a smooth projective variety resolving the indeterminacy of this rational map, i.e., Z is a smooth
projective variety which fits into the following triangle:
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Z
lpx
PL xPL*t -5 H
where the map p is birational. For example, in characteristic 0, one can take the closure of the graph of m
inside of PL x PL+ x H and resolve its singularities. We will later see an explicit construction of a possible
choice for Z, valid in any characteristic, in Section [5.3

We will consider the line bundle O(1) on H, obtained by restricting the hyperplane class from P"~1. Let
[Op] denote the class of a generic section of O(1) in K(H).

Definition 5.2. The g-polynomial gu(t) of a realizable loopless and coloopless matroid M is the polynomial
whose t* coefficient is (—1)"T My (Z, m*[O(=1)]-m*[Op]*~*~1). If M is not loopless or not coloopless, then
we set gy (t) = 0.

It is true, but not obvious, that the definition above does not depend on the choice of realization of M.
This will be explained in Section [5.4] as well as how to extend this definition to non-realizable matroids.

The constant term of gy(¢) is 0 by definition. In order to compute the coefficient of ¢, we slice H by
n — i — 1 general hyperplanes, take the inverse image in Z, and compute the Euler characteristic of the
pullback of O(—1). In particular, we see that the linear term of the g-polynomial is the degree of the map
m.

In other words, by looking at the proof of Theorem in the case of projective space, we can compute
the coefficients of gy (t) by writing the Hilbert polynomial of O(1) on Z as

\(2,0(@) = $a, (“F).

q=0 q

Then, for i > 0, the coefficient of ¢* in gy(t) is (—1)"+*Ma, ;.

The coordinate-wise multiplication of two projective varieties is sometimes called the Hadamard product.
See [BC24] for a comprehensive survey of the literature. It often arises in rigidity theory, and we will discuss
it more in Section

At least over a field of characteristic 0, it is not hard to see that Definition [5.2]is independent of the choice
of Z. For if we have another smooth projective variety Z’ resolving the indeterminacy, then both Z and Z’
can be dominated by another smooth variety Z also resolving the indeterminacy, and the projection formula
implies that the Euler characteristic does not change when we pull back from Z or Z’ to Z.

Remark 5.3. In [Spe09], Speyer defines the coefficients of the g-polynomial as certain linear combinations of
the invariants a(M). This definition agrees with Definition at least for loopless and coloopless matroids.
From the definition in [Spe09|, it is tricky to see the non-negativity of the coefficients. In particular, the
non-negativity does not follow from Theorem [£.5]

Example 5.4. [Spe09, Proposition 10.3] Let M be a loopless and coloopless matroid of rank 3 on [n].
Assume that M is simple, i.e., every pair of elements is contained in a basis. Let dy,...,ds be the sizes of
the flats of rank 2 of M, i.e., the maximal subsets of [n] which do not contain a basis of M. Then

wo= ((37) -5 (45 ) e (oo D) o () -5 (7))

Remark 5.5. The map m has appeared frequently in the literature on hyperplane arrangements and ma-
troids, see [Si196,DGS12,[Huh13,Huh15,|/ADH23].
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5.2. Properties of g-polynomial. We now discuss some fundamental properties of the g-polynomial. We
give arguments which work for realizable matroids, but all of the properties discussed below hold for all
matroids, as will be discussed in Section One property is clear: if M is loopless and coloopless, then
the definition of gy(¢) does not change when we replace L by L*. This is also true when M has a loop or a
coloop, giving the following.

Proposition 5.6. Let M be a realizable matroid. Then gy (t) = gy (t).

We now analyze the image of the map m. For a matroid M on [n] and an element ¢ € [n] which is not
a coloop, the deletion M \ i is the matroid whose bases are the bases of M that do not contain . If 4 is
not a loop, then the contraction M/i is the matroid whose bases are {B \ i : B basis of M, ¢ € B}. If i is
a loop or coloop, then we set M \ i = M/i. If M is realized by L C k™, then the contraction is realized by
LN kM\ and the deletion is realized by the image of L under the projection k" — k[\i. We have the
following combinatorial result.

Proposition 5.7. [Ox111, Theorem 4.3.1] Let M be a connected matroid on [n], withn > 1. For eachi € [n],
either M /i or M\ i is connected.

Proposition 5.8. Let L be a realization of a loopless and coloopless matroid M with ¢ connected components
S1,...,8c. Then the closure of the image of m is {(z1,...,2n) : Zjesi zj =0 fori=1,...,c}.

Proof. Tt follows from Propositionthat the image of m is contained in the subset {(21,...,2n) 1 2 cg, 25 =
0 for i =1,...,c} of P"~1. For the other direction, it suffices to show that the dimension of the image of m
is m — ¢ — 1. This reduces to the case of connected matroids.

We induct on n; it is easy to check the case n = 2. For each ¢ € [n], either M/i or M \ ¢ is connected by
Proposition By switching L and L+ if necessary, we can assume that M/i is connected. This matroid is
realized by L N k"\!, The image of L in k"\* is the orthogonal complement to L N k[™\. By induction,
we deduce that the closure of the image of m contains the subset {z; = 0, Z;’:l z; = 0} of P"~1. This locus
has dimension n — 3. Varying over all 7, we see that the closure of the image of m contains at least n distinct
subvarieties of dimension n — 3. But L x L™ is irreducible, so the image of m is irreducible. This implies
that the dimension of the image of m is n — 2. O

If M is connected and realizable, then Proposition [5.8] implies that the map m is dominant, and in
particular it has positive degree. We see that, if M is connected and realizable, the linear term of gy (t) is
positive.

The dimension of the image of m can also be proved to be n — ¢ — 1 by using |[Ber22| Theorem 3.1]. In
Proposition [5.26] below, we will compute the degree of the map m and see that it is positive for connected
matroids in Proposition [5.28] giving another proof.

5.3. Wonderful varieties and tautological bundles. We will now relate the g-polynomial to the wonder-
ful varieties of [dCP95] and the tautological bundles of linear subspaces that were introduced in [BEST23].
This will allow us to connect the g-polynomial to other well-studied invariants of matroids.

Given a subspace L of k™ which is not contained in any coordinate hyperplane, i.e., it realizes a loopless
matroid, the wonderful variety Wy, is the strict transform of PL under the map X,, — P"~!. lLe., it is
the closure of PL N G?,/G,, in X,, where G" /G,, is the torus embedded in P"~!. In particular, the
permutohedral toric variety is the wonderful variety of the Boolean arrangement k™ C k™.

The wonderful variety is a smooth and projective variety of dimension dim L — 1; it can be described as
an iterated blow-up of PL along strict transforms of intersections of PL with coordinate subspaces. It is a
simple normal crossings compactification of PL NG, /Gy,.
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In [BEST23|, Berget, Eur, Spink, and Tseng constructed some important vector bundles Sy, 9y, on the
permutohedral variety X,, using a linear subspace L of k™. These bundles form a short exact sequence

(10) 0—8, = 0" — QL —0.

Over a point t € G?,/G,,, the torus embedded in X,,, the fiber of Sz in k™ is 1 L. This uniquely determines
Sr: the total space of Sy, is the closure in X,, X k™ of the total space of the restriction of Sz to G, /G,,.
It is a theorem that this is a subbundle: it is the pullback of a certain vector bundle from the torus-orbit
closure of [L*] in Gr(n — r,n); as discussed in Section there is a map from X,, to the toric variety of
any matroid polytope. The bundle Qy is defined as the quotient Og’é: /SrL.

The image of the section (1,...,1) € HY(X,,0F") in Qy, transversely cuts out Wy, [BEST23, Theorem
7.10]. This is easy to see on the torus in X,: the section (1,...,1) € H°(X,, Q) vanishes at a point
t € G /G,, if and only if (1,...,1) € t~1L, which happens if and only if t € L. This identifies the restriction
of Qy, to W, with the normal bundle of W, in X,,. The restriction of Sy, to W7, is closely related to the log
tangent bundle of Wy, viewed as a compactification of PL N G}, /G,,, [BEST23| Theorem 8.8].

The geometry of Speyer’s g-polynomial is closely related to the restriction of @y to Wp. The sequence
dualizes to give an injection Qf — (’)E’?Z. Restricting to Wy, and projectivizing, we obtain a subvariety
]P)WL(QX) of W, x pr—1,

Identifying k" /L with L+, the intersection of Py, (QY) with G2, /G,, x G, /G, is the locus

{(v,tv) : v € PLNG",/Gyn, t € PLT NGT, /G, }.

If the matroid M corresponding to L is loopless and coloopless, then this variety is isomorphic to (PL N
G",/G,,) x (PL+ NGY, /G,y,), via the map which sends (v,w) to (v,vw). In particular, if p is the projection
of Py, (QY) € W, x P"~1 onto P"~1, then p is a birational model for the map m considered in the definition
of the g-polynomial. Let O(1) denote the relative hyperplane class on Py, (QY), which is the restriction
of the hyperplane class on P"~!. As a consequence, we can compute the g-polynomial in terms of the
polynomial a — x(Pw, (Q}),O(a)): if we write

(P, (20).0@) = S a, ( ’ ‘-’),

q=0 q

then for each i > 0, the coefficient of ¢ in gy (t) is (—1)"7*™a,,_; ;. This will enable us to reduce problems
involving the g-polynomial to computations on X,,, where there are more tools because it is a toric variety.

Let 7: Py, (QY) — Wy be the projection. We can compute the Euler characteristic on Py, (QY) by
pushing forward along 7. It follows from the fact that Py, (QY) = Projw, Sym Qp, that, for a > 0, we
have m,0(a) = Sym® Q. Furthermore, we have Rm,O(a) = 0 for i > 0, a > 0, for example by the
theorem on cohomology and base change [Vak25, Theorem 25.1.6]. We deduce the following formula for the
g-polynomial. The function a — x(Wp,Sym® Qy) is a polynomial for a > 0.

Proposition 5.9. Let L be a realization of a loopless and coloopless matroid M. If we write

n—2
a a+
xX(Wr,Sym* Q) = Z%( q>,
q=0 4
then for each i > 0, the coefficient of t* in gm(t) is (—1)"+Ma, 4 ;.

In other words, if we write gn(t) = g1t + -+ + gn_1t" "1, then

n—2 .
(11) AW, Syme Qp) = 3 (~1yn-t-itetg, (“ * Z)

2
=0
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Using this description of the g-polynomial, we can analyze how it behaves under direct sums, which will
allow us to reduce computations to the case of connected matroids. It also explains the choice of indexing
in the definition of the g-polynomial.

Proposition 5.10. [Spe09, Proposition 3.2] Suppose that M is a realizable matroid with M = M; ®---®M,.
Then
gm(t) = gm, (t) - - gu, (D).

To prove this, we will make use of some maps between wonderful varieties. For a proper subset S of
[n], let L¥ denote the image of L under the coordinate projection k™ — k“. This induces a rational map
PL --» PL®, which we claim extends to a morphism mg: Wy — Wys. Indeed, using the inclusion of Wy,
into X, it suffices to check that there is a morphism X,, — X\g| induced by the coordinate projection onto
S. This is a toric computation, which is carried out, for example, in [BHM ™22, Proposition 3.1].

Lemma 5.11. Let L C k™ be a realization of a loopless matroid M, and let [n] = Sy U---US. be a partition
of [n] such that each S; is a union of components of M. Let m: Wi, — Wps, X -+ X Wys. be the map induced
by Ts,, TSy, ---,Ts,. Then Rim.Ow, =0 fori > 0, and the natural map OWle XooxW, s, m.Ow, 15 an
isomorphism.

It is possible to give a direct proof of Lemma but it will be easiest to prove it in Section [§| using the
tools developed there.

Proof of Proposition[5.10. It suffices to do the case ¢ = 2. Let w: Wi, — Wps, x Wps, be the map described
in Lemma We claim that the restriction of Qy, to Wy, is isomorphic to 7*(Qs, B Qps,). Indeed, both
of these vector bundles are quotients of O%" and they are identical over PL N G?, /G,,, which is dense in
W, In particular, for any a > 0, we have

Sym® Qr = Sym® n*(Qys, H Qps,) = 7* @ Sym’ Q;s, X Sym? Q; s,
i+j=a
By Lemma and the projection formula (3)), we have
(Wi, Sym® Qp) = x(Wys, xWysy, Sym*(Qpe, 8Qp6,)) = S x(We,, Sym’ Qpe, )x(Wyss, Sym? Qps,).
i+j=a
Set ny = |S1| and ny = |Sa|. Let gap, (£) = bit + -+ + by, —1t™ 1 and let gu, (t) = cit + - + cpp—1t™ 7L

Then we have

Z X(Wps,Sym’ Qps,) - x(Wisy, Sym? Qps, )

i+j=a
n1—2 @—i—[ n2—2 ]+S
_ Z (Z(_1)7L1+C(M1)+€—1bn1Zl( , )) (Z(_l)n2+C(M2)+s—lcn281< . ))
itj=a \ £=0 s=0
el i+ 0\ [(j+s
— (—l)nJrC(M) Z Z(—1)€+Sb7ll_g_16n2_s_1 Z ( )} )( s )
{=0 s=0 i+j=a

ny—2ng—2
+l+s+1
— (-1 n+c(M) -1 @Jrsbn 0 1Cny s a
( ) €:O§< ) 1—4—1Cny 1 (+s+1
3

3
n—+c u— a—l—u
= (="t (M);(_U 1 Z bm_g_lcnz_s_l( " )

s+l+1=u
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Comparing with implies the result. O

As mentioned previously, Proposition implies that if M is connected, then the coefficient of ¢ in g (t)
is positive. Proposition [5.10] then gives the following result.

Corollary 5.12. If M is a realizable loopless and colooples_s matroid with ¢ connected components, then the
coefficient of t¢ in gm(t) is positive, and the coefficient of t* in gy (t) is 0 for i < c.

The realizability assumption in Corollary is not necessary. In Corollary we explicitly compute
the coefficient of ¢¢ in terms of a well-known combinatorial invariant of matroids, and see that it is positive
for any loopless matroid.

5.4. Defining the g-polynomial for non-realizable matroids. We can use the formula in Proposition
to see that the g-polynomial does not depend on the choice of realization, and to define the g-polynomial for
non-realizable matroids. This was first done in a different way in [FS12]. We will first need to discuss a few
constructions related to matroids.

For a matroid M on [n], the authors of [BEST23| constructed classes [Sy| and [Qu] in K7(X,,). These
are defined in terms of the description of K7 (X,,) using Theorem which describes K (X,,) as a subring
of [Tpes, ZITEY, ..., TF. For a permutation w € S, let B,, denote the w-minimal basis of M, i.e., the
basis B which minimizes (ep, V1€ (1) + - + Un€uy(n)) for any decreasing sequence vy > --- > v,. We have

[M(Z T) and [Qu] = [ > T ,
weS,

1€ By 1€[n]\ By weS,,

n

When M is realized by L, then [Syv] = [Sr] and [Qm] = [QL] in K7 (X,); see [BEST23|, Proposition 3.7]. In
particular, the class [Qr] does not depend on the choice of realization. We will usually consider [Sy] and
[Qwm] in K(X,); there we have [Sy] 4 [Qu] = [0X"], mirroring (10). We have the following key property,
whose formulation makes use of the A-ring structure on K(X,,).

Proposition 5.13. [BEST23| Proposition 5.6] The function which assigns a matroid to any fized polynomial
function in the symmetric or exterior powers of [Sm|, [Qm], and their duals is valuative.

In [LLPP24], the authors defined a ring K (M) for every loopless matroid M; see |[Lar24] for a simplified
exposition. There is a surjective map from K (X,) to K(M). If M is realized by L, then there is an
identification of K (W) with K(M). For instance, the inclusion of Wi, into X,, induces a restriction map
K(X,) — K(Wp), which is surjective. The kernel of the map from K (X,,) to K(M) is the same as the kernel
of the map from K(X,) to K(Wy). The ring K (M) is the K-ring of a certain (non-proper) toric variety,
and, as such, it has all of the properties of the K-ring of a smooth variety. In particular, it is a A-ring.

The authors of [LLPP24| constructed an “Euler characteristic” map x: K (M) — Z which satisfies an
analogue of the projection formula. When M is realized by L, this Euler characteristic map coincides with
the usual one. Suppose that L is a realization of M. Recall that there is a section of Q; which transversely
cuts out Wy, inside of X,,. This induces a Koszul resolution of Oy, : there is an exact sequence

0—=A""QY 5> A" — ... = QY = Ox, — Ow, — 0.
This implies that [Ow, ] = >-,5,(—1)" A" [Q]] in K(X,). The projection formula (3) then shows that if M
is realized by L and a is a class in K(X,,), then

(12) X(Wr,a) = x(Xp,a- ) (=1)" A [Q]]).

i>0
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By |LLPP24} Proposition 5.6], for any class a € K(X,,) and any loopless matroid M, we have

(13) X(M, a) = x(Xn,a- Y (=1)" AT[QY))).

i>0

We will need another description of the Euler characteristic map on K(M). In [FYO04], Feichtner and
Yuzvinsky defined a ring A®(M) for each loopless matroid M. If M is realized by L, there is an identification
of the Chow ring of Wy, with A*(M); if k¥ = C, then the Chow ring of Wy, is isomorphic to its singular
cohomology ring. The ring A*(M) is graded: if M has rank r, then there is a decomposition A®*(M) =
AYM) @ -+ @ A""1(M). In |[AHK18, Definition 5.9], Adiprasito, Huh, and Katz show that A"~}(M) = Z,
and they construct a distinguished isomorphism degy;: A""1(M) — Z. We extend degy; to a map from all
of A*(M) to Z which is 0 on the other graded pieces. When M is realized by L, degy; coincides with the
degree map in the Chow ring of Wy,. See |Lar25| for a simple exposition of the basic algebraic properties of
A*(M).

The relationship between K (M) and A®(M) is the same as the relationship between the K-ring and Chow
ring of a smooth variety; see Section [3.2] For example, there is a Chern character ring homomorphism from
K(M) to A*(M)g which satisfies a Hirzebruch-Riemann-Roch type formula; see |[EL26, Proposition 4.11]
and [Che25| Section 3|. Importantly, any class a € K(M) has a total Chern class c(a) € A*(M)*

There is an important class a € A!'(M); see [AHK18| Definition 5.7]. When M is realized by L, « is
the pullback from PL to Wy, of the hyperplane class. The following result will be useful to compute Euler
characteristics in K (M).

Proposition 5.14. [LLPP24] Let M be a loopless matroid of rank r. There is a ring isomorphism ¢: K (M) —
A*(M) such that, for any a € K(M), we have

x(M, a) = degy(¢(a) - (1 +a+---+a"h).

In the case of the permutohedral toric variety, i.e., the wonderful variety of the Boolean matroid, Propo-
sition was proved in [BEST23, Theorem D]. Proposition resembles the Hirzebruch—Riemann—Roch
theorem, but it is more useful because the map ¢, which is described in [LLPP24, Section 5|, behaves nicely
with respect to natural classes in K (M). A computer program for calculating Euler characteristics in K-rings
of matroids can be found here.

We say that a class a in K(M) is the class of a line bundle if it is the image of the class of a line bundle
in K(X,,) under the map K(X,) — K(M); this implies that a is a unit in K(M). The class a is determined
by its first Chern class c;(a) € AY(M), and for every class y € A(M), there is a unique line bundle in K (M)
with total Chern class 1 4+ y. The isomorphism ¢ constructed in Proposition [5.14] satisfies

C(a) =14 a+ terms of degree at least 2

for any a which is the class of a line bundle |[LLPP24] Lemma 5.5]. The following technical result will be
useful.

Lemma 5.15. Let Lq,...,L,, be classes of line bundles in K(M). Then the function (a1,...,am) —
XM, L9t -+ L) 4s a polynomial in (a1,...am) of degree at most r — 1. For any non-negative integers
S1y-v-sSm With 1+ + Sy = r—1, the coefficient of aj* - --asm is degy(c1(L1)®* -+ c1(Lm)®™) /51! -+ - sl

Proof. Let 0; = 1— L;*. Note that ((0;) = ¢1(L;) + terms of degree at least 2, so ((o;)" = 0. This implies
that o] = 0 because ( is an isomorphism. Therefore, for any integer a;, we have

Lo _ rilaz a;+1)--(a;+d—1) i
i _(1_0 Z d! i

U

=0
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We see that

ar(ar+1)---(ar+di—1)  am(am+1)-(am+dmn—1)

X(M?Ltlll‘cf‘r;n) = Z X(M,O"lh "'O-;inm)

| |

dy o tdm=r—1 du’ A
which is clearly a polynomial. For any non-negative integers si,..., S, with s; +--- 4+ s, = r — 1, the
coeflicient of aj* ---asm is x(M, 07" ---o2m)/s1!- - 8!, Using Proposition we see that this is equal to
degM(cl(L'l)sl --~cl(£m)sm)/31!---sm!. O

The polynomial in Lemma [5.15] is called the Snapper polynomial of L, ..., L,,. Using these results, we
can show that the definition of the g-polynomial of a realizable matroid given previously indeed depends
only on the matroid, and not on the choice of realization.

Corollary 5.16. Let L be a realization of a loopless and coloopless matroid M. Then, for any a > 0,
X(Wr, Sym® Qr) = x(M, Sym*[Qui]).
In particular, the function a — x(M, Sym®[Qwm]) is a polynomial in a.
Note, however, that the cohomology of Qr on Wy, does depend on the realization; see Section
We will use the formula in Proposition to define the g-polynomial for possibly non-realizable matroids.

To do this, we will need some properties of the function a — x (M, Sym®[Qy]). These properties will follow
from the following combinatorial result. Let N = {0,1,2,...}.

Proposition 5.17. Let q(bi,...,be) = >2,_(,,
function

cre) cabyt - byt be a polynomial of degree s. Then the

at— Z Q(pla"'apf)

(p1,...,pe) EN
p1t-+pe=a

is a polynomial § of degree at most s + £ — 1. We have G(—a) = 0 for a € {1,...,0 — 1}, §(—¢) =
(-1)1q(-1,...,-1), and

l... |
j(a) = Z ca%cf”*1 + lower order terms.
a=(ay,...,ap)
a1+ Fap=s
Proof. It suffices to verify the properties when ¢(by,...,b¢) = by" - by is a monomial. Let S(n,j) denote

the Stirling number of the second kind, so we have

qbr, b)) = [ i S(O‘i’j")ji!(@

=1 \7;=0
Using the definition of ¢ and rearranging the summation, we have
Qay ay J4
~ N p1 De
=33 (MTsteane) 5 (7)(%)
(p1,-

J1=0  jo=0 \i=1 PN’ J1 Je
prttpe=a

_i...i ﬁS(a i)ji! ( a+l—1 )
_j1:0 je=0 \i=1 I g_l—’_Zf:l]z ’

Using this formula, all of the claims can be easily verified. O

)
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For a class a € K(M), we set s(a) to be its total Segre class, defined by the property that s(a) = c(a)~!.
We write s;(a) for the degree i part of s(a), so s(a) = so(a) + s1(a) + -+ -+ s,—1(a).

Lemma 5.18. The function a — x(M, Sym®[Qwm]) for a > 0 is a polynomial q(a) of degree at most n—2. We
have q(—=s) =0 for s € {1,...,n—r — 1}, and g(—n +r) = (=1)" """ Ix(M, (A" "[Qm]) ). The coefficient
of a2 in q is degy(s,—1(Qx1))/(n — 2)!.

Proof. Although it isn’t really necessary, we will make use of the following fact from [BEST23, Appendix

II1): there are classes of line bundles Ly,...,L,_, on X, such that [Qy] = [£1] + -+ + [Ln—r]. This will
make it easy to compute Sym®[Quy]: in either K (X,,) or K (M), we have

Sym*[Qum] = Z [L1]P - [Lp )P

(p1 v---vpnfr)ENnir
p1t+Pn—r=a

Let g be the Snapper polynomial of L1,...,L,_,. Then we have
X(M, Sym"[Qu]) = > XM, [L1]P - [Lney]Pnr)

(P1,-sPr—r)ENTTT
pite+pn-—r=a

= > q(p1,- - Pnr)-

(P1seesPr—r ) EN"TT
pP1t-+Pn_r=a

Because ¢ is a polynomial of degree at most r — 1, it follows from Proposition that this is a polynomial
of degree at most n — 2. The statements about the evaluations of this polynomial at the negative integers
follow from Proposition [5.17 the class (A"~ "[Qum]) ™" is equal to L7 L1,

The ith Segre class of [Qy;] is equal to the ith complete symmetric function evaluated at ¢1(L1), ..., c1(Ln—r).
In particular,

sr—1(Qy) = Z (L) - er (L) .
a=(aq,..., Qp—r)
ar1t-tap_r=r—1

The claim about the coefficient of ™2 follows from comparing Proposition with Lemma [5.15] O
Using Lemma [5.18] we can extend the definition of the g-polynomial to all matroids.

Definition 5.19. Let M be a matroid. If M has a loop or coloop, then define gy(t) to be 0. Otherwise,
define the g-polynomial as follows: if we write

) - e (79),

q=0

then for each i > 0, set the coefficient of t* in gy (t) to be (—1)7+¢Mq, ;. Set the other coefficients to be
0.

Proposition 5.20. The assignment M — (—1)*®g\(t) is a valuative invariant of matroids.

Proof. By Proposition we may restrict our attention to loopless and coloopless matroids. The polyno-
mial a — x(M, Sym®[Owm]) has degree at most n — 2, and so the coefficients which express it in the basis

(8), (‘”1'1), ey (a:ff) for the space of polynomials of degree at most n — 2 are certain fixed linear combi-

nations of x(M, Sym°[Qum]), ..., x(M, Sym™ ?[Qu]). It follows from Proposition and that, for any
a > 0, the function which assigns a loopless and coloopless matroid M to x (M, Sym®[Qy]) is valuative. The
result follows from Definition O
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This implies that the above definition of the g-polynomial agrees with other definitions of the g-polynomial
in the literature, because they agree for realizable matroids; see Corollary

Proposition 5.21. Let M be a matroid. Then gy(t) = gy (t).

Proof. If M has a loop or a coloop, then this is obvious. The case when M is realizable is Proposition |5.6
The map which sends a matroid to the class of its dual defines an isomorphism from Val,.,, to Val,_, ,, and
so the function which sends M to (—1)*™ gy 1 (¢) is valuative. As ¢(M) = ¢(M<1), the result follows from
Corollary [£.11] O

Corollary 5.22. Let M be a matroid of rank r on [n]. Then gn(t) has degree at most min{r,n —r}.

Proof. By Proposition [5.21} it suffices to show that the degree of gy(t) is at most r. Let p(a) be the
polynomial which agrees with a — x (M, Sym®[Q]) for @ > 0. By Lemma p(—=1)=---=p(—n+r) =0.

This implies that, if we write
n—2
a+q
s =S (" 17).

q
q=0
then aq = 0 for ¢ <n —r — 1, so this follows from Definition O

We define L1 to be the class in K (M) given by A" "[Qy]. This is the class of a line bundle: as we will
discuss in Section it is the restriction of the line bundle on X, corresponding to the matroid polytope
of M+.

Let M be a matroid of rank r. The coefficient of ¢” in gy (¢) has been closely studied in [FSS24), where it
is called the omega invariant w(M) of a matroid. Corollary implies that w(M) = 0 if r > n/2. We note
the following formula for w(M).

Proposition 5.23. Let M be a loopless and coloopless matroid of rankr. Then w(M) = (—1)"+¢M)y (M, E;Ai)
Proof. Let p(a) be the polynomial which agrees with a — x (M, Sym®[Qy]) for a > 0. By Corollary we

can write
n—2 a+ q
= X af"TY).
g=n—r—1 q
Evaluating this at a = —n+r and using Lemma we see that (—1)"" "1y (M, Cﬁli) =(-1)""tan_r_1,
so the t" coefficient of gy(t) is equal to (—1)" My (M, El\j[i) O

Finally, we mention a constraint on the coefficients of the g-polynomial.

Proposition 5.24. [Spe09, Proposition 6.4] Let M be a loopless and coloopless matroid. Then gy(—1) =
(1),

Proof. This follows from the fact that (M, Sym°[Qum]) = 1 and Definition O
Proposition 5.25. Suppose that M is a matroid with M =M; & --- B M.. Then

gum(t) = gu, (£) - - gna (2)-
Proof. Tt suffices to do the case ¢ = 2. Let n; be the size of the ground set of My, and let ny be the size
of the ground set of My. By Proposition there is a map Val,, ® Val,, — Z[t] given by (My, M) —
(—1)cMu)FeM2) gy (#) - gyp, (t). On the other hand, there is a map Val,, ® Val,, — Val,, ,,, given by
(M1, My) ~ M;@®M,. This gives a map Val,, ® Val,, — Z[t] given by (M, My) = (—1)cMi®M2) g v (1) =
(—1)eM)+eM2) gy onp, (). When My and My are realizable over the same field, the images of (My, M) un-
der these two maps agree by Proposition As Val,, ® Val,,, is generated by classes of pairs of matroids
which are realizable over any infinite field by Theorem [£.10] this implies the result. O
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5.5. The beta invariant of a matroid. Now that we have defined the g-polynomial for all matroids, we
will compute its linear term. This computation will show that the linear term of the g-polynomial is strictly
positive for connected matroids, which will be crucial for applications to Conjecture [2.11

The beta invariant B(M) is an important invariant of matroids. It can be defined using a deletion-
contraction recursion. We have B(Uy 1) = 0,8(U1,1) =1, and if ¢ € [n] is an element which is not a loop or
coloop, then S(M) = 8(M/i)+ B(M\ ). It can also be defined as the coefficient of z in the Tutte polynomial
of M.

Proposition 5.26. Let M be a loopless and coloopless matroid. The coefficient of t in gm(t) is B(M).

This can be proved in several ways. In [Spe09|, Speyer directly verified that the linear term of the g-
polynomial satisfied the recursion defining the beta invariant when the matroid is realizable. This then
extends to all matroids by Proposition [5.20| and Corollary as the 8 invariant is known to be valuative;
see |Spe08, Lemma 6.4].

Proof of Proposition[5.26 It follows from Lemma that the linear term of the g-polynomial is equal to
degy(sr—1(Qyy))- In the realizable case, this is because the coefficient of ¢ in gy (¢) is the top self-intersection
of O(1) on Py, (QY). Because [Sy] + [Qm] = [0F"], we have that [Sy] + [Qy;] = [O®"]. This implies that
c(8Y)e(QYy) = c(0%™) = 1, so the Segre classes of [Qy] are the Chern classes of [Syj]. The result then
follows from [BEST23, Theorem 6.2]. O

Remark 5.27. When M is realized by L, one can deduce that degy;(c,—1(Sy)) = B(M) by using the loga-
rithmic Poincaré-Hopf theorem, as follows. In [BEST23, Theorem 8.8], it is shown that Sy, is an extension of
the log tangent bundle of Wy, by a trivial bundle, so ¢,—1(Sy,) is the top Chern class of the log tangent bundle.
The logarithmic Poincaré-Hopf theorem states that the degree of the top Chern class of the log cotangent
bundle of a simple normal crossings compactification of a variety U is (—1)¥™Y times the topological Euler
characteristic of U; see [Sil96, Theorem 4.1]. It is known that the Euler characteristic of PL N G, /G,, is
(—=1)""13(M); see [OT92, Theorem 3.68, Theorem 5.90].

In the applications to Conjecture [2.11] we will use the following combinatorial property of the beta invari-
ant. The difficult part is a consequence of the deletion-contraction recursion for S(M) and Proposition

Proposition 5.28. |[Cra67] A matroid M on at least 2 elements is connected if and only if (M) is positive.
The next result follows from Proposition [5.26| and Proposition [5.25)

Corollary 5.29. If M is a loopless and coloopless matroid with connected components My, ..., M., then the
coefficient of t¢ in gu(t) is S(My) -+ B(M,.). In particular, the coefficient of t¢ is strictly positive.

Proposition implies that the coefficient of t* in gy(t) vanishes for i < ¢(M). We see that the
polynomial a — x(M, Sym?[Q]) has degree n — ¢(M) — 1.
Finally, we note the following interpretation of the beta invariant.

Proposition 5.30. [Spe09, Theorem 5.1] Let A = (n —r,1"~1) be the hook shape. Then B(M) = ay(M).

Proof. Using Corollary[£.11] that the 3 invariant is valuative [Spe08|, Lemma 6.4], and that a (M) is valuative,
it suffices to prove this when M is realized by a linear subspace L C k™. If M is disconnected, then
dimT - [L] < n—1, s0 ax(M) = 0. It therefore suffices to consider the case when M is connected.

Let Gre = {[L] € Gr(r,n) : (1,...,1) € L}. This subvariety is isomorphic to Gr(r — 1,n — 1), and its
class in A®(Gr(r,n)) is the class of the Schubert variety €2, where u = ((n —r)"~'). Indeed, Q, = {[L] €
Gr(r,n) : (1,0,...,0) € L}, which is a degeneration of Gr,.

The variety Vi, .= T - [L]NGr, is called the wisible contours compactification of the hyperplane arrangement
complement PL N G, /G,,,. This variety was introduced by Kapranov |[Kap93|, and it is generally singular.
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The intersection of Vy, with the embedded torus G}, /Gy, in T - [L] is isomorphic to PL NG}, /G,,: we have
t-[L] € Gr. if and only if t=! € L, so applying the inversion map on the torus identifies it with PLNG?, /G,y,.
In fact, the intersection of T - [L] with Gr, is transverse in an appropriate sense; see [Tev07, Theorem 1.7]. In
particular, this implies that T-[L]NGr, is dense in Vr,, and that, in A*(Gr(r,n)), we have [Vi] = [T - [L]]-[Gre].

Let S denote the rank r tautological subbundle on Gr(r,n). It follows from Pieri’s rule that [Gr,]-c,.—1(SV)
is the Poincaré dual class to [Q,], so ax(M) is the intersection number [}, ¢,—1(S"). There is a birational
map 7: W — Vi, and 7*SY = §). The result follows, because degy;(c,—1(Sy)) = B(M), as discussed
above. d

Remark 5.31. The map Wy — Vp in the proof of the previous result is induced by the complete linear
series of the line bundle Ly;r. It follows from Theorem that Vr = Proj EBGZOHO (WL,Efa’j). The line
bundle £y is the log-canonical bundle of W7, : it is the line bundle corresponding to the sum of the canonical
divisor with the divisor Wi\ (PLNG},/G,,). At least if k has characteristic 0, then this implies that Vy, is the
log-canonical model of PLNGL,/G,,: if X is any simple normal crossings compactification of PL NG}, /G,

with log-canonical bundle £, then V;, 2 Proj @,>0H%(X, L&%).

5.6. Bounding the complexity of a matroid polytope subdivision. We now explain how the g-
polynomial can be applied to Conjecture This rests upon the following conjecture.

Conjecture 5.32. Let M be a matroid. Then the coefficients of gm(t) are non-negative.

We will discuss the known cases of Conjecture [5.32] in Section [5.7] The most important evidence for
Conjecture [5.32] is the following result.

Theorem 5.33. [Spe09, Proposition 3.3] Let M be a matroid which is realizable over a field of characteristic
0. Then the coefficients of gm(t) are non-negative.

Proof of Theorem[5.33 We use the notation in Definition By Proposition [5.25] we may assume that M
is connected, i.e., ¢(M) = 1. Let Z; be the inverse image under m of the result of slicing H by n —i — 1
generic hyperplanes. By Proposition m*[Op|"~""1 = [Og,]. By Bertini’s theorem, as in the proof of
Theorem Z; is a smooth variety of dimension 7 — 1. By Proposition because M is connected, m is
dominant, and so the restriction of m*O(1) to Z; is a nef and big line bundle. Corollary then implies
that (—1)""1x(Z;,m*O(-1)) > 0, implying the result. O

Proposition 5.34. [Spe09, Proposition 3.1] For each 0 < r < n, we have

min{r,n—r}

(n—1i—1)! i
907 (t) = =)l —r ==

i=1

Proof. The statement is clearly true for r = 0 or r = n, so we may assume that 0 < r <n. Let L C k™ be a
linear subspace realizing U,.,,. We claim that the rational map m: PL x PLL --» H is a morphism, i.e., is
defined everywhere. To check this, suppose that (z1,...,2,) and (y1,...,¥ys) are non-zero vectors in L and
L+, respectively, such that z;y; = 0 for all i. Let F = {i € [n] : 2; = 0}, and let G = {j € [n] : y; = 0}.
Because L and L™ realize the uniform matroid, we have that |[F| < r — 1 and |G| < n —7r —1. So
|F| + |G| < n—2, a contradiction.
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We can therefore take Z = PL x PL*. Note that m*O(1) is the line bundle O(1,1) on PL x PL+. The
Hilbert polynomial of O(1,1) is a = (“F"7") - (“F"~"7"). The claim then follows from the computation that

r—1 n—r—1
|G Rty [
R S I [ o[

g=max{r,n—r}—1

n—2
_ (=1)"4q! a+q
N Z (q+rn+1)!(qr+1)!(n2q)!< q > H

g=max{r,n—r}—1

Theorem 5.35. A matroid polytope subdivision of P(U, ) where all matroids M appearing have all co-

efficients of gum(t) non-negative has at most (T_c)!gz:i:g:(c_l)! interior faces of dimension n — ¢ for ¢ <

min{r,n —r}, and it has no interior faces of dimension less than max{r,n —r}.
In particular, Conjecture [5.32] implies Conjecture [2.11

Proof of Theorem [5.35 The matroid polytope of a matroid with a loop or coloop is contained in the bound-
ary of P(U,,), so all interior faces of a matroid polytope subdivision of P(U,,,) correspond to loopless and
coloopless matroids. Using and Proposition [5.20] we deduce that

—9u,..(t) = > (=1 ODF (1) Mgy (8).
M, P(M) interior face

Looking at the coefficient of ¢¢ for ¢ < min{r,n—r}, we see that (PC)!EZ:i:ig:(hl)l is a sum of the coefficients

of ¢ in gy (t) over all matroids M where P(M) is an interior face. By Corollary (or Corollary for
realizable matroids), each interior face of dimension n — ¢ contributes at least 1 to this sum, and each other

face contributes non-negatively, and so there are at most (rfc)!EZ:iigi(cq

¢ > min{r,n — r}, the coefficient of t¢ on the left-hand side is 0, so there can be no faces of dimension
n—c. O

3 faces of dimension n —c¢. If

Remark 5.36. In [Spe09], Speyer shows that if M is a series-parallel matroid, then gy (t) = ¢. It is known
that if M is a matroid on at least 2 elements, then S(M) = 1 if and only if M is a series-parallel matroid
[Bry71, Theorem 7.6]. This implies that a loopless and coloopless matroid M has gy (t) = t*™ if and only
if it is a direct sum of series-parallel matroids, i.e., if and only if it is quasi series-parallel. A face of the
matroid polytope of a quasi series-parallel matroid is a quasi series-parallel matroid, and so if all (n — 1)-
dimensional faces in a matroid polytope subdivision of P(U,,) are series-parallel, then all interior faces are
quasi series-parallel, and the bounds in Conjecture are sharp. Furthermore, if any (n — 1)-dimensional

face is not a series-parallel matroid, then there are fewer than (2_2) (n — 1)-dimensional faces.

-1

Remark 5.37. Assume that Conjecture[5.32]holds. The proof of Theorem [5.35shows that if M is connected,
then the number of interior faces of dimension n — ¢ in a matroid polytope subdivision of P(M) is at
most the coefficient of t¢ in gy (t). It follows from Example that gni(t) < gu,., (t) coefficient-wise and
that (M) < B(U,n) if M is not uniform, so this is a strictly stronger bound if M is not uniform. This
bound on the number of interior faces of dimension n — ¢ is sharp for every c if and only if P(M) admits
a matroid polytope subdivision into matroid polytopes of quasi series-parallel matroids. This holds for
Schubert matroids [CRA11], but no such subdivision exists for many families of matroids. For example, if
M is a connected matroid which is realizable over Fs, then P(M) is the only (n — 1)-dimensional matroid



ON SOME ASPECTS OF K-THEORETIC POSITIVITY 39

polytope which is contained in P(M) [Luc75, Theorem 6.18]. In particular, if M is not series-parallel, then
there is no matroid polytope subdivision into matroid polytopes of quasi series-parallel matroids.

5.7. Known cases of Conjecture Besides Theorem and Corollary [5.29] the most important
piece of evidence for Conjecture [5.32 is the following result. Recall that if M is a matroid, the coefficient of
t" in gy (t) is denoted w(M).

Theorem 5.38. [BF24]| Let M be a matroid. Then w(M) > 0.

A different proof of this result was given in [EFL25]. We will discuss the proofs of Theorem in
Section [9] The known results imply that Conjecture [5.32] holds for matroids of rank at most 3.

Corollary 5.39. Let M be a matroid of rank at most 3. Then the coefficients of gm(t) are non-negative.

Proof. If M has rank at most 2, then M is realizable over every field, and so Theorem [5.33| applies; these
cases can also be checked directly. If M is disconnected, then it is a direct sum of matroids of rank at most
2, and so the result follows from Proposition [5.25]

The remaining case is when M is connected of rank 3. Write gum(t) = B(M)t + got? + w(M)t3. By
Proposition we have go = w(M) + 8(M) — 1. As M is connected, 5(M) > 1 by Proposition SO
g2 > 0. 0

See [FSS24, Corollary 11.2] for a direct combinatorial proof that the omega invariant of a rank 3 matroid
is non-negative using Example Conjecture [5.32] is open for matroids of rank at least 4. There are
some families of matroids where Conjecture [5.32] can be checked, such as for “sparse paving matroids”
|[FS24, Theorem 9.21].

6. PosITIVITY VIA COHEN—MACAULAYNESS

The driving force behind all of the K-theoretic positivity phenomena that we have seen has been Corol-
lary [£7] In situations where the hypotheses of Corollary [.7] are not satisfied, it has been difficult to prove
directly that the conclusion holds. Speyer’s proof of Theorem involves applying Corollary [£.7] to gen-
eral slices of a variety, and these seem even harder to control. One could try to prove Conjecture [5.32] by
finding a combinatorial interpretation of the coefficients of the g-polynomial, or by finding a non-negative
recursive formula. It is possible to prove that the § invariant of a matroid, i.e., the linear coefficient of the
g-polynomial, is non-negative in either of these ways. But no one has been able to do this for the other
coeflicients.

Corollary [£.7] concerns the value of the Hilbert polynomial of £ at —1. This is difficult to get at directly
because it involves understanding the higher cohomology of £~!. It is usually much easier to analyze
the sections and cohomology of positive twists of £. It is sometimes possible to prove the conclusion of
Corollary [£.7 by proving a stronger result about the sections of positive twists, known as arithmetic Cohen—
Macaulayness. The significance of Cohen—Macaulayness in combinatorial problems was first realized by
Stanley [Sta75}Sta80].

Let A* = AY® A' @ --- be a finitely generated graded algebra of Krull dimension d, with A° a finite
dimensional vector space over k. Then A® is Cohen—Macaulay if there are homogeneous elements 61, ..., 0,
such that, for i =1,...,d,

0; is not a zero-divisor in A®/(01,...,0,_1).
The elements 01, . .., 0, are called a homogeneous system of parameters. Any homogeneous elements 61, ..., 60,
such that A®/(6y,...,04) has Krull dimension 0 are a homogeneous system of parameters [BH93, Theorem

2.1.2]. In most cases that are relevant to combinatorics, the ideal generated by A' is primary to the
homogeneous maximal ideal. For example, this is true if A® is a finitely generated module over the subalgebra
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generated by A'. As k is infinite, the ideal generated by A' being primary to the homogeneous maximal
ideal is equivalent to the existence of a homogeneous system of parameters consisting of elements of A'
[BH93| Proposition 1.5.12], which we call a linear system of parameters (1.s.0.p.). Any d general elements of
Al will do.

For example, A® is automatically Cohen—Macaulay if d = 0. If d = 1, then A® is Cohen—Macaulay if
and only if there is a homogeneous element which is not a zero-divisor. This holds if and only if Spec A® is
generically reduced.

More generally, let M be a graded module over a finitely generated graded ring A® where A° is a finitely
generated vector space over k. Let d be the dimension of the support of M. Then M is said to be Cohen—
Macaulay if there are homogeneous elements 64,...,60 such that, for each ¢, 8; is not a zero-divisor on
M/(61,...,0;—1)M. The ring A® is Cohen—Macaulay as an A®*-module if and only if it is a Cohen—-Macaulay
ring.

A graded ring being Cohen—Macaulay gives very strong restrictions on the Hilbert function of A®. For a
Z-graded module M*®, let Hilby(z) = Y ;o dim M* - 2* denote the Hilbert series of M*. Here M* is the
ith graded piece of M*.

Proposition 6.1. Assume that A® admits an l.s.o.p. If A® is Cohen—Macaulay of Krull dimension d, then

we can write [ S s
Hilb _ "o 12T e?
iba(z) (1 2)d ’
where h; > 0 for each i. If A® is generated in degree 1, then (ho, ..., he) is the Hilbert function of an algebra
which is generated in degree 1.

Proof. Choose an l.s.0.p. 01,...,04. There is an exact sequence
0— (61) > A®* — A*/(6,) — 0.

Because 6, is not a zero-divisor, we see that the Hilbert series of (61) is zHilb4(z). Using the additivity of
Hilbert series in short exact sequences, we see that

(1 —2)Hilba(z) = Hilb4,(g,)(2).
Repeating this argument, and using that ; is not a zero-divisor on A®/(61,...,0;_1), we see that
(1—2z)?Hilba(z) = Hilba (g, .0, (2)-

Note that A®/(61,...,04) is a graded algebra of Krull dimension 0, and so its Hilbert series is a polynomial
with non-negative coefficients, proving the claim about the form on the Hilbert series and the non-negativity
of the h;. If A® is generated in degree 1, then so is A*/(61,...,04), proving the second part. O

Let A® be a graded ring which is finitely generated over A°, where A° is a finite dimensional vector space
over k. If A® is finitely generated over the subring generated by A° and A!, then for a sufficiently large,
the Hilbert function of A® agrees with a polynomial, called the Hilbert polynomial |BH93, Theorem 4.1.3)].
Often, the Hilbert function will be a polynomial for all a > 0. This holds in many cases which are relevant
to combinatorics. If p is a polynomial of degree d, then we can write

hE 4+ hit+ -+ hitd
14 1o — 0 1 d
(14) a§>ojp<a> el

where the coefficients (h{, ..., h}) are related to p by the equation

(15) p(a)zéhS(a—i_Z_q).
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See [Stal2, Section 4.3]. Note that implies that (—1)%p(—1) = h}, and that the leading coefficient of p
is (hg + -+ h})/d.

Note that the polynomial a — (“*979) is the Hilbert polynomial of O(—¢) on P%. The polynomials
{(‘”37‘1) }g=0,....a form a basis for the space of numerical polynomials of degree at most d, and computing
the numerator of the series for a polynomial of degree d is the same thing as expanding it in this basis.

If X is a d-dimensional subscheme of PV, then [Ox] lies in the piece Fy_q of the coniveau filtration on
K(PYN). The classes {{Og]V~¢[O(—=q)]}4=o0,....a form a basis for Fy_4, and computing the numerator of the
series > <o x(X,0O(a))t* is the same as computing the expansion of [Ox] in this basis.

Remark 6.2. The K-polynomial of a subscheme X of PV is (1 — ¢)N¥*! times the Hilbert series of the
homogeneous coordinate ring of X [MS05, Definition 1.12]. This polynomial is not determined by the class
[Ox] in K(PY). Rather, it encodes the class of the affine cone over X in Kgnn (ANFL),

Using that [O(—1)] = [O] — [Og], we see that [O(—q)] = (|O] — [Ox])?. Equating the Hilbert polynomials
of these classes, we see that

o () ()

The sign-definiteness of this transformation implies that if the numerator in is non-negative, then the
coefficients in the expansion of p into the polynomials {(azq)} have alternating signs. For example, we have
the following corollary.

Corollary 6.3. Let X be a subscheme of PV of dimension d such that the ring @,~,H°(X,O(a)) is a
Cohen—Macaulay ring. Then in the expansion [Ox] =Y a;[Og)N =4+, we have (—1)%a; > 0.

Proof. To simplify the proof, we assume that y(X,O(a)) = dim H°(X,0(a)) for a > 0; for the general

case, see [BH93, Corollary 4.1.10]. Because the restriction of O(1) to X is globally generated, the ring
B.>0 H(X,0(a)) is finitely generated as a module over the subalgebra which is generated in degree 1; see

|Laz04, Example 2.1.30]. This implies that €, H°(X,0(a)) admits an l.s.0.p., and so Proposition [6.1|and
the assumption that x(X,0(a)) = dim H(X,O(a)) for a > 0 implies that, if we write

o hy+Rit4 -+ Rt
ZX(X7O(Q))t - (1 _ t)d+1 )

a>0
then A} > 0 for all i. From (6], we deduce that

a; = (—1)izd: <§)h;. O

q=1

Note that Corollary [6.3] does not require the characteristic to be 0 or for X to have rational singularities
(or even be integral). This opens the door to verifying the hypotheses of Corollary by degenerating
X to a reducible scheme. Additionally, while it is difficult to define varieties whose geometry is related
to the combinatorics of a non-realizable matroid, it is not hard to construct reducible schemes related to
non-realizable matroids. One can hope to prove that these schemes satisfy the hypothesis of Corollary
We will later discuss cohomological criteria for the section ring of a line bundle to be Cohen—Macaulay.

Example 6.4. Let A® = k[z,y, 2, w]/(2* — 2%, y* — w?), with 2 and y in degree 1 and z and w in degree 2.
Then A® is Cohen—Macaulay, with
1+2t2  —1+4t

Hilba() = 755 = 7 =g + 2
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ILe., the numerator of the Hilbert series has non-negative coefficients, but this is no longer true if we replace the
Hilbert series by the Hilbert polynomial. Note that the Hilbert polynomial is equal to 3a—1 = 3(11'“) — 4(8),
so the inequalities in Theorem hold (viewing Proj A® as a subscheme of P?3).

Example 6.5. Let A be a simplicial complex of dimension d — 1 on [n], and let k[A] be the Stanley—Reisner
ring of A, i.e., the quotient of k[z1,...,x,] by the ideal generated by monomials corresponding to non-faces
of A. For each i, let f; denote the number of faces of A of dimension i, and set f_; = 1. The non-zero
monomials in k[A] are in bijection with faces F' of A together with positive integers for each vertex. Grouping
monomials by the vertices which have non-zero coefficients, we see that

d i _4\d _ 4\d—1 . d
(17) Hilbya) () = Zfi—l(l t_t)i _ A=t +t(1(1t_)t)df0 ot e
=0

The expression in the numerator of is called the h-polynomial of A, and its coefficients are called the
h-vector of A. The Hilbert polynomial and Hilbert function of k[A] need not agree, so the h-polynomial
contains slightly more information than the Hilbert polynomial of k[A]. Proposition shows that if k[A]
is Cohen—Macaulay, then the h-polynomial of A has non-negative coefficients. If A is the simplicial complex
in Figure [3] then

k[mla X2,T3,T4, .’E5]

k[A] = .
[] ($1$47$1$5,$29€4,$23§5)

The h-polynomial of this complex is 1+ 2t —t2. The Hilbert polynomial of k[A] is 1+3a+a? = 2(“;‘2) — ()
so the inequalities in Theorem are not satisfied. See [Sta96] for an extensive discussion of algebraic
properties of Stanley—Reisner rings.

1 4

FI1GURE 3. A non-Cohen—Macaulay simplicial complex

Even though the inequalities given by the Cohen—Macaulayness of the section ring of a variety are much
stronger than those given by Theorem [£.5] they can be easier to prove. Unfortunately, these inequalities are
so strong that they fail in the case of O(1) on Py, (Q}), the case most relevant for Theorem Recall
that the polynomial a — x(M, Sym® Qy;) has degree n — ¢(M) — 1. If we write

R+ hit+ -+ h gt
Z X(M7 Syma[QM])ta = (1 _ t)n—c((l\lil/[)) - ’
a>0
then it follows from Definition and that
(18) gm(D)/1° = hi + hi(t+1) + -+ bl (E+ 1) OO

In particular, by Corollary we have h} = 0 for i > r —c. So if M is a realizable loopless and coloopless
matroid where the section ring of O(1) on Py, (QY) is Cohen-Macaulay and has a Hilbert function which
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is a polynomial, then the evaluation of the polynomial gn(t)/t¢ at ¢ — 1 has non-negative coefficients.
Unfortunately, this can fail.

Example 6.6. Let M be the Fano matroid F7. Then Example implies that gy(t) = 3t + 5t + 3t2, so

X(Pw, (QY),0(a)) = 3<a ; 5) ~ 5<a14> . 3<a ; 3>

7(15 a4+13a3+4a2+29a+1
40 6 24 3 15

_(a+5 _(a+ 4 43 a+3
U5 5 5 )
i.e., the numerator of the series is 3+5(t—1)+3(t—1)2 =1 —t+ 3t2. There are also counterexamples

to the inequalities in Proposition [6.1] which are realizable over a field of characteristic 0; see Example [7.15
and [Fer23, Table 1].

In the case when A® is generated in degree 1, one obtains bounds on how fast the numerator of the Hilbert
series can grow. These bounds are given explicitly by the following result.

Definition 6.7. A sequence (ho,h1,...,hq) of integers is a Macaulay vector if (ho, h1,...,hq,0,0,...) is
the Hilbert function of a graded artinian k-algebra A® which is generated in degree 1 and has A° = k.

Macaulay vectors are also called M-vectors and O-sequences. Macaulay gave an explicit description of
these vectors, as follows [BH93, Theorem 4.2.10]. Given positive integers n and d, there is a unique expression

k kq— k
(5 () () roter

Set n{d) = (kd‘fll) + e+ (%‘5:11), and define 0% = 0 for all . Then (1,a1,...,aq) is a Macaulay vector if

and only if 0 < ap4q1 < a§t> for all t > 1.
If A® is a graded Cohen—Macaulay algebra which is generated in degree 1 and has A® = k, it follows from
Proposition that the coefficients of the numerator of the series form a Macaulay vector.

Example 6.8. Let M be the non-Fano matroid F;". Then Example implies that gy (t) = 4t + 6% + 3t3,
so the numerator of the series is 1+ 3t2. Note that (1,0, 3) is not a Macaulay vector, so the function
a — x(M, Sym®[Qn]) is not the Hilbert function of a graded Cohen-Macaulay algebra A® which is generated
in degree 1 and has A° = k.

For example, let P be a lattice polytope in R"”, i.e., the convex hull of a finite number of points in Z".
For a natural number a, let ehrp(a) be the number of lattice points in the ath dilate of P. It is known that
ehrp is a polynomial in a, called the Ehrhart polynomial. Let Rp denote the semigroup algebra of P; see
Definition [I.17} The following result is due to Hochster.

Proposition 6.9. [BH93, Theorem 6.3.5] Let P be a lattice polytope. Then the semigroup algebra Rp is
Cohen—Macaulay.

Furthermore, Rp is a finitely generated module over the subalgebra of Rp which is generated in degree
1. This implies the existence of an l.s.o.p. for Rp. Note that the Krull dimension of Rp is dim P + 1.

Corollary 6.10. Let P be a lattice polytope of dimension d with Ehrhart polynomial ehrp(a). Then we can
write

o hE+hit+ -+ h5td
Zehrp(a)t = (1—¢)d+! ’

a>0
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with b} > 0 for each i. If, for each a, every lattice point in aP is a sum of a lattice points in P, then
(hg, .., hy) is a Macaulay vector.

Proof. The Hilbert function of Rp is given by the Ehrhart polynomial, so the result follows from Proposi-
tion and Proposition O

Remark 6.11. For a lattice polytope P of dimension d, k) is the number of interior lattice points in P,
which gives a combinatorial proof that h} > 0. There are a number of combinatorial proofs of the non-
negativity of the h*-vector (h§,...,hY); see, e.g., [BSO7], but in general there is no simple combinatorial
interpretation of the entries of the h*-vector.

Suppose that P is a lattice polytope in R™ with a regular unimodular triangulation, given by a height
function h. Let A be the simplicial complex corresponding to this triangulation. Then Rp is generated in
degree 1, with variables z1, ..., z,, corresponding to the vertices of the triangulation. There is a degeneration
of Rp to the Stanley-Reisner ring k[A]. This can be thought of as a Grébner degeneration (see [Stu91]), or
viewed geometrically, as follows.

Because Rp is generated in degree 1, the toric variety Xp can be viewed as the closure of the projectiviza-
tion of the image of the map from G}, = G} given by the monomials corresponding to the lattice points in
P. This realizes Xp as a closed subvariety of P™~!. By perturbing and scaling h, we can assume that it is
integer valued. Then h induces an action of G,, on P™~1 where an element ¢ scales the ith coordinate of
P~! by the height of the ith lattice point. Then, as described in Section [2 the theory of projective toric
varieties over a discrete valuation ring shows that the flat limit lim; . t- Xp is a reduced union of coordinate
subspaces, glued according to the triangulation. The homogeneous coordinate ring of this scheme is k[A],
and this projective flat degeneration induces a flat degeneration of the homogeneous coordinate rings.

The topological space of the triangulation of P is a ball. It is known that the Stanley—Reisner ring of
any triangulation of a ball is Cohen—-Macaulay; see [BH93, Corollary 5.3.9]. In particular, as the Hilbert
function of Rp is equal to the Hilbert function of k[A] (i.e., the h*-vector of P is equal to the h-vector of
the triangulation), this gives another way to see the non-negativity of the coefficients of the h*-vector in the
case where P has a regular unimodular triangulation.

When P has a unimodular triangulation A which is not regular, then there is no obvious geometric or
algebraic connection between Rp and k[A]. However, Rp and k[A] still have the same Hilbert function and
k[A] is still Cohen—-Macaulay, so this can still be used to prove the non-negativity of the coefficients of the
h*-vector.

This is a common technique: one proves the Cohen—Macaulayness of a ring by degenerating to the
Stanley—Reisner ring of a simplicial complex, or some other ring which can be concretely analyzed. When
one degenerates a variety, it often becomes reducible and so does not have rational singularities. In particular,
the argument used to prove Theorem [£.5] cannot be applied. For this reason, we will develop techniques which
are capable of proving Cohen—Macaulayness of reducible schemes.

6.1. Section rings. We now discuss one of the main sources of Cohen-Macaulay graded rings, namely
section rings of line bundles on projective schemes. Let X be a projective scheme over k, and let £ be a
globally generated line bundle on X. Then the complete linear series of £ induces a surjective map f from
X to a projective scheme Y. There is a very ample line bundle O(1) on Y such that £ = f*O(1). Let
d =dimY, let Ry = @, H'(X,L®") be the section ring of £, and let Ry = @ o, H°(Y,O(a)). Note
that R/ is a finitely generated module over Ry, and so R, has Krull dimension d+ 1. The following criterion
for R, to be Cohen-Macaulay will be useful.

Theorem 6.12. Suppose that H (X, L%%) = 0 for all a € Z and all 0 < i < dimY. Then R. is Cohen—
Macaulay.
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Before proving Theorem we will need the following standard consequence of the Leray spectral
sequence; see, e.g., [Hyr99, Lemma 2.1].

Proposition 6.13. Let w: Z — W be a proper morphism, and let M be an ample line bundle on W. Then,
for each i >0, Rim,Oz =0 if and only if H(Z, 7 M®*) = 0 for all a sufficiently large.

Proof. Given a coherent sheaf F on Z, recall that the Leray spectral sequence is a spectral sequence with
EYY = HP(W, Rim,F) which converges to HPT4(Z, F). By the projection formula, Rir,m* M®* =2 M®* @
Rim,Oy. By Serre vanishing,

HI(W,M®* @ R'1,0z) =0 for j > 0 and a sufficiently large.

The Leray spectral sequence then implies that, for a sufficiently large, H*(Z,7*M®?) = HO(W, M®* @
Rim,0z). As M®* @ Rit,0y is globally generated for a sufficiently large, Rim,0Oz = 0 if and only if
HO(W, M®* @ Rin,0z) = 0 for all a sufficiently large, which implies the result. O

We will also need a cohomological criterion for the Cohen—Macaulayness of the section module of a sheaf.

Proposition 6.14. Let X be a projective variety with a very ample line bundle O(1), and let F be a coherent
sheaf on X. Let A* = @, ., H*(X,0(a)). Then the A*-module @, H°(X,F ® O(a)) is Cohen-Macaulay
if and only if H/(X,F @ O(a)) = 0 for all 0 < i < dimsupp F and all a € Z.

Proof. The Cohen—Macaulayness of a module can be described in terms of local cohomology: if m is the
irrelevant ideal of A®, then M = @, , H*(X,F ® O(a)) is a Cohen-Macaulay module if and only if
Hi(A*; M) = 0 for all i < dimsuppF + 1. We now interpret this in terms of sheaf cohomology; see
[Smi97, Section 1] or [BS98, Theorem 20.4.4].

We have HQ (A®; M) = HL (A®; M) = 0 because M, by construction, is a saturated A®-module. For i > 1,
we have

H (A M) =@ H(X, F @ O(a)).
a€Z

That this vanishes for 1 < i < dimsupp F + 1 is exactly the hypothesis on F. (]

Proof of Theorem[6.12. Let O(1) be the very ample line bundle on Y which pulls back to £, and let Ry :=
@D.cz H°(Y,0(a)) be the section ring of O(1). It suffices to show that R, is a Cohen-Macaulay module
over Ry, as dim R, = dim Ry. Note that

(19) Re =@ H(Y, 1.0x @ O(a))

a€Z

as fo L% = f,Ox ® O(a) by the projection formula. We use the Leray spectral sequence to relate the
cohomology of f,Ox®O(a) on'Y to the cohomology of L£% on X. By Proposition we have R* f,.Ox =0
for 0 < i < dimY. The E, page of the Leray spectral sequence computing the cohomology of £%¢ looks like
the following.
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d | H(Y,Rif,0x ® O(a)) H'Y,Rif.Ox ®O(a)) ... HY(Y,Rf.0Ox ® O(a))
d—1 0 0 0
1 0 0 0
0 | HYY,f.O0x®0@) H'(Y,fOx®0@) ... HYY, {.0x®0O())
0 1 d

The differential on the E; page goes ¢ to the right and ¢ — 1 down. In particular, none of the differentials
involving the Oth row can be non-zero, so the Oth row survives to the E., page. As only the Oth row
contributes to H'(X,L£®%) for i < d, we deduce that H(Y, f,.Ox ® O(a)) = HY(X,L£%?) for i < d. This
vanishes for 0 < ¢ < d by assumption. This proves the Cohen—Macaulayness by Proposition |

Example 6.15. Let £ be a nef line bundle on a normal toric variety X. Then £ corresponds to a lattice
polytope P whose normal fan is a coarsening of the normal fan of X. The line bundle L is globally generated,
and it induces a map from X to the toric variety of the normal fan of P, which has dimension equal to
dim P. It is known that, for a > 0, H°(X, £®%) has a basis labeled by lattice points in the dilate aP, and
HY(X,L£%) = 0 for i > 0. Furthermore, assuming that dim P > 0, the section ring R, is the semigroup
algebra Rp. For a < 0, it is known that H*(X, £®%) = 0 for i < dim P [Ful93| pg. 74]. Theorem then
implies that Rp is Cohen-Macaulay, recovering Proposition

The following partial converse to Theorem will be useful.

Proposition 6.16. Let X be a projective scheme, and let L be a globally generated line bundle on X. Let
f: X =Y be the surjective map induced by the complete linear series on X. Assume that Ry is Cohen—
Macaulay and that R'f,Ox =0 fori > 0. Then H (X,L%) =0 for alla € Z and all 0 < i < dimY.

For example, if £ is ample, then f is a finite map, and so the hypothesis of Proposition [6.16]is satisfied.

Proof of Proposition[6.16. The hypothesis on the vanishing on the higher direct images implies that the
Leray spectral sequence computing the cohomology of £ on X by pushing forward along f degenerates,
and so H'(X, £L®*) = HY(Y, f.Ox ® O(a)) for each i. By Proposition and the Cohen-Macaulayness
assumption, we know that H* (Y, f.Ox ® O(a)) vanishes for all @ € Z and any 0 < i < dimY’, giving the
result. ]

Remark 6.17. Proposition does not hold without the assumption that R'f.Ox = 0 for i > 0. For
example, if L = Ox and X is geometrically integral, then Ry = k[t,t~!] is always Cohen—Macaulay, but
H'(X,Ox) may be non-zero for all i. See [Kov| for an example where f is birational.

7. FURTHER PROPERTIES OF THE g-POLYNOMIAL

We now discuss some properties and alternative descriptions of the g-polynomial.



ON SOME ASPECTS OF K-THEORETIC POSITIVITY 47

7.1. An intersection-theoretic description of the g-polynomial. We describe a formula for the g-
polynomial in terms of intersection theory in the Chow ring of a matroid. This formula was conjectured in
[ILAMRS20, Conjecture 1] and proved in [BEST23| Theorem 10.12].

Theorem 7.1. Let M be a loopless and coloopless matroid of rank r. Then

gu(t) = (—=1)r e Z degyy (c(QNp) - er—i(Snm) - (T + a4+ a" ) t".
i=0
Proof. Applying [LLPP24, Proposition 5.1] and [EHL23| Proposition 6.4], which help one compute ¢ for

certain classes, we have

;}dSym“[QM]w - # (c@m . (1 + C;(f? N éﬂs%)z L )>

as a power series with coefficients in A*(M). Using Proposition we deduce that

Zx(M, Sym*[Qm])t* = (1_% degy, <C(QM) . (1 + C;(fl\f) + (Ctz(_Sllvl))z +-- > (I+a+---+ ar1)>

a=0
_ degy (e(Qy) - (A=) —ar(Sw)A =) +--) - (I+at---+a™h)
- (1=0"
Let ¢ = ¢(M), and write gm(t) = gct€ + -+ - + ¢-t". Comparing with , we see that
degy ((Q) - (1 =) —er(Sm)A =) +---) -(L+at---+a"))
=0

= getget1(t=1)+ - +gr(t=1)""°.
Multiplying by (1 — )¢ and comparing the coefficients of (¢ — 1)* on each side gives the result. O

7.2. The g-polynomial in terms of Euler characteristics of tautological bundles. Next, we discuss
a formula for the g-polynomial which appeared in [F'S12]. This formula is key to the approach of [BF24] to
Theorem [E.38

Theorem 7.2. [FS12, Theorem 6.1] Let M be a loopless and coloopless matroid of rank r. Then
() = (=1 (X, A S] @ N[OV (8 + 1)
i=0

By considering the ¢" coefficient and using the fact that A"[Sym] = [EK/IU = A""[QY;], we have the
following corollary, which is critical in the proof of Theorem in [BF24].
Proposition 7.3. Let M be a loopless and coloopless matroid of rank r on [n]. Then

w(M) = (=1)*Mx(X,, AT[Q¥] ® A"TT[QN])
The key fact used in the proof of Theorem [7.2]is the following result.

Proposition 7.4. [FS12, Lemma 6.2] Let M be a loopless and coloopless matroid. Then, for any p,q > 0,
X (X, AP[Sm] @ A1[QY;]) = 0 unless p = q.

Fink and Speyer also show that if p = ¢, then the T-equivariant Euler characteristic of AP[Sy]| ® AZ[QY,]
is an integer. The proof of Proposition [7.4] is based on a clever combinatorial analysis of the formula one
obtains from Theorem 15l See Section [0.4] for a discussion of this and related results.
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Proof of Theorem[7.3 For convenience, we prove the result when M is realizable; the general case follows
from Corollary [£.11] using Proposition [5.20] and Proposition [5.13] Let L be a realization of M. Consider
Pw, (QY) and its universal line bundle (’)( ). It follows from Definition [5.2| and the discussion in Section
that

gm(t) = C(M)Zt’ X(Pyw,, (Q1), [O(-1)] - (1 = [O(=1)])"~"7H).

Let 7: Py, (QY) — Wy, be the natural map. We can compute the Euler characteristic of a sheaf on Py, (QY)
by first pushing forward along 7. It follows from the fact that Py, (QY) = Projw, Sym Qy, that, for a > 0,
we have 71,0(a) = Sym® Qr. Furthermore, we have Rim,O(a) = 0 for i > 0, a > 0, for example by
the theorem on cohomology and base change [Vak25, Theorem 25.1.6]. Grothendieck duality implies that
Rim,O(a) =0ifi<n—-r—landa<0,orifi=n—r—1and —(n—r) < a <0. Grothendieck duality

also gives that R" " 17,0(—a) = det Q) ® Sym® """ QY for a > n —r. As det QY = L, !

ML We have

. o |
(20) gu(t) = (=1)°™ th Z ( s ) (Wi, Ly © Sym’ QY).

For any j > 0, the exact sequence 0 — Sy, — O%" — Q; — 0 gives rise to an exact sequence of sheaves on
Wy,

0— NS, = 0P"@AI~LS, — Sym? O®"@AI 28, — -+ — Sym? ! 0®"®S;, — Sym? O®" — Sym’ Q; — 0.
Dualizing this and considering the corresponding identity in K-theory, we deduce the following equality:
J .
4 sfn+j—s—1\
v’ 0 = 07 ("2 ) sy
j—s
s=0
For any vector bundle &, there is an isomorphism ASE = A™KE) =S5V @ det £. As det Sy, = L}

ML7
Sy QY] ® (L] = S (-1’ (” G 1) A= (S,

— S
s=0 J

we have

Substituting this into , we compute

ga(t) = C<M>l§£ﬁ ii(l)(ﬂﬂﬁ)i(lf(““51)><<M,A”[SMD

s=0 J=s
_ c(M) r—s Tﬁsi_ iril_ b n—i—1 7’L+j—8—1
Z LA ) 3 1) R |

= C(M)Z M AT*S[SM])Sti r—s

i=0 ‘
— c(M) Z M AT S[SM])(t + 1)r—s

The result follows from the following computation, which uses and Proposition

(1) XM, A'[Su]) = D (= 1) X (X, A'[Su] @ N [QNH]) = X (X, A[Sm] @ AT[QN]). O

=0
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Remark 7.5. In particular, the above argument shows that £gyi(t)].=—1 is equal to (—1)* My (M, [Su]).
An explicit combinatorial formula for £ gn(t)|;=_1 is given in [Pan25, Proposition 1.5]. He observes that if
M is a connected graphic matroid, then x(M, [Sym]) = 1; see [Pan25, Theorem 1.8].

7.3. Sections of tautological bundles on wonderful varieties. As discussed in Section the g-
polynomial of a realizable matroid can be computed in terms of the sections of symmetric powers of Qy on
Wr. In this section, we use some deformation theory to prove some related results about the cohomology of
QL on WL.

Let M be a matroid of rank r on [n]. Let Gry be the subset of Gr(r,n) (over k) given by the locally
closed locus where the Pliicker coordinates corresponding to the non-bases of M vanish, and the Pliicker
coordinates corresponding to the bases of M do not vanish. This has a natural scheme structure, and it is
called the thin Schubert cell corresponding to M.

Thin Schubert cells are affine schemes. The corresponding ring has a simple presentation as the quotient of
k'[pgl] B basis Dy relations obtained by setting py = 0 in the Pliicker relations for each non-basis N. However,
their geometry is very complicated. For example, Gry; is non-empty if and only if M is realizable over k.
Moreover, the Mnév universality theorem |[Mné88]| states that for any affine scheme X of finite type over the
prime subfield of k, there is a rank 3 matroid M and a natural number N such that Gry is isomorphic to
an open subscheme of X x AN whose projection to X is surjective. In particular, thin Schubert cells can be
“arbitrarily singular.” See |Laf03, Section 1.8] for a modern proof.

For a projective variety X, the Hilbert scheme of X is a scheme Hilb X whose points parametrize sub-
schemes of X, i.e., a subscheme Z of X defines a point [Z] of Hilb X. Giving a map from a k-scheme Y to
Hilb X is the same thing as giving a subscheme Z of X x Y which is flat over Y. The Hilbert scheme can
be used to analyze deformations of subschemes in X. See |[FGIT05, Chapter 5.

Theorem 7.6. Let L be a linear subspace of k™ realizing a loopless matroid M. Then there is an open subset
U of the Hilbert scheme of X,, containing W] such that there is an isomorphism from U to Gry which
sends [Wy] to [L].

Before proving Theorem we discuss some applications. Because Qj has a section which transversely
cuts out Wy, inside of X,,, the restriction of Qr to Wy, is the normal bundle of Wy in X,. Standard
deformation theory [FGIT 05, Proposition 6.5.2] identifies H*(W,, Q1) with Tiw,) Hilb X,,, the tangent space
to [Wy] in Hilb X,,, which, by Theorem is the tangent space to [L] in Gry. Furthermore, H' (W, Q)
is the obstruction space to extending infinitesimal deformations of W in X,. Computing the obstruction
space is difficult, but if [L] is a singular point of Gryy, then H' (W, Q1) # 0 because there is an infinitesimal
deformation that cannot be extended past some order.

There is a map from k™ =2 HO(W, O®") to H(Wp, Qr). The corresponding map from k™ to the tangent
space to [Wr] in Hilb X, comes from the torus action: the action map T x Hilb X,, — Hilb X, induces a map
from the Lie algebra of T to the tangent space to [W] in Hilb X,,. By Proposition if the matroid of L
has ¢ components, then the image of this map has dimension n — ¢, and dim H*(W,Sr) = ¢, as H*(W, Sz)
is the kernel of the map k™ — H°(Wp, Qp).

The Euler characteristic x(Wp, Q) is encoded in the g-polynomial of M. When L is 3-dimensional, we
can completely compute the cohomology of Qj in terms of this Euler characteristic and the geometry of
Gry. Because Wi, is 2-dimensional, we just need to compute H'(Wy, Qr) and H?(Wp, Qr). Consider the
long exact sequence on cohomology associated to the short exact sequence 0 — S;, — O%" — Qp — 0 of
sheaves on Wy. Note that H!(Wp,O®") = 0 for i > 0, so we see that H2(Wpy, Q) = 0. This gives that
dim Hl(WL, QL) = dlmT[L] GI‘M —X(WL, QL)
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Example 7.7. Let L be a realization of the Fano matroid F7;. Note that F7 is connected, and it is
known that T acts transitively on the realizations of Fy, so Grg, is identified with G? /G,,. In particu-
lar, dim H°(Wp, Q1) = 6. Using Example we see that x(Wr,Qr) =5, so dim HY (W, Q) = 1.

Using Example one can show that if L is a realization of F%, then the ring @aZO H°(Wyg,Sym® Qr)
is not Cohen-Macaulay. The nonvanishing of H'(W, Q1) makes this unsurprising.

Example 7.8. Let L be a realization of the non-Fano matroid F7+ . Note that F7+ is connected, and it is
known that Gr P is an irreducible variety of dimension 7. Using Example we see that

X(WL,Syma QL)_4<CL::5> _6(041’4) +3<a;:3>’

so x(Wpr, Q) = 6. This implies that dim HY (W, Q1) = 1.

Example 7.9. Let £k = C, and let L be the row span of the matrix
—1+5 —1+v5
10 =45 1 =15 g o 1

01 =25 1 =35 1 g 0 0
0 0 1—2\/5 0 —3-5\/5 1 1 —3-5\/5 —1

Let M be the matroid realized by L. Then M is known as the Perles matroitd, and it is related to the
regular pentagon. Using Example one can compute that gy (t) = 10t + 18t2 + 9¢3, which implies that
XM, Ou) = 8. Over C, Gry consists of two 8-dimensional torus-orbits, so dim H*(W, Q) = 8 and all
other cohomology vanishes. Now suppose that k& has characteristic 5, and let L’ be the row span of the
matrix

1 0 1 1 1 1
0 0 -1 2 1 2
001 0 2 11

Then L’ is also a realization of M. In characteristic 5, Gryy consists of a single torus-orbit which is generically
non-reduced with multiplicity 2. This implies that dim H®(Wp,, Qr/) = 9 and dim H*(Wy/, Q1) = 1.

0
1

NN
=N O

Example 7.10. Let & = C. In |CL25, Theorem 4.7], there is an example of a rank 3 matroid M on
[12] with the property that Gry is 12-dimensional, and it has two singular points whose tangent space is
13-dimensional. Using Example one can check that g\i(t) = 27t + 51t + 25t3, which implies that
x(M, Qu) = 12. If L is a singular point of Gryy, then dim HO(Wp,, Qr) = 13 and dim HY (W, Q) = 1. If
L is a smooth point, then dim H°(Wy, Q1) = 12 and dim H*(Wp, Qr) = 0.

In particular, the dimensions of the cohomology groups H*(Wy, Qr) are not determined by the matroid
of L. The g-polynomial is controlled by the cohomology of negative twists of O(1) on Py, (QY). As the
cohomology of O(1) on Py, (QY) is the same as the cohomology of Qy on Wy, this makes it difficult to
control the cohomology of negative twists of O(1) by analyzing the positive twists.

Remark 7.11. Let £ be a line bundle on X,,, and let L C k™ be a realization of a loopless matroid. In
general, the cohomology of the restriction of £ to Wy, is not determined by the matroid of L. For example,
suppose we choose 3 distinct points in P2, and we choose two general lines through each of the points. This
gives a realization L of Us¢. Let E; be the exceptional divisor corresponding to the ith point, and consider
the line bundle £ = O(a — By — Eo — E3). Then HY(Wp, L) is the space of linear forms on L which vanish
on the 3 points. If the 3 points are general, then we will have H®(Wp,, £) = 0, but if the 3 points lie on a
line, then we will have H®(Wp, L) # 0.
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To make it easier to compute x(M, [Qwm]), we relate it to the expected dimension of the thin Schubert
cell of M. This is a combinatorially-defined quantity introduced by Ford in [For1l5] which estimates the
dimension of Gry;. This estimate can be wrong, for example when the conditions that the matroid imposes
on Gr(r,n) fail to be independent. However, Ford has shown that, in many cases, the dimension of Gry is
equal to its expected dimension; see |[Forl5, Theorem 4.7].

Proposition 7.12. Let M be a loopless and coloopless matroid. Then the expected dimension of Gry is
equal to x (M, [Qm])-

Proof. In |Forl5, Theorem 5.3], Ford has shown that the expected dimension is a valuative invariant of
matroids. Proposition and implies that the function which assigns a matroid M to the integer
x(M, [Qp]) is valuative, so it suffices to prove that it is equal to the expected dimension for a collection of
matroids which generate Valzd; see Proposition If M is a quasi series-parallel matroid with ¢ components,
then gm(t) = t¢, so x(M, [Qm]) = n — ¢. This is equal to the dimension of the thin Schubert cell: quasi
series-parallel matroids are binary, which implies that the thin Schubert cell consists of a single torus-orbit;
see |Ox111] Proposition 6.6.5]. In [Forl5, Theorem 4.7], Ford shows that the expected dimension of a matroid
which is a positroid is equal to the dimension of its thin Schubert cell. Not all quasi series-parallel matroids are
positroids, but there is a family of quasi series-parallel matroids called snake matroids which are positroids.
Snake matroids generate Valzd; see, e.g., |[FS24, Appendix A], so this implies the result. O

Example 7.13. Let M be a loopless and coloopless Schubert matroid. Then it follows from |[For15, Theorem
4.7) that x(M, [Om]) is equal to the dimension of the corresponding Schubert variety. This implies that if
L is a realization of a loopless and coloopless Schubert matroid, then dim H°(Wp, Q1) = x(Wr, Qr). If M
has rank 3, then this implies that H*(Wp, Q) = 0 for i > 0.

Example 7.14. Let M be a connected graphic matroid on n elements. As x(M, [Su]) + x(M, [Qm]) = n,
Remark [7.5| implies that x(M,[Qwm]) is equal to n — 1. This is equal to the dimension of the thin Schubert
cell: graphic matroids are binary, which implies that the thin Schubert cell consists of a single torus-orbit;
see |Oxl111, Proposition 6.6.5]. In particular, for graphic matroids, the expected dimension of Gry is equal
to its dimension.

Example 7.15. Let M denote the matroid Rig; for any field k, this is the connected matroid of rank 5
realized by the row span of the matrix

10000 1 -1 0 0 -1
01000 -1 1 -1 0 0
00100 0 -1 1 -1 0
0001 0 O 0o -1 1 -1
00001 -1 0 0 -1 1

This matroid is regular, i.e., it is realizable over any field. One can compute that gy (t) = 10t + 35t +45¢3 +
20t + t°, for example, by using the algorithm in [Fer23, Section 5]. This implies that x(M, [Qu]) is equal
to 10. But M is binary, so the dimension of Gryy is 9. Note that gy(t —1)/(t — 1) = 1 + ¢ — 9t2 + 163 + t*.

In Example the expected dimension of Gry; exceeds the dimension of Gry. This cannot happen for
matroids of rank 3: if L is a realization of M, then because H?(Wy, Q1) = 0, we have dim H°(W, Qr) >
x(Wr, Qr). Theorem implies that dim H°(Wp, Q) is the dimension of the tangent space to Gryy at [L],
which is greater than or equal to the dimension of Gry at [L].

In [Fer23, Corollary 4.4], Ferroni showed that if M is a loopless and coloopless Schubert matroid, then
the polynomial gy (t — 1)/(t — 1) has non-negative coefficients; note that a loopless and coloopless Schubert
matroid is connected. This implies that the numerator of the series > -, x(M, Sym®[Qy]) has non-negative
coefficients. Comparing with Proposition [6.1} this suggests the following conjecture.
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Conjecture 7.16. Let L be a realization of a loopless and coloopless Schubert matroid M. Then the ring
Ba>oH (W, Sym® Qr) is Cohen—Macaulay and generated in degree 1, and its Hilbert function is the poly-
nomial a — x(M, Sym“[Qm]).

Example also gives some evidence for this conjecture. It is reasonable to hope that the conclusion
will hold for some generalizations of Schubert matroids, such as transversal matroids and positroids. In
[Pan25, Section 4.1], Panzer gives examples of graphic matroids M where the coefficients of ga(t —1)/(t — 1)
are negative, so Conjecture |[7.16| cannot be extended to graphic matroids, even if we omit the “generated in
degree 1”7 condition.

Example 7.17. Let L be a realization of a series-parallel matroid on [n]. Then (M) = 1, so the map
m from Py, (QY) to P"~! is birational onto its image H, the hyperplane where the sum of all of the
coordinates is 0; see Proposition [I0.9] Because m is a birational map between smooth varieties of the
same dimension, we have m,0 = O and R'm,O = 0 for i« > 0. This implies that the pullback map
H°(H,0(a)) — H°(Pw, (QY),O(a)) is an isomorphism, so we have

©H (W, Sym® Q) = Sym k™ /k.

It is not clear how to compute the ring ®,>0H° (W, Sym® Q) in more examples. It would be interesting
to compute the ring ®,>0H° (W, Sym® Q1) when L is a realization of the Fano matroid.

We now begin the proof of Theorem The following result will allow us to control deformations of
wonderful varieties.

Proposition 7.18. [Huh14, Theorem 46(ii)] Let L be a realization of a loopless matroid M, and let Y be an
integral subvariety of X, such that W] = [Y] in the Chow ring of X,,. Then'Y = Wy, for some realization
L' of M.

Proof. We indicate the idea, and we refer to [Huh14] for more details. First, one studies the class [Wp] in
the Chow ring of X,. This class, which is called the Bergman class, depends only on the matroid of L,
and the matroid can be easily recovered from the Minkowski weight corresponding to it. Furthermore, the
Bergman class is not pushed forward from an irreducible torus-invariant divisor, so we may assume that Y
is not contained in any irreducible torus-invariant divisor, i.e., it meets the open torus G, /G,, embedded
in X,,.

Let m denote the map X,, — P"~! induced by the complete linear system of O(a), and let r = dim L.
Then 7(Wr) = PL, and so 7.[W] is the class of a linear subspace of P"~! of dimension r — 1. This implies
that 7. [Y] = [7(Y)] is the class of a linear subspace of dimension 7 — 1, so w(Y") is a linear subspace PL’ of
P"~1, with dim L’ = r. Note that 7 is an isomorphism over the open torus G? /G,, in X,,, so PL’ intersects
G}, /Gyy,. Therefore Y contains the closure of PL’ N G}, /G,,. Because Y is integral and dimY = dimPL’,
this implies that Y is equal to Wr,. Because the Bergman class determines the underlying matroid, L’ must
be a realization of M. |

To prove Theorem [7.6] we will need to use tautological bundles associated to families of realizations of
M. On X,, x Gry, there are vector bundles S"™V and Q"™ which fit into a short exact sequence

Oﬁsunivﬁoﬂanﬁgunivﬁov

and for any realization L of M, the restriction of this sequence to X,, x {[L]} is the sequence 0 — S, —
0%" — Qr, — 0. The bundles S"™V and Q" are pulled back from a T-equivariant morphism X,, x Gry; —
Gr(r,n) x Gry. One way to construct these vector bundles is to use a variant of Klyachko’s description
of toric vector bundles [Kly95] in terms of certain filtrations on the fiber over the identity that works in
families; see [Pay08| Section 3.3]. Note that S;, and Qj, are not naturally toric vector bundles, because the
torus embedded in X,, does not act on them naturally, so the classification must be modified slightly.
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Proposition 7.19. Let M be a loopless matroid on [n]. Then there is a subscheme W on X,, x Gry which
is flat over Gryp, and whose fiber over a point [L] of Gry is the wonderful variety Wp,.

Proof. Let s denote the section of QU corresponding to the image of the section (1,...,1) from O®". As
described in Section for each point [L] of Gryp, the vanishing locus of s transversely cuts out W7, in the
fiber over [L]. As X,, x Gry is flat over Gryy, [Sta25, 00MF] implies that the vanishing locus of s is flat over
Gryp, giving the desired subscheme. |

Proof of Theorem[7.6 Proposition produces a map from Gry to Hilb X,,, where a point [L] of Gry
maps to the point [Wy] of Hilb X,,. We will show that this map is an open embedding by constructing an
inverse near [L].

Let Y be an open subset of Hilb X, containing [W;], and let Z be the universal subscheme in X, x Y,
which is flat over Y. Let m: Z — Y be the projection, and let y be the point [W] of Y, so W, is the fiber
of m over y. As Wy, is geometrically integral, by [Sta25, 0559, 0578], we can replace Y by an open subset
such that the fibers are all geometrically integral. By Proposition the fibers are all wonderful varieties
of realizations of M.

On X,,, the line bundle corresponding to the divisor class « is globally generated, and its complete linear
system induces the map X,, — P"~!. Let £ denote the pullback of this line bundle to X,, x Gry;. There is
a surjection O®™ — £ which induces the map X,, — P"~!, i.e., the restriction of £ to a fiber is isomorphic
to O(w).

Let K be the kernel of the map O®" — L. By inspecting the long exact sequence on cohomology, the
restriction of K to any fiber of m has no higher cohomology. The theorem on cohomology and base change
[Vak25, Theorem 25.1.6] implies that R7, K = 0 and that 7, £ is a vector bundle of rank r. As each fiber is
geometrically integral, 7.0 = O, so the surjection O®" — 7, L induces a map from Y to Gr(r,n). We will
show that the image of this map is contained in Gry, and so it is a local inverse to the map from Gry to
Hilb X,, constructed previously.

By Proposition the image of any point in Y under this map lies in Gry, so we may reduce to the
case when Y is a (possibly non-reduced) point. If the image of Y is not (scheme-theoretically) contained in
Gry, then there is some element S of ([Z]) such that the Pliicker coordinate pg vanishes on [L], but does
not vanish on the image of Y.

Because S is not a basis of M, L, the image of L under the coordinate projection to k°, is a subspace of
k% of dimension ¢, with ¢ < . There is a line bundle £g on X,, with the property that the complete linear
series of its restriction to Wy, induces the map Wy — PL®. There is a surjection 09" — Lg on X,,; let Kg
denote the kernel of this map.

It is known that the higher cohomology of the restriction of £g to Wy vanishes; for example, this is
a special case of Theorem although it is much more elementary. Also, the long exact sequence on
cohomology implies that the higher cohomology of the restriction of Kg to Wy vanishes. The theorem on
cohomology and base change gives a short exact sequence

0— mKs — O = mLs — 0,

and shows that 7, K¢ and m,Lg are vector bundles. The fiber of 7, Kg over [L] is identified with the kernel
of L — L®, so m,Kg is a vector bundle of rank r — ¢t > 0. But this contradicts that pg does not vanish on
the image of Y. |

If £ is a vector bundle on a projective variety X, then H*(X,& ® £V) is identified with the space of
deformations of &, see [FGIT 05|, Proposition 6.5.1]. Tt is reasonable to expect that all equivariant deformations
of the vector bundle @ on X,, are obtained by deforming L to another realization of the same matroid.
This motivates the following conjecture.
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Conjecture 7.20. Let L be a realization of a matroid M on [n]. Then the subspace of H(X,, Q1 ® QY)
which is fized by the action of T is isomorphic to Tjp) Gry;.

Together with an appropriate version of the upper semicontinuity of dimensions of cohomology groups for
families of equivariant vector bundles, Conjecture and Example would imply that dim H(X,,, Qr ®
QY) is not determined by the matroid realized by L. This should be compared with Corollary

8. KINDRED SUBSCHEMES OF A PRODUCT OF PROJECTIVE LINES

All approaches to proving Theorem [5.38 rely on proving some vanishing theorems. These vanishing
theorems come from the remarkable properties of a family of subschemes of a product of projective lines.
These subschemes were first defined in [EFL25|, but they originate in work of Brion [Bri01,Bri03] and are
closely related to work of Conca, de Negri, and Gorla on Cartwright—Sturmfels ideals [CDNG15,|{CDNG20,
CDNG22|. The material in this section is mostly based on [EFL25].

We first recall a description of the K-ring of a product of projective lines. There is an affine paving of
(P')* induced by the decomposition P! = Al L {oc}. Given a subset S of [{], the corresponding coordinate
subspace of (P1)!is Ys := {(z1,...,2¢) : 2; = 00 if i & S}. Proposition implies that K ((P!)¢) has a basis
given by the structure sheaves of the coordinate subspaces. It will be more convenient to use a different
description. Given a coherent sheaf F on (P!)¢ (or a class [F] € K((P)%)), its Snapper polynomial is the
function p € Qlay, .. ., ay] which satisfies

plas,...,a0) = x(PHYY, F@ O(ay, . .., ap)) for all (ay,...,ar) € Z-.

If F is the sheaf corresponding to a Z‘-graded module over the coordinate ring of (P!)¢, i.e., the ring
Diar.an) HO((PYHY*, O(ay, ..., ar)), then the Snapper polynomial of F is the multigraded Hilbert polynomial
of that module, i.e., it agrees with the dimension of the (ay, ..., as)th graded piece if (a1, ..., ar) is sufficiently
deep into the positive orthant. The Snapper polynomial of a class in K ((P')*) is a squarefree polynomial in
(a1,...,a¢) (i-e., every monomial with non-zero coefficient in the Snapper polynomial has no squares), and
the Snapper polynomial of a class [F] determines the class in K ((P!)¢). Given a matroid on a set F, we say
that a subset I of E is independent if it is a subset of a basis.

Definition 8.1. [EFL25, Definition 2.1] Let X be a closed subscheme of (P*)* for some £. Then X is kindred
if it is empty, or if there is a matroid M on [{] such that, for all (a1, ...,a;) € Z*, we have

X(X,0(ay,...,a0)) = > I

I independent in M i€

The matroid M associated to a kindred subscheme X is called the progenitor matroid of X. As we will
see, kindred subschemes have a very close relationship with their degenerations in (P*)*.

Clearly, whether a subscheme of (IP')? is kindred is determined by the Snapper polynomial of its structure
sheaf, and so it is determined by the class [Ox] € K((P')¢). In particular, by Example any flat
degeneration Y in (P')* of a kindred subscheme X has the same K-class, and so is kindred.

The group of 2 x 2 upper triangular matrices acts on P! by Mébius transformations, with unique fixed
point co. Let B be the product of £ copies of this group, acting on (P')¢ with unique fixed point (oo, ..., 00).
The B-orbit closures in (P!)? are exactly the coordinate subspaces Y.

Lemma 8.2. Every subscheme X of (PY)¢ admits a flat degeneration to a B-fized subscheme of (P1)t.

Proof. Algebraically, this amounts to taking the multigraded generic initial ideal of the ideal of X in the
homogeneous coordinate ring of (P!)¢; see [CCRC23, Definition 5.4]. We give a geometric argument.

The action of B on (P!)* induces an action of B on the Hilbert scheme of (P1)*, which is a countable union
of projective varieties that parametrize subschemes of (P!)¢. The algebraic group B is solvable, i.e., it has
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a filtration by subgroups whose subquotients are isomorphic to G,, or G,. The Borel fixed point theorem
then implies that orbit closures of the action of B on the Hilbert scheme contain a B-fixed point.

Consider the B-orbit closure of the point [X] in the Hilbert scheme of (P!)¢. As B is connected, there
is a curve connecting the point [Ox] to a B-fixed point. The universal family over this curve gives a flat
degeneration of X to a B-fixed subscheme. ]

In particular, every kindred subscheme degenerates to a B-fixed kindred subscheme. We now classify
B-fixed kindred subschemes of (P')*. For a matroid M on [¢], set

we= J Vs
S basis of M

Proposition 8.3. Let X be a non-empty B-fived kindred subscheme of (PY)¢ with progenitor matroid M.
Then X = Y.

Proof. We first check that Y) is kindred. The homogeneous coordinate ring of Yy; is the quotient of
Elz1,...,2e,y1,...,y¢] by the ideal ([[,cp#: : D not independent in M). The multigraded Hilbert func-
tion of this ring is given by the formula in Definition as for each (ai,...,a;) € N’ the elements
(g9t gga=bz b ~~~y2‘ :{i : b; > 0} is independent in M} form a basis for the degree (ay,...,ar) part
of this ring. As the Snapper polynomial agrees with the Hilbert function on points sufficiently deep in the
positive orthant, this implies the desired formula for the Snapper polynomial.

The Chow ring of (P1)* has a basis given by the classes of coordinate subspaces. The relationship between
the Chow ring and the K-ring of (P')* given in implies that

(X1= > [¥slin A°((PY)).

S basis of M

Because X is B-fixed, it is a union of B-orbits. This implies that X contains Yg for every basis S of M, so
X contains Yy;. There is therefore a short exact sequence

0—-7Z—0O0x — Oy, —0,

where Z is the ideal sheaf of Yy in X. By assumption, [Ox] = [Oy,,], so [Z] = 0 in K((P')%). But if £ is
a sufficiently ample line bundle, then H*((P*)*,Z ® £) = 0 for i > 0 and Z ® L is globally generated. As
X((PY)!,IT® L) = 0, this implies that H°((P')!, Z® L) = 0. This shows that Z = 0 as sheaves, so X = Yy. O

Corollary 8.4. Kindred subschemes of (P*)* are Cohen-Macaulay, pure dimensional, geometrically reduced,
and geometrically connected.

Proof. Tt is clear that Yy is pure dimensional, geometrically reduced, and geometrically connected. It is
known that Yj; is Cohen—Macaulay: its coordinate ring is the extension of the Stanley—Reisner ring of
the independence complex of M by some extra variables, and it is known that independence complexes of
matroids are Cohen—Macaulay [PB80, Theorem 3.2.1]. It follows from Lemma [8.2] and Proposition [8.3] that
every kindred subscheme X has a flat degeneration to Y); for some matroid M. It is known that this implies
that X has these properties as well [Sta25, 045U, 02NM, 0COD, 055J]. (]

Remark 8.5. If Y is a non-empty union of coordinate subspaces of (P*)" such that the image of Y under any
coordinate projection is pure dimensional, then Y must be the union of coordinate subspaces corresponding
to the bases of a matroid; see |Ox111, Exercise 1.1.3]. This motivates the appearance of matroids in the
definition of kindred subschemes.
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In particular, because degenerations of kindred subschemes are kindred, Corollary implies that every
degeneration of a kindred subscheme in (P')* satisfies the properties in Corollary This is useful, because
it is often difficult to explicitly verify that a degeneration is reduced.

Another corollary of Proposition [8:3] will be very useful. Corollary [8.7]below is deduced from the technique
of Frobenius splitting, which was introduced in the 1980s by Mehta and Ramanathan |[MR&5]. A thorough
reference for Frobenius splitting techniques is [BK05, Chapter 1].

If X is a scheme over a field k of characteristic p > 0, then it is equipped with a map F': X — X, the
(absolute) Frobenius. This map is the identity on the underlying topological space of X, and on an affine
open in X it raises all functions to their pth power. There is an induced map Ox — F,Ox. A Frobenius
splitting of X is a morphism ¢: F,Ox — Ox of Ox-modules which splits this map.

A subscheme Y of X is compatibly split if ¢(F.Zy) C Iy, where Zy is the ideal sheaf of Y in X. It is
easy to see that ¢ induces a Frobenius splitting of Y. Also, an intersection or union of compatibly split
subschemes is compatibly split.

One of the applications of Frobenius splitting is that it gives a very powerful strengthening of Serre
vanishing.

Proposition 8.6. Let X be a Frobenius split scheme, and let L be an ample line bundle on X. Then
(1) H(X,L) =0 for any i > 0.
(2) If X is Cohen—Macaulay, then H'(X,L™) =0 for any i < dim X.
(3) If Y is a compatibly split subscheme of X, then the restriction map H°(X,L) — H®(Y, L) is surjec-
tive.

Proof. For any line bundle £, there is an isomorphism F*£ = £%P [BK05, Lemma 1.2.6]. Because F is a
finite and therefore affine map, the natural map H*(X, F,F) — H*(X,F) is an isomorphism for each i. We
therefore have isomorphisms

HY(X,L%)~ H(X,F.(F*L)) 2 H(X, L ® F.Ox),

where the last isomorphism is by the projection formula. The Frobenius splitting implies that the inclusion
LROx — LR F,Ox is split, which gives an injection H*(X, £) — H*(X,L%®P). If i > 0 and L is ample, then
Serre vanishing implies that H*(X, £L®P") = 0 for v sufficiently large, proving . If X is Cohen—Macaulay
with dualizing sheaf wy, then Serre duality states that H*(X, £™!) = HImX—9(X wx ® £)*. In particular,
if i < dim X, then H*(X,L£ ") = 0 for v sufficiently large. As H*(X,L£~") injects into H*(X,L~?") for all
v > 0, this proves . To prove , one proves a vanishing theorem for twists of the ideal sheaf of Y in X;
see [BKO05, Theorem 1.2.8]. O

Viewing (P!)¢ as a quotient of (GL3)*, the group B is a Borel subgroup, and the coordinate subspaces
of (P1)* are exactly the Schubert varieties. Very generally, it is known that there is a splitting of any
homogeneous space (such as a partial flag variety) for which all of the Schubert varieties are compatibly split
[BKO5, Theorem 2.3.10]. This splitting can be easily constructed directly in the case of (P)*. In any case,
this implies that, over a field of positive characteristic, each Yy is a compatibly split subvariety of (Pl)e .
This implies the following result.

Corollary 8.7. Let X be a kindred subscheme of (P)¢. For anyay,...,as > 0, we have H'(X,O(ay, ..., a;)) =
0 for all i > 0. For any ay,...,a; <0, we have H(X,O(a1,...,a;)) =0 for all i < dim X.

Proof. By Lemma [8.2] and Proposition X has a degeneration to Yy for some matroid M. By upper
semicontinuity [Sta25, 0BDN], it suffices to prove these results for Yyy. First suppose that the character-
istic of k is positive. Then the vanishing of the cohomology below the top degree for negative twists is
a special case of Proposition [8.6{[2), and the vanishing of the higher cohomology of O(a,...,a) follows



ON SOME ASPECTS OF K-THEORETIC POSITIVITY 57

from Proposition if all of the a; are positive. If the a; are only assumed to be non-negative, then
the vanishing of the higher cohomology can be deduced using the theory of Frobenius splitting relative to a
divisor |[BKO05, Theorem 1.4.8].

If k£ has characteristic 0, then we will deduce the desired vanishing theorem for Y); from the case when k has
positive characteristic. Note that Yy is defined over Spec Z, and that any cohomology group of the restriction
of any line bundle on (P')* to Yy over k has the same dimension as the corresponding cohomology group of
the restriction over Spec Q. By upper semicontinuity [Sta25, 0BDN], for any prime p, the dimension of this
cohomology group is upper bounded by the dimension of the same cohomology group for the reduction of
Yu modulo p. The Frobenius splitting argument above shows that the dimensions of the cohomology groups
in the statement of Corollary [8.7] are 0 in characteristic p, giving the result. |

The next result is crucial for applications to Theorem [5.38

Proposition 8.8. [EFL25, Proposition 2.9] Let X be a kindred subscheme of (P*)*, and let p: (P')* — (P1)™
be a coordinate projection. Then p(X) is a kindred subscheme of (P1)™, the natural map from Opx) to p«Ox
is an isomorphism, and R'p,Ox = 0 for i > 0.

Proof. The vanishing of the higher direct images of O is an immediate consequence of Proposition [6.13]and
Corollary m This implies that p.[Ox] = [p.Ox] in K((P')™), and so we have a formula for the Snapper
polynomial of p,Ox. The rest of the argument is similar to the proof of Proposition see [EFL25]. O

The following result allows us to give many examples of kindred subschemes. If X is a subscheme of
(P1)¢ which is pure of dimension d, then we say that the multidegree of X is multiplicity-free if all of the
coefficients are either 0 or 1 in the expansion of [X] € A4((P!)?) into the basis given by classes of coordinate
subspaces.

Concretely, it follows from a version of Bertini’s theorem [Ful98, B.9.1] that X is multiplicity-free if there
is an open subset U of X such that, for every subset S of [¢] of size £ — d, the intersection of U with a general
translate of Yg is either empty or consists of a reduced point.

Proposition 8.9. [Bri03] Let X be an integral subvariety of (P*)* whose multidegree is multiplicity-free.
Then X is kindred.

In particular, Proposition [8.9]implies that every irreducible component of a kindred subscheme is kindred.
We give a new proof of Proposition A somewhat similar proof was given in [CCRC23|, Section 6]. Recall
that a scheme over a field K is said to geometrically have a property if its base change to any field containing
K has that property.

Lemma 8.10. Let K be a field, and let X be an integral subscheme of (P*)™ over K whose multidegree is
multiplicity-free. Then X is geometrically integral.

Proof. Let K’ be an extension of K. Note that the multidegree of X, viewed as a subscheme of (P!)"
over K', is multiplicity-free. There is some finite Galois subextension of K’ such that the components are
defined over that extension, and the Galois group acts transitively on the components; see [Sta2h, Section
0364]. In particular, the fundamental class of each of the components is the same. But this implies that
each coefficient of the multidegree is divisible by the number of components, so X is irreducible.

By [Sta25, 04KS], if Xk is not reduced, then Xy is generically non-reduced. This contradicts that the
multidegree of Xy is multiplicity-free. O

Proof of Proposition[8.9 First, note that by [BH20, Corollary 4.7] or [CCRL™ 20|, the set of subsets S of [¢]
where the coefficient of [Yg] is positive in the multidegree of X is the set of bases of a matroid M.

If dim X = 0, then X is a reduced point and so is kindred. We may therefore assume that dim X > 1.
We first check that, for each 4, the intersection of X with a general translate of the coordinate hyperplane
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Yg\i is either empty, or is an integral variety whose multidegree is multiplicity-free, and so is kindred by
induction. For ease of notation, we take i = /£.

Let U C X x (A?\ {0}) be the scheme given by {(p,u,v) :p € X, p= ([x1,41],---), uxe +vye = 0}, with
projection 7: U — (A% \ {0}). The fibers of 7 are the intersections of X with translates of the coordinate
hyperplane Y[,_;. Because Y[,_yj is a Cartier divisor, the class of a fiber of m in the Chow ring of (P1)¢
is the product of the class of X with the class of Yj,_;j. In particular, the multidegree of a fiber of 7 is
multiplicity-free. The set of subsets S of [¢ — 1] where the coefficient of [Ys] is positive in the multidegree of
a fiber in (P1)*~! is the set of bases of the matroid M//.

We will check that the generic fiber of 7 is integral, using an argument based on [FOV99, Theorem 1.5.4].
Consider the copy of (P})*~! x A! obtained by removing Y[¢—1)- On this open set, y, is equal to 1, and the
generic fiber of 7 is cut out by the equation ux, + v = 0, and so the generic fiber of 7 is integral. By doing
a linear change of coordinates on A2, we can repeat this argument to see that the intersection of the generic
fiber with the complement of any translate of Y[,y is integral. This implies that the generic fiber of 7 is
integral: if it has multiple components, then it would still have multiple components if we remove a translate
of Y[,_1j that does not pass through the generic point of any of the components.

As the multidegree of the generic fiber of m is multiplicity-free, the generic fiber of 7 is geometrically
integral by Lemma It then follows from [Sta25, 0559 and 0578] that the general fiber of 7 is integral.
We see that the general fiber of 7 is kindred, with progenitor matroid M//.

We can now use induction to control all of the coefficients of the Snapper polynomial of X except for the
constant term. For each i € [{], let H; be a general translate of the coordinate hyperplane Yj;\;. Using the
exact sequence 0 = Ox(—H;) = Ox — Oxnpm, — 0 and induction, we see that

> [ =x(X.0(a1,...,ar) = x(X,0(ar,...,a; = 1,...,az)).

J independent in M /i j€J

Using this for all i, we see that

X(X,0(ay, ..., a0)) = x(X,0) + > [T
0#1I independent in M i€l
It therefore suffices to show that x(X,0) = 1. Let Y be a degeneration of X to a B-fixed subscheme of
(P1); see Lemma Then Y contains Y1, and there is a short exact sequence

0—=7Z— Oy = Oy, —0,

where 7 is the ideal sheaf of Y); in Y. Because the difference between the Snapper polynomials of Y and
Y is a constant, the support of 7 is O-dimensional, and in particular the support is affine. This gives that
Hi((PY),Z) = 0 for i > 0. As H(Ya, ©) = 0 for i > 0 by Corollary[8.7] we see that H'(Y,O) = 0 for i > 0,
so dim H*(X,0) = 0 for i > 0 by upper semicontinuity [Sta25, 0BDN]. We see that dim H°(X, 0) = x(X, O).
As X is geometrically integral, dim H°(X,O) = 1 by [Sta25, 0BUG]. O

We now give several examples of kindred subschemes by verifying the hypothesis of Proposition [8:9]

Example 8.11. Let L C k" be a linear subspace, and let Y7, be the closure of L in (P')". This variety,
which is usually called the matroid Schubert variety or arrangement Schubert variety, was introduced and
studied in |[AB16]. Clearly Y7, is integral, and we will check that its multidegree is multiplicity-free, proving
that Y7, is kindred. Let S be a subset of [n] of size n —dim L. The intersection of Y7, with a general translate
of Yy is identified with the preimage of a general point of the coordinate projection L < k” — k°°. This is
either empty or a single reduced point, depending on whether S¢ is a basis of the matroid of L.

Importantly for us, wonderful varieties can be realized as kindred subschemes. We first describe how
wonderful varieties are embedded into a product of projective lines. Given a subspace L C k™ which is not
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contained in any coordinate hyperplane, for each {i,;j} there is a map L — k? given by projecting onto
the coordinates labeled by i and j. This induces a rational map PL --+ P'. Combining all of these maps

together, we have a rational map PL --» (]P’l)(g) The wonderful variety Wy, is the closure of the image of
this rational map. To check this, it suffices to check in the case of the permutohedral toric variety X,,, when
it is a straightforward toric variety computation. See [EFL25| Proposition 3.9].

n

Example 8.12. The embedding of W7, into (]}”1)(2) realizes it as a kindred subscheme. In [LLPP24} Corollary
7.5], the Snapper polynomial of the wonderful variety is directly computed, from which one can verify that it
is kindred; see [EFL25, Proof of Corollary 3.7]. We can also check that the multidegree of Wy, is multiplicity-
free. This is a special case of the main result of [Lil8], but it can easily be verified directly. Indeed, let S be
a subset of ([Z]) of size (g) —dim L+ 1, and let U be the projectivized hyperplane arrangement complement
in Wp. Then the intersection of U with a general translate of Yg can be identified with the intersection of
U with dim L — 1 hyperplanes, each hyperplane obtained as the inverse image of a general line in k? under
a coordinate projection k™ — k2. The intersection of these hyperplanes in PL consists of a single reduced
point. The intersection of these hyperplanes in U is therefore either empty or a single reduced point.

Example 8.13. Let L; and Lo be subspaces of k™, with Lo not contained in any coordinate hyperplane.
Then the semi-inverted Hadamard product is the closure of the subset {v/w : v € L1, w € Ls NG} of A",
where the division is coordinate-wise. The semi-inverted Hadamard product is the closure of the image of
a rational map L1 x Lo --» A™, so it is irreducible. The closure of a semi-inverted Hadamard product in
(P1)™ is a kindred subscheme; see Remark

Example 8.14. Let m < n, and identify A™" with the space of m x n matrices. Let X C A™" be either
the space of matrices of rank at most 1 or the space of matrices of rank at most m — 1. Then it is observed
in [HL24] that the closure of X in (P!)™" is kindred, and that this also holds for several other determinantal
varieties [HL24, Corollary 1.6].

In [HL24, Remark 2.9], it is shown that if X C A" is an integral subvariety, then X has a universal
Grobner basis consisting of squarefree polynomials if and only if the closure of X in (P!)" is kindred.

We illustrate the utility of Proposition by giving a simple proof of Lemma [5.11

n

Proof of Lemma |5.11. By Example the embedding of W, into (]P’l)(2) is kindred. Consider the coordi-

nate projection to (]P’l)(‘szl‘) X e X (Pl)(‘sf‘), where we forget the factors labeled by {a,b} unless {a,b} C S;
for some i. We have L = @leLﬁkSi by Proposition so the image of W, under this coordinate projection
is Wrs; X -++ X Wrs.. The result then follows from Proposition [8.8 (]

We introduce a concept which will be useful in the sequel. Let X C A" be an integral subvariety of
dimension r. The algebraic matroid of X is the matroid on [n] whose bases are the subsets S of [n] such
that the coordinate projection from X to A is dominant. See |[Oxl11} Section 6.7].

The algebraic matroid of X can be computed in terms of the fundamental class of the closure X of X in
(PH)™. If we write

X]= > eslYsl
se(™)
in terms of the basis for A,.((P1)") given by classes of coordinate subspaces, then {S : cg > 0} is the set of
bases of the algebraic matroid of X. Indeed, cg is the degree of the map X — A,

If X is an integral subscheme of A™ such that the multidegree of the closure of X in (P')" is multiplicity-
free, then the progenitor matroid of the closure of X is the algebraic matroid of X.
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The following result will also be useful. Given X C (P')*, its homogeneous coordinate ring is the Z*-graded
ring D, anyene H°(X,0(ay,...,a)).

Proposition 8.15. Let Y be a connected variety, and let X C (PY)! x Y be a flat family such that the fiber
over some p € Y is kindred. Then the homogeneous coordinate rings of the fibers of X also form a flat family
over'Y .

.....

Proof. Let m: X — Y be the projection. Because being kindred is a condition on the class of the structure
sheaf in K ((P')%), the fiber over any point in Y is kindred; see Example By Corollary for any
(a1,...,a¢) and any q € Y, H (77 1(q),O(a1,...,ar)) = 0 for all i > 0. The theorem on cohomology and
base change |Vak25, Theorem 25.1.6] implies that 7.O(a1,...,as) is a locally free sheaf on Y whose fiber
over ¢ is identified with H°(7=1(q),O(ay,...,as)). The sheaf of algebras Dar.....apene ™O(an, ..., ar) on
Y is flat, and its relative spectrum is the family of homogeneous coordinate rings. O

Finally, we prove some additional results of Brion on integral kindred subschemes.

Proposition 8.16. [Bri02] Let X be an integral kindred subscheme. Then X is normal, and, if k has
characteristic 0, X has rational singularities.

Proposition plays an important role in the work of Berget and Fink [BF22,[BF24], and it is the reason
for the assumption that the underlying field has characteristic 0 that appears in the geometric statements in
those works. However, as we discuss below, the use of Proposition [8:16] can be replaced by Proposition [8.8]
which holds over any field. To prove Proposition [8.16] we will need the following two lemmas.

Lemma 8.17. Let X be a proper kindred subscheme of (P*)!, and let F be a coherent sheaf on X. For each
i, let pi: (P1)Y — (P~ be the projection forgetting the ith coordinate. Suppose that piJF = 0 for all i.
Then F = 0.

Proof. Suppose that F is nonzero, and let Z be an irreducible component of the support of F. Let F’ be
the subsheaf of F consisting of sections supported on Z. It suffices to show that F' = 0.

Because X is a proper subscheme of (P')*, Z is also a proper subscheme of (P')¢. This implies that there
is some ¢ such that the restriction of p; to Z is generically finite onto its image: we may choose any ¢ which
is not a coloop of the algebraic matroid of Z. This implies that Supp p;« F' = p;(Z). But p;F’ is a subsheaf
of p;«F, a contradiction. O

Lemma 8.18. Let m: X — Y be a surjective map between integral varieties, with X mormal. If the natural
map Oy — m,Ox is an isomorphism, then Y is normal.

Proof. Let v: Y¥ — Y be the normalization. As X is normal, the universal property of normalization
[Vak25l Section 10.7] gives a map 7: X — Y such that 7 = v o 7. The map Oy — 7.Ox factors through
v+ Oyv. As the maps Oy — v,Oy+v and v,Oy+» — 7,Ox are injective because v and T are surjective, we see
that the map Oy — v, Oy is an isomorphism. Because v is affine, this implies that v is an isomorphism. [

Proof of Proposition[8.16 Let M be the progenitor matroid of X. If M has a coloop, then X can be identified
with the product of a kindred subscheme of (P')*~! with P!; see Lemma for a more general statement.
We can therefore reduce to the case when M has no coloops. This implies that the restriction of the coordinate
projection p; to X is birational for each i.

We first prove that X is normal. Let v: X¥ — X be the normalization of X. Let F = v,0x+/Ox, so
there is a short exact sequence of sheaves 0 — Ox — v,Ox» — F — 0. Applying p;, to this sequence for
some ¢ and using the Rp;.Ox = O,,(x) by Proposition @ we have a short exact sequence 0 — O, (x) —
PisvxOxv — pinF — 0. By induction, p;(X) is normal, so Zariski’s main theorem [Vak25, Exercise 28.4.B]
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implies that pi..Oxv = Op,(x). This implies that p;.F = 0. As this holds for all i, F = 0 by Lemma[8.17}
and so X is normal.

Now suppose that k has characteristic 0, and let 7: X — X be a resolution. For each i, p; o is a
resolution of p;(X). As p;(X) has rational singularities by induction, we see that R(p; o 7).O% = Op,(x)-
Note that the fibers of p; have dimension at most 1, so for any coherent sheaf G on X, we have Rp;,G = 0
for 7 > 2. The E5 page of the associated Leray spectral sequence therefore looks like the following

2 pi*R27r*(’))~( Rlpi*RQW*OX 0
1 pi*Rlﬂ*(’)X Rlpi*le(’)X 0

0 pi*w*(’)x Rlpi*’/T*OX 0

0 1 2

All of the differentials are 0, so each term except for pu.m.Oy = O, (x) on the Ey page must vanish. In
particular, we see that p;, R/m,O% = 0 for each j > 0 and each 4, so Lemma implies that RiT, 0 =
0. O

Remark 8.19. There is a version of the above results for subschemes of a product of projective spaces
P x ... x P*. For each polymatroid P (see Definition on [{] with rkp(i) < a; for each 4, there is a
subscheme Yp of P9 x - - - x P% described in the introduction to [EL26|. Viewing P x ... x P as a quotient
of GLg, 41 X -+ X GLg, 41, Yp is a union of orbits of a Borel subgroup. One could define a subscheme X of
P x - .- x P to be kindred if it is empty, or if [Ox] = [Oy,] in K (P* x - - - x P*) for some polymatroid P.
With this definition, analogues of Corollary Corollary Proposition 8.8, and Proposition all hold.

9. THREE APPROACHES TO OMEGA POSITIVITY

We now discuss the proof of Theorem [5.38, We give three approaches to proving the non-negativity of
the omega invariant. The first approach is the one taken in [EFL25|, which uses a formula for the omega
invariant as the Euler characteristic of a line bundle on the wonderful variety (Proposition. The authors
of [EFL25| prove the Cohen-Macaulayness of a section ring on the wonderful variety using Frobenius splitting
techniques. This implies that the cohomology of certain line bundles is concentrated in one degree, allowing
one to control the sign of their Euler characteristics. Weaker results using this approach were previously
obtained in [EL26].

The second approach is based on an idea originating in |[BF22|. This approach proves the Cohen—
Macaulayness of section rings on certain projective bundles over the wonderful variety, which translates
into vanishing theorems on the wonderful variety. These vanishing theorems are different than those proved
by the first approach, but they also include the vanishing theorem that is needed to prove the non-negativity
of omega (at least for realizable matroids).

The third approach is the one taken in [BF24]. Unlike the other two approaches, this one uses a formula
for omega as the Euler characteristic of a vector bundle on the permutohedral toric variety (Proposition .
Using results of Weyman [Wey03)], the cohomology of this vector bundle is related to the minimal multigraded
free resolution of a certain affine subvariety. Using a degeneration argument, one can understand this free
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resolution well enough to prove that the cohomology of this vector bundle is concentrated in one degree,
allowing one to control the sign of the Euler characteristic of this vector bundle.

We mostly focus on the case of realizable matroids, as dealing with non-realizable matroids can be quite
technical. However, we do not assume that k£ has characteristic 0 in any of these arguments.

Before proceeding, we mention one approach to Theorem [5.38| which has so far not succeeded, even for
matroids realizable in positive characteristic.

In |[AHK18, Definition 4.2], Adiprasito, Huh, and Katz introduced a cone of classes in A*(M) which is
sometimes called the combinatorially nef cone. When M is realized by L, each class in A'(M) is the first
Chern class of a unique line bundle on Wp,. The line bundles whose first Chern classes are combinatorially nef
are in fact nef on Wy, [Che25, Proposition 5.4], even though the nef cone of Wy, is in general not determined
by the matroid realized by L, as is shown by examples like the one in Remark The authors of [AHK18]
show that, for all matroids, the action of combinatorially nef elements on A®*(M) has properties similar to
the action of nef elements on the cohomology ring of a smooth projective variety. It is natural to conjecture
that a version of Corollary holds for combinatorially nef line bundles.

Conjecture 9.1. Let M be a loopless matroid of rank r, and let L be a combinatorially nef line bundle which
has degy;(c1(£)"™1) > 0. Then (—1)" " x (M, L~1) > 0.

Conjecture holds for matroids which are realizable over a field of characteristic 0 by Theorem It
is shown in [Xiel0] that Kawamata—Viehweg vanishing holds for rational surfaces, so Conjecture holds
for all realizable matroids of rank 3. If the line bundle £ is the line bundle corresponding to a generalized
permutohedron, then Conjecture follows from |[EFL25, Theorem B]. See |Che25, Section 5] for further
discussion and some additional cases.

Let @ be a lattice polytope in R™ which is contained in the hyperplane x1 +- - -+, = ¢ for some integer c.
Then @ defines an ample line bundle on the toric variety of the normal fan of Q. We can pull this line bundle
back to a smooth projective toric variety X which is a blow-up of the permutohedral toric variety X,,. If L is
a linear subspace of k™ which is not contained in any coordinate hyperplane, then this produces a line bundle
on the strict transform Wy, of Wy, in X, i.e., the closure of the intersection of PL with the torus in X,,. In
[CCKR26], Chan, Clader, Klivans, and Ross show that the Euler characteristic of the restriction of this line
bundle to Wy, only depends on the matroid of L, and they explain how to define this Euler characteristic for
any loopless matroid, extending the definition in [LLPP24]. It is natural to extend Conjecture to this
setting.

9.1. Omega positivity via section rings on the wonderful variety. Following [EFL25|, we will prove
vanishing theorems for the restrictions of nef line bundles on the permutohedral toric variety X, to a
wonderful variety. We begin by describing nef line bundles on X,.

Definition 9.2. A polymatroid P on E is a function rkp: 2¥ — Z which satisfies the following properties:
(1) tkp(0) = 0 (normalization),
(2) if A C B, then rkp(A) <1kp(B) (monotonicity), and
(3) for any A, B C E, we have rkp(A) + rkp(B) > rkp(AN B) +rkp(A U B) (submodularity).

For example, each matroid M gives rise to a polymatroid, by considering its rank function rky(S) =
mMaxp pasis |BNS|. See Definition for further examples. Given a polymatroid P, its basis polytope B(P)
is the polytope

{(z1,...,zn) ER™: Zml <rkp(S) for all S, and z1 + --- + 2, = rk(P)}.
i€S
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When P comes from a matroid, B(P) is the basis polytope of that matroid. A polymatroid is determined
by its basis polytope. As X, is a toric variety, nef line bundles on X,, correspond to lattice polytopes whose
normal fan is a coarsening of the fan of X,,. It is known that, up to translation, these polytopes are exactly
the basis polytopes of polymatroids [Edm70|, see [BEST23| Section 2.7]. In particular, each polymatroid
gives rise to a nef line bundle Lp on X,,, and every nef line bundle arises in this way. The line bundle Ly
on X, which appears in Proposition [5.23|is the line bundle corresponding to the dual matroid to M.

On a toric variety, every nef line bundle is globally generated. Each polymatroid induces a map fp: X,, —
Xp from X, to the toric variety of the normal fan of B(P). It is known that this map is induced by the
complete linear system of Lp. This follows from a generalization of Theorem to polymatroids; see
[EHL23| Proposition 3.10].

Theorem 9.3. |[EFL25, Theorem A] Let P be a polymatroid, and let L be a linear subspace of k™ which is
not contained in any coordinate hyperplane. Then:

(1) H\(Wp,L3*) =0 unless i =0 and a > 0, or i = dim fp(Wy) and a < 0.

(2) For any a > 0, the restriction map H°(X,,, L") — HO (W, LS") is surjective.

(3) We have R fp.Oyws, = 0 for eachi > 0, and the natural map Ofpwy) = fr«Ow,, is an isomorphism.

There are examples given in [EFL25| Section 5] that show that the hypotheses of Theorem cannot be
relaxed too much to include more general families of line bundles.

Corollary 9.4. Let P be a polymatroid, and let L be a linear subspace of k™ which is not contained in any
coordinate hyperplane. Then the section ring Rp = @azo HO(WL,E%“) is normal, Cohen—Macaulay, and
generated in degree 1.

Proof. That Rp is Cohen—Macaulay is an immediate consequence of Theorem and Theorem [9.3((1)).
To see that it is generated in degree 1, it suffices to note that @~ H®(Xn, LE%) is generated in degree 1
by [Wel76, Chapter 18.6, Theorem 3] and use Theorem [9.3(|2). Because Wy, is smooth (and in particular

normal), Theorem [9.3([3)) implies that fp(Wr) is normal by Lemma Theorem [9.3|(2)) then implies that
fp(Wy1) is projectively normal, i.e., Rp is normal. O

The ring Rp in Corollary can be described concretely. The coordinate hyperplanes define linear forms
Z1,...,Tn € SymL*. Then Rp is the subring of Sym L* generated by {z{*-- -z : (a1,...,a,) € B(P)}.
Theorem implies that the dimension of the span of this set is equal to x(M, Lp), where M is the
matroid realized by L, and in particular the dimension of the span depends only on M. For a general subset
S of N™, the dimension of the span of {z{*---z%" : (a1,...,a,) € S} depends on L and not just on the
matroid M.

Furthermore, Theorem [9.3] implies that the Hilbert function of Rp agrees with the polynomial a —
x(Wr, LE"). Proposition hen gives the following inequalities.

Corollary 9.5. Let P be a polymatroid, and let L be a realization of a loopless matroid M. Let d be the
degree of the polynomial a — x(Wr,L3"). Define h*(M, Lp) = (hi, hi, ..., h%) via the formula
R+ hit+ -+ h5t?

QKa\pa
2 XV £ (11

Then h*(M, Lp) is a Macaulay vector. In particular, it is non-negative.

Example 9.6. Let O(8) denote the line bundle on Wy, corresponding to P(U,,—1 ). The image of W, under
the complete linear system of O(f) can be identified with the closure in P*~! of the image of PL N G2, /G,,
under the inversion map. This variety is called the projective reciprocal plane, and its coordinate ring is called
the Orlik-Terao algebra. It follows from Theorem [9.3] that the projective reciprocal plane is projectively
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normal and arithmetically Cohen—Macaulay, i.e., that the Orlik—Terao algebra is Cohen—Macaulay. This
fact was originally proven in [PS06] by constructing a Grobner degeneration of the projective reciprocal
plane to the Stanley—Reisner scheme of the broken circuit compler of a matroid, which is known to be
Cohen—Macaulay; see [Bj092]. Using [LLPP24] Lemma 8.5], one can show that

a tr
> x(Wi, 0(aB))t" =
(1=
a>0
where M is the matroid realized by L, and Ty (z,y) is the Tutte polynomial of M. As x(Wp,0(aB)) =
dim H°(Wp,O(aB)) is the dimension of the ath graded piece of the Orlik-Terao algebra, this recovers a
result of Terao |Ter02]. This implies that the 3 invariant of M is equal to dim H"~Y(Wy,O(-4)). This
interpretation of the 8 invariant appears to be unrelated to the interpretation in Section [5.5

TM(t_17 O)a

Example 9.7. When P is the basis polytope of a uniform matroid, then the section ring @~ HO(Wy, E%a)
is called the higher order Orlik—Terao algebra in the commutative algebra literature; seeilTX21, GST18,
Bur23|. Corollary confirms the conjecture of Tohaneanu that higher order Orlik—Terao algebras are
Cohen-Macaulay [Toh21].

Example 9.8. The visible contours variety Vp, is the image of Wy, under the complete linear system of Ly .
Theorem [0.3] implies that it is projectively normal and arithmetically Cohen—Macaulay. However, there is no
explicit generating set known for the ideal of Vr in P()-1, It is possible to use Proposition to obtain
a formula for the Hilbert series of Vp in terms of intersection numbers in the Chow ring of M, but a simple

formula for these intersection numbers is not known.

We now give some examples which show that some plausible extensions of Theorem [9.3] do not hold. Let
@ be a lattice polytope in R™ which is contained in the hyperplane z; 4+ -+ + , = ¢ for some ¢ € Zx.
Choose a smooth projective fan which refines both the permutohedral fan and the normal fan of Q. Let
W1, denote the strict transform of PL in the corresponding toric variety; this is a smooth projective variety
which is equipped with a nef line bundle Ly pulled back from the toric variety of ). The line bundle Lq
has a basepoint free linear system pulled back from the sections on the toric variety of Q). This linear system
has a generating set labeled by lattice points. As mentioned previously, the results of [CCKR26| shows that
x(Wp, Lg) only depends on the matroid of L.

Let Rg be the subring of the section ring of Lo generated by this linear series. The ring Rg can be
described concretely. Let x; be a linear form on L cutting out the intersection of L with the ith coordinate
hyperplane. View z; as an element of Sym L*. Then R is the subring of Sym L* generated by the monomials
in 1,...,7, corresponding to lattice points of Q). Let fgo denote the map from W, to the toric variety of
Q. Then Rg is the homogeneous coordinate ring of fq (W)

When @ is a polymatroid, Corollary@states that R¢ enjoys various nice properties. Also, when L = k",
toric geometry gives nice properties of Rg and Lg: for example, the higher cohomology of any non-negative
twist of Lo vanishes, the cohomology of any negative twist of L is concentrated in one degree, and the
normalization of R is generated in degree 1. If L = k™ and, for each a, every lattice point in the dilate a@
is a sum of a lattice points in @, then R is normal, fo.Oy,, = OfQ(VVL)’ and RifQ*OWL =0 fori>0. In
general, the ring Rg can be quite badly behaved.

Example 9.9. Suppose that n = 2m, and let @) be the polytope given by the convex hull of e; + e, 41, €2 +
€m+2y-- -, €m + €2m. Suppose that L = L1 @ Lé‘, where L and Lo are subspaces of k™. Then the map
induced by the linear series on L factors through a resolution of singularities of PL; x PLy. It follows
that H (W, E%a) = H*(Pw,, (Q,),O(a)). The results in Section |7.3|then give examples where the higher

cohomology of £ may not vanish, and the dimension of H%(Wp,, L) may not be combinatorially determined.
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We give one further example. Suppose that k is a field of characteristic 3, and let L; and Lo be the row
span of the matrices

001212 211
ozl 21200200 2
010022222and 220211 110],
110112010 21 0211120
020000211
respectively. Then one can compute that
oo
. 1—t+ 72 +¢t7
21 W, L) = ——————.
() ;X( L Q) (1—t)7

The image of fq is contained in P®, and the product of the degree of the induced map PL; x PLy --» P® and
the degree of the image is 8, the sum of the coordinates of the numerator of . Using a computer algebra
system, one can check that fQ(WL) is a hypersurface of degree 8 inside a hyperplane of P®. In particular,
the map PL; x PLy --» P8 is birational onto its image. Furthermore, the image of fo is not normal. If one
supposes that the higher direct images of Oy, vanish and that the normalization of R is Cohen-Macaulay,
then one can use to contradict Proposition One therefore deduces that either R’ J@«Oy;, # 0 for
some % > 0, or the normalization of Rg is not Cohen—-Macaulay.

Example 9.10. Let k be a field of characteristic 0, and let @ C R? be the convex hull of the set
{e1+es+es, e6+ertes,eatestes, eatestes eatertes,ert+ezter,erteater,estesteg ertestest.

Then @ is a unimodular simplex. Let L; and Ly be the row spans of the matrices

0 3 21 8 240 0 0 12 60 01 -1 1 -7 0 0 3 =3
1 4 10 19 32 20 7 13 23] and (O O 1 -2 5 1 -1 0 2|,
11 1 1 1 1 1 1 1 1 0 0 1 -1 -3 1 -1 0

respectively. The matroids represented by L; and Lo are the same. The Hilbert function of the ring Rq
defined using L; begins (1,9, 27, 54,90, 135, ... ). The Hilbert function of the ring R¢ defined using L, begins
(1,8,27,54,90,135,...).

Example 9.11. If one has an example where R exhibits some bad behavior, such as not being Cohen—
Macaulay or normal, then one can produce an example where the image of fo exhibits the same behavior
through the following procedure. Suppose that @) is contained in the hyperplane x1 4+ --- + z,, = ¢. Then
let L =L&kC k™!, and consider the polytope Q given by taking the convex hull of the result of adding
en+1 to each lattice point of @ and also the lattice point (0,...,0,c¢+ 1). Then the image of WL under f5
has a dense open set which is isomorphic to the spectrum of Rg.

See |[EFL25| Section 5.1] for more examples, including an example of an ample line bundle on a wonderful
variety with non-vanishing higher cohomology (and, indeed, negative Euler characteristic), and an example
of a line bundle £ on a wonderful variety with the property that £ is not pulled back from a nef line bundle
on the permutohedral toric variety, but £&2 is of the form £p for a polymatroid P.

We now give an extension of Corollary to all matroids. Let P be a polymatroid. Because of the map
K(X,) — K(M), the line bundle £p defines a class in K (M). Furthermore, x(Wp, £L5%) = x(M, £5%). The
inequalities proven in Corollary [0.5] can be extended to all matroids.
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Theorem 9.12. |[EFL25, Theorem B] Let M be a loopless matroid on E, and let P be a polymatroid on E.
Let d be the degree of the polynomial a — x(M, LS"). Define h*(M, Lp) = (hg, kY, ..., h}) via the formula
hE 4+ hit+ -+ hitd
®@aysa _ M0 1 d
ZX(M’ﬁP )t = (1 —t)d+t

a>0

Then h*(M, Lp) is a Macaulay vector. In particular, it is non-negative.

This result was conjectured in [EL26]. We give an explicit, somewhat complicated combinatorial formula
for the degree of the polynomial a — (M, £3%). Just like a matroid induces a partition of [n] into its
connected components, a polymatroid induces a partition [n] = S; U--- U S.. Then the degree d(M, P) of
this polynomial is

¢

(22) dM,P)= = min ;(rkM(Tz) 1),
where the partition [n] = Ty U --- U T} coarsens the partition [n] =S U---US.. See [EFL25| Section 4].

When M is realized by L, then d(M, P) is the dimension of fp(Wy). If B(P) has dimension n — 1, then
it follows from that d(M, P) = r — 1; see |[EL26, Theorem 4.10] for an easy proof that the degree of the
polynomial a — y(M, £3%) is r — 1 in this case. This is unsurprising: if M is realized by L and B(P) is
full-dimensional, then the map fp: X,, = Xp is an isomorphism over the torus in X,,, and so the restriction
of fp to Wy, is birational.

Proof of Theorem[5.38 The result is clear if the ground set has size 1, so we may assume that M is loopless
and coloopless. By Proposition and Corollary we have w(M; & Ma) = w(M;) - w(Ms), so we may
assume that M is connected. In this case, Proposition gives that w(M) = (—1)""1x(M, El\_/lll) Because
M is connected, B(M~) has dimension n — 1. It follows from that (—1)""1x(M, 61\7[1) =h_ (M, L),
so this is a special case of Theorem [9.12 (]

Proof of Theorem[9.3 We prove this in the case when £p is ample on X,,, and then we indicate the additional
steps that are needed to do the general case. When Lp is ample, Theorem [9.3(3) is vacuous, because an
ample line bundle on a smooth projective toric variety is very ample [CLS11, Theorem 6.1.15], so fp is an
isomorphism onto its image. The first step is to degenerate W, to a torus-invariant subscheme of X,.

The torus T acts on the Hilbert scheme of X,,. As T is solvable, by the Borel fixed point theorem, the
torus-orbit closure of the point of the Hilbert scheme corresponding to Wy contains a torus-fixed point.
Pulling back the universal family to a curve connecting the point corresponding to Wi, to a torus-fixed point
gives the desired degeneration. In fact, we can arrange for this degeneration to be induced by a 1-parameter
subgroup, i.e., a Grobner degeneration. If Y is the torus-orbit closure in the Hilbert scheme of the point
corresponding to Wy, and H is a sufficiently general 1-parameter subgroup of 7', then every H-fixed point of
Y will be a T-fixed point as well. We can take this degeneration to be the flat limit of {¢- Wy, : ¢t € H}. Call
this degeneration in(W7p,).

By Example the embedding of Wy, into (Pl)(2) is kindred. This embedding factors through the

inclusion of Wr, into X,,. Therefore the inclusion of any degeneration of Wy, inside of X,, into (Pl)(g) is
kindred as well, so Corollary implies that in(W7p,) is reduced and Cohen—Macaulay.

As in(Wp) is a reduced torus-fixed subscheme of X, it is a union of torus-invariant subvarieties. As such,
it is defined over SpecZ. On any normal toric variety, there is a standard Frobenius splitting for which all
torus-invariant subvarieties are compatibly split; see, e.g., [Pay09), Proposition 3.2]. In particular, over any
field of positive characteristic, in(Wp) is a compatibly split subvariety of X,,. Proposition then implies
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the desired vanishing results and surjectivity of global sections. As in the proof of Corollary the same
results hold for W, by upper semicontinuity [Sta25, 0BDN].

Now we discuss the case when Lp is not ample. Let fp: X,, =& Xp be the map induced by the complete
linear series of Lp. Note that fp(in(Wp)) is a reduced union of torus-invariant subvarieties of Xp. We will
show that fp(in(Wy)) is Cohen—Macaulay, and so we can apply Proposition to prove vanishing theorems
on fp(in(Wr)). We will also show that fp.Oinw,) = Ofp(in(w,)) and that Rifp*Oin(WL) =0 for i > 0.
The Leray spectral sequence then relates the cohomology of the very ample line bundle on fp(in(Wp)) to
the cohomology of L£p on in(Wy,), proving the desired vanishing.

The strategy taken in [EFL25, Proposition 3.10] is to show that the restriction of fp to in(Wp) is “locally a
coordinate projection of a kindred subscheme.” There is an open cover {U, } of X p indexed by maximal cones
in the fan of Xp. For each o, one can construct an embedding of U, into (P')’ such that the restriction
of fp to fp'(U,) is the restriction of a coordinate projection (Pl)(g) — (PY)%. As in(Wp) is a kindred

n

subscheme of (]P’l)(2) and the properties that we need to verify are local on Xp, the result follows from
Proposition 8.8 O

We briefly comment on the proof of Theorem[9.12] For each polymatroid P and realizable loopless matroid
M, the proof of Theorem constructs a Cohen—Macaulay union of toric subvarieties of Xp and an ample
line bundle such that the Hilbert polynomial of this ample line bundle is given by a — x(M, £5*). The
Cohen-Macaulayness and Frobenius splitting imply that the homogeneous coordinate ring of this union of
toric varieties is Cohen—Macaulay, giving the desired inequalities.

Using a result of Katz [Kat09, Theorem 10.1], one can give a tropical description of this union of toric
subvarieties. This description makes sense for any loopless matroid. From this description and a result of
Knutson [Knu), it is possible to show that the function which associates a loopless matroid to the class of
the structure sheaf of this union of toric subvarieties in K,(Xp) is valuative. Using Corollary one
shows that the Hilbert polynomial of this union of subvarieties is given by a +— x(M, £$%). An argument
similar to the end of the proof of Theorem [9.3] can be used to prove that this union of toric subvarieties is
Cohen—Macaulay for any loopless matroid M, so a Frobenius splitting argument and Theorem imply
that its section ring is Cohen—Macaulay, and its Hilbert function agrees with its Hilbert polynomial.

9.2. Omega positivity via section rings on projective bundles. We now describe an approach to
proving vanishing theorems on wonderful varieties using tautological bundles. This approach was introduced
in [BF22| and extended in [Liu25]. In those works, the characteristic of k is assumed to be 0 because they
make crucial use of Proposition We can remove this assumption by using Proposition [8:8] and so the
results given here are somewhat stronger.

For this approach, it will be convenient to introduce tautological bundles associated to realizations of
polymatroids. Subspace arrangements give rise to polymatroids in the same way that hyperplane arrange-
ments give rise to matroids. We will consider essential subspace arrangements, i.e., collections of subspaces
Wi, ..., Wy in a vector space L with NW; = 0. For each i, choose a set S; of hyperplanes whose intersection
is ;. Then we can view this subspace arrangement as arising from an embedding L — k% @ - - @ k5,
where W; is the intersection of L with the subspace of k%1 @ --- @ k®» where the coordinates labeled by S;
are 0.

Definition 9.13. A polymatroid P on [n] is said to be realizable over k if there are sets Sy,...,S, and a
linear subspace L of k%t @ --- @ kS where, for every subset T of [n], tkp(T) is the codimension in L of the
intersection of L with the subspace of k' @ --- @ kS where the coordinates labeled by elements of UjerS;
are 0.
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For any subspace L of k51 @- - - @ kS, the function described in Deﬁnition is a polymatroid. Matroids
can be described as polymatroids where rkp (i) € {0,1} for each ¢, and a matroid is realizable over k if and
only if it is realizable over k£ when viewed as a polymatroid.

Let L C k% @ --- @ k%" be a subspace arrangement, with dim L = r and |S1| +--- +[S,| = N, so L
defines a point [L] of Gr(r, N). Let P be the polymatroid realized by L. Consider the action of T' = G}, on
Gr(r, N), where the ith copy of G,, scales the coordinates labeled by S;.

Lemma 9.14. The moment polytope of T - [L] is the basis polytope of P.

Proof. Let m: RV — R™ be the linear map which sends a standard basis vector e; of RY to the standard
basis vector of R™ corresponding to the part of the partition [N] = Sy U--- U S,, which contains i. Let M
be the matroid on [N] realized by L. By the discussion in Section the moment polytope of T - [L] is
7(B(M)). If we choose the basis for each £ generically, which may be assumed, then that 7(B(M)) is the
basis polytope of P follows from [EL24, Lemma 3.2]. O

In particular, there is a T-equivariant map from X,, to Gr(r, N) which sends the identity of the torus in
X, to [L]. Using Theorem one can show that T - [L] is in fact normal, although this is not important
to what follows.

Given a subspace arrangement L C k%' @ --- @ kS, the dual subspace arrangement is the orthogonal
complement L', also viewed as a subspace of k%1 @ --- @ k°». Note that the polymatroid realized by the
dual subspace arrangement depends on the choice of realization of L as a subspace of k%1 @ --- @ k5", not
just on the subspace arrangement in L.

Definition 9.15. Let L C k51 @---@kS" be a subspace arrangement, with dim L = r and |Sy|+- - -+|S,| = N.
The tautological bundles Sp, and Qp on X, are the duals of the pullbacks of the universal quotient bundle
and universal subbundle on Gr(N —r, N) along the T-equivariant map which sends the identity of the torus
in X, to [LY].

Over a point t € G, /G,, C X,, the fiber of S, is t~'L, where the action of T is as described above. By
construction, there is a short exact sequence

08, — 0% 59, —>0.

When L C k™ is a realization of a matroid, the vector bundles defined in Definition [9.15] agree with the
vector bundles defined in Section Many of the nice properties and formulas are special to the matroid
case, however.

Example 9.16. Let L; and Ly be two subspaces of k. We can view L, @ L, as a subspace of k2@---@k?in a
natural way. Then Sr,, ®Sy,, is the tautological bundle associated to the polymatroid Ly ® Ly C k?®- - -® k2.
The basis polytope of the polymatroid realized by this subspace arrangement is the Minkowski sum of the
matroid polytopes of the matroids realized by L; and Ls.

Let L1 C k%' @ --- @ k% be a subspace arrangement, and let Ly C k™ be a hyperplane arrangement
realizing a loopless matroid M. We will consider the restriction of Sz, to Wr,. We view the total space
Tot(Sz,) as a subscheme of W, x AN, where N = |S;|+--- +S,,|. Combining the embedding of W, into

(Pl)(g) from Example with the natural embedding AN — (P1)¥ realizes Tot(Sy,) as a subscheme of
1 E) x (BN,

Proposition 9.17. The closure of Tot(Sr,) in (]P’l)(;) x (PYN s kindred.
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Proof. We will use Proposition Choose elements aq,...,a, of k such that Ly is not contained in the
hyperplane a121+- - -+anx, = 0. Let H denote the affine hyperplane {(v1,...,v,) € La : ajv1+- -+ anv, =
1} in Ly. Then the following set is a dense open subset of Tot(Sy, ):

(23) {(w, o™ w):ve HNGY, w e Ly}

Here v~! - w means that we scale the coordinates of w labeled by S; by vi_l. The open set in is
isomorphic to an open subset of H x L1, via the map which sends an element (z,y) of the above open set to
(x,x-y) € Hx L.

In order to check that the multidegree is multiplicity-free, we choose a subset 1" of ([g]) L [N] of size
equal to the dimension of Tot(Sy,), and we intersect the set in with general translates of coordinate
hyperplanes corresponding to the elements of 7. We know that the conditions are general enough that the
intersection will be a finite, possibly empty, set.

Intersecting with a translate of the coordinate hyperplane corresponding to {i,j} € ([Z]) imposes the
condition v; = Av; for some general A € k. Intersecting with a translate of a coordinate hyperplane
corresponding to s € [N], where s € Sy, imposes the condition v[lws = )\ for some general \ € k.

In terms of the identification of the open set in with an open subset of H x Ly, both of these types
of conditions are linear conditions. An intersection of the appropriate number of sufficiently general linear
conditions with an open subset of an affine space is either empty or a reduced point. O

Corollary 9.18. Let p: Tot(Sz,) — AN be the natural projection. Then P«Otot(s,,) = Op(Tot(sy,)) and
Rip*OTot(SLl) =0 fori>0. Also, p(Tot(S,)) is Cohen—-Macaulay.

Proof. Let Y denote the closure of Tot(Sr,) in Wy, x (P1)Y, and let § denote the projection Wr, x (P1)Y —
(PY)N. Proposition implies that p,Oy = Op¢yy, R'p.Oy = 0 for i > 0, and p(Y') is Cohen-Macaulay.
Then Tot(Sz,) is the preimage of the open subset AY of (P')", which implies the statement about higher
direct images. As p(Tot(Sr,)) is an open subset of p(Y), it is Cohen—Macaulay. O

Remark 9.19. Suppose that |S;| = 1 for all 4, i.e., L; is a subspace of k™. Then p(Tot(Sr,)) is the semi-
inverted Hadamard product defined in Example [8.13] By Proposition [9.17| and Proposition the closure
of the semi-inverted Hadamard product in (P!)" is kindred. That semi-inverted Hadamard products are
Cohen—Macaulay was previously proven in [BF24, Corollary 5.7] using a related argument.

Corollary 9.20. For each a > 0, the restriction map H°(Wy,, Sym® O®N) — HO(WL,, Sym* SY ) is sur-
jective, and H*(Wr,,Sym® Sy ) = 0 for any i > 0.

Proof. Let m: Tot(Sr,) — Wr, be the natural projection. Because Tot(SL,) = Specw,, (Sym Sy ), 7 is an
affine map. This implies that ’/T*OTOt(SLl) = Po>0 Sym” SXI and Riw*OTot(SLl) =0 for ¢ > 0. When we
further push this forward to a point, we get the same thing as if we push forward along p and then push
forward to a point. By Corollary if we push forward along p and then to a point the higher direct
images are 0, which implies that the higher cohomology of 7. O ( S1,) = Pa>0 Sym“ Szl vanishes.

The coordinate ring of p(Tot(Sz,)) is GaxoH®(Wr,,Sym® Sy ). Because p is proper, p(Tot(S,)) is a
closed subscheme of AN, so the coordinate ring of AN surjects onto its coordinate ring. This surjection is
identified with the map ®,>0H°(Wi,,Sym?* OPN) — &, H°(Wp,,Sym® SY ), proving the result. O

Let dr, denote the dimension of the image of Tot(Sz,) in AV, and let 7 be the dimension of Lj.
Theorem 9.21. For any a > 0, H (Wp,,det S, ® Sym®Sy,) = 0 unless i = dr,, — r.

Proof. Let p: Pw,, (S1,) — PN¥~! be the natural map. Note that p is induced by the complete linear system
of the globally generated line bundle O(1) on Py, (Si,). For a > 0 and any i, there is a natural identification
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of H'(Wy,,Sym® Sy ) with H'(Pw,_(SL,), O(a)). It follows from Corollary and Proposition that
Riﬁ*OPWLZ (St,) = 0 for i > 0.

By Corollary ®aH®(Pw,, (Sr,), O(a)) is the coordinate ring of p(Tot(Sy,)), so Corollary @ m-
plies that this ring is Cohen—Macaulay. It follows from Proposition that for any a < 0, we have
H!(Pw,_(S,),O(a)) = 0 unless j = d,, — 1, as dr,, — 1 is the dimension of the image of Py, (Sz,) under
the complete linear system of O(1).

Let 7: Py, (Sz,) — Wi, be the natural projection. For any a > 0, we have R"'7.O(—a — 1) =
det Sy, ® Sym® Sy, and R'7,O(—a —r) = 0 for i # r — 1. The conclusion follows, as the Leray spectral
sequence gives an isomorphism

Hi(WLQ,det S, ® Sym* SLl) = Hi+r71(PWL2 (SLl), O(—a - ’I")) O

—

We now give several more concrete applications of Corollary and Theorem We first give a
numerical consequence.

Corollary 9.22. Let Y be the image of Pw,,(SL,) in PN=1, and let p(a) denote the Hilbert function of Y.
Then p(a) is a polynomial of degree dy,, — 1. If we write
B hé + hTt + -+ h;LliltdLlfl

Zp(a)ta - (1 o t)dLl ’

a>0

then hy > 0 for each q. Furthermore, hy; =0 if ¢ > dp, —r, and h}, = (=1)4 "y (Wp,,det S, ).

dL1 -

Proof. By Corollary|9.18] the coordinate ring of Y is ©a>0H(Pw,, (SL,), O(a)), and the higher cohomology
of O(a) vanishes for a > 0. This implies that the Hilbert function of Y is a polynomial of degree equal to
the dimension of Y, which is dz,, — 1. As the coordinate ring of Y is Cohen-Macaulay by Corollary
Proposition implies that hj > 0 for each ¢q. From , we have

dr,—1
_ S : [ @ + dL1 -1- q
(24) p(a) B q=0 hq( dLl - 1 >.

Let 7: Py, (Sr,) = Wi, be the natural map. For —r < a < 0, we have R'T,O(a) = 0 for all . This implies

that x(Pw,, (St,),O(a)) = p(a) = 0 for —r < a < 0. Evaluating ata =—1,-2,...,—r+1, we see that
hy = 0 for ¢ > dr, — r. Evaluating at a = —r, we see that ha,, —» = (—1)‘1L1*1X(]P’WL2 (SL,), O(—r)).

As in the proof of Theorem pushing forward O(-r) to Wi, shows that x(Pw,,(Sr,), O(=7))
(_1)T_1X(WL2adet SL1)7 S0 hZLl —-r = (_1)dL1_rX(WL2’det SL1)'

O

Proposition 9.23. Let L C k™ be a realization of a loopless matroid, and let P be a polymatroid on [n]
which is realizable over k. Then for any a < 0, the cohomology of E%a on Wy, is concentrated in a single
degree.

Because k is algebraically closed, it follows from the Nullstellensatz that P is realizable over k if it is
realizable over some field with the same characteristic as k. As stated, Proposition is a special case of
Theorem We will compare them further below.

Proof of Proposition|9.23 For b > 0, the line bundle E%b is isomorphic to the line bundle £;p, where bP is
the polymatroid with rank function equal to b times the rank function of P. Suppose that P is realized by
a subspace V C k%1 @ --- @ k. Then bP is realized by V" C (k%)% @ ... @ (k%)®’. So we may reduce
to the case a = —1.
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Let Sy1 denote the tautological bundle of the dual polymatroid to P. We claim that det Sy, 1 = E;l.
Indeed, Sy, is the pullback of the tautological quotient bundle on a Grassmannian. The determinant of the
tautological quotient bundle on a Grassmannian is the line bundle O(1) which induces the Pliicker embedding
of the Grassmannian. The pullback of an ample line bundle to a toric variety is the line bundle corresponding
to the moment polytope, which is the basis polytope of the dual of P in this case. See Lemma [0.14]

It then follows from Theorem that the cohomology of det Sy, on Wy, is concentrated in one degree,
proving the theorem. (Il

In order to use Theorem it is helpful to understand the integer d,, appearing there. We will restrict
our attention to hyperplane arrangements. Let L; C k™ be a realization of a matroid M; of rank r1, and
suppose that Lo is a realization of a loopless matroid Ms of rank ro.

The diagonal Dilworth truncation D(My,Ms) of M; and My is a matroid whose independent sets are
subsets I of [n] such that, for any j € [n], I U j can be written as a disjoint union of an independent set of
M; and an independent set of M. This construction dates back to Edmonds [Edm70, Theorem 8], and it
has appeared several times in the literature; see [Ber22l|Li1§|. See |[BF24, Section 4] for a discussion of the
combinatorics of diagonal Dilworth truncations. The significance of the diagonal Dilworth truncation for us
comes from the following result.

Proposition 9.24. The algebraic matroid of the closure of the semi-inverted Hadamard product {v/w : v €
Ly, we LN Gr } m A™ is D(Ml,Mg)

Proof. The closure of the semi-inverted Hadamard product in (P!)™ can be described as the image of the
rational map P(L; & Ly) --» (P})™ given by sending the line spanned by the vector (v,w) in L; & Ly to
([v1, w1], [va, wal, ..., [vn, wy]), where v = (vy,...,v,) and w = (wy, ..., w,). The multidegree of the closure
is computed in [Lil8| Theorem 1.1]; see also [BES24] Theorem 5.2.4] and |Lar25, Theorem 1.2(2)]. O

In particular, Proposition [9.24] implies that the dimension of the semi-inverted Hadamard product is equal
to the rank of D(M;,Ms). Note that the rank of D(M;, M) is at most rk(M;) + rk(Mz) — 1. We say that
D(M;, M) has the ezpected rank if its rank is equal to rk(M;) + rk(Ms) — 1.

As mentioned before, the image of the total space of Sy, in A™ is the semi-inverted Hadamard product
of Ly and Ly. In particular, the number d;, occurring in Theorem is equal to rk(D(Mj, Ms)). This
proves the following.

Corollary 9.25. Let Ly C k™ be a Tealization of a loopless matroid My, and let My be a matroid which is
realizable over k. Then H’(WL2,£ ) = 0 unless i = rk(D(My, M3)) — rk(My).

Interestingly, Corollary [9.25 often says something different from Theorem [9.3] For example, if M; is
connected, then Theorem states that Hi(Wszﬁl\_/[lL) = 0 unless ¢ = rk(Mz2) — 1. If D(M;,M3) does
1
not have the expected rank, then combining this with Corollary implies that all cohomology of ‘61\7/11
1
vanishes. For example, this holds if rk(Mj) + rk(Msy) > n + 1.
Conjecture 9.26. Let Lo C k™ be a realization of a loopless matroid Mz, and let My be a matroid. Then
Hi(WLZ,ﬁgdﬂ) =0 unless i = rk(D(My, Mz)) — rk(Mj).

Theorem shows that the cohomology of CM 1 on Wr, is concentrated in degree dim fML (WL,), which
is equal to the quantity d(Msg, M;) in (22)). The content of the above conjecture is that if d(Ms, M;) is not
equal to rk(D(Mj, M3)) — rk(M;), then x(Ma, ﬁM )=0.

1

Example 9.27. If rk(D(My, Ms)) = n, then the semi-inverted Hadamard product is all of A™. Corollary
implies that the map Sym k"™ — ®q>0H?(WL,, Sym® S ) is an isomorphism.
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In some cases, we can use the above techniques to prove that H i(WLQ,CKAlL) =0 for all 4.
1

Proposition 9.28. Let Ly C k™ be a realization of a loopless matroid My, and let My be a matroid which
is realizable over k. If there is a connected component of D(My,Ms) which is not a union of connected
components of My, then Hi(WLQ,Ll\_AlL) =0 for all i.

1

Lemma 9.29. Let X be an integral closed subvariety of A™, and suppose that the algebraic matroid M of
X is disconnected, with components Sy, ...,S.. For S C [n], let ps be the coordinate projection from A™ to
AS. Then the natural map from X to ps, (X) X ps,(X) x --- x ps.(X) is an isomorphism.

Proof. The map is clearly injective and injective on tangent vectors because this is true when X = A" so
to prove that it is an isomorphism it suffices to show that it is surjective. Because pg, (X) X -+ X pg_(X) is
irreducible, it suffices to check that dim X = dimpg, (X) x --- X pg_(X). The dimension of pg(X) is rky(.5).
Because the S; are connected components of M, we have

dim X = rk(M) = rkm(S1) + -« - + rkm(Se). O

Proof of Proposition[9.28 Suppose that D(Mj, Ms) has connected components Si, . . ., S¢, with S1L- - -US, =
[n]. Let d = rk(D(My,Ms)), and let d; be the rank of the component with vertex set S;. Let r be the rank
of My, and let r; = rky, (S;).

Let X denote the semi-inverted Hadamard product of L; and Lo, the closure of {v/w : v € Ly, w €
LyNGY} in A", By Lemma [9.29 and Proposition the natural map from X to pg, (X) X -+ X pg,(X)
is an isomorphism. Note that pg,(X) is the semi-inverted Hadamard product of pg,(L1) and pg,(Ls2). The
coordinate ring of X is the tensor product of the coordinate rings of these semi-inverted Hadamard products.
Let LY = pg,(L1), and define L5 similarly. Note that dim LY" = r;.

As discussed previously, X is the cone over the image of Pw,, (Sp,) in P*~! and the semi-inverted
Hadamard product of L3 and L3 is the cone over the image of ]P)WLSi (S,s:) in PISiI=1. Let p(a) denote

2 1

the Hilbert polynomial of O(1) on Pw,, (Sz,), and let g;(a) denote the Hilbert polynomial of O(1) on
Pw s (S, s:) for each i. We have
L2l 1

(25) S e = IS alayee.

a>0 1=1a>0

Let hi(Ly) + hi(La)t + -+ + hj_ (L)t = (1 = )3 ~opla)t?, and let hi(L{") + hi(LY)t + - +
hy .. (Lfi)tdi’” = (1 -t Zazo gi(a)t®*; that these are polynomials of the specified form follows from

Corollary By (25)), we see that

B (La) + R (L)t + -+ by (L)t = TG (LT) + i (LY)e + -+ b, (LY.
i=1

The right-hand side has degree at most dy + -+ +de — 71 — -+ —r. = d —rky, (S1) — -+ — vk, (Se). If
some S; is not a union of connected components of My, then rkn, (S1) + - -+ + rka, (Se) > 7. This implies
that h}_,(L1) = 0. By Corollary (L) = (—l)d_Tx(WLQ,ﬁl\j[lll) = 0. By Proposition the

—1

cohomology of £ | is concentrated in a single degree, so this shows that all cohomology vanishes. |
1
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Example 9.30. Proposition does not characterize when all cohomology of EK/[lL on W, vanishes. For
1

example, let k£ be a field of characteristic 5, and let

0 01 43 20 2 4 011 20
Li=rowspan (2 0 2 0 4 2 1| andLy= rowspan |2 0 3 0 0 2 3
0 4 3 3 410 4 1 0 4 4 4 0

Let M; and My be the corresponding matroids. Then D(M;j, Ms) is a connected matroid of rank 5, but
X(WLQ,LZI\_/I&) =0, so it follows from Theorem W or Corollary that HY(Wrp,, El\_/[ll) =0 for all 4.
1 1

Proof of Theorem[5.38 for realizable matroids. By Proposition and Corollary it suffices to show
that if M is a connected matroid of rank r on at least 2 elements, then w(M) > 0. Suppose that M is realized
by L C k™. For such a matroid, Proposition states that w(M) = (=1)""tx(Wp, L’;Ai)

If D(M, M) has rank less than 2r — 1, then [BF24, Lemma 4.13] shows that D(M, M) is not connected. In
this case, Proposition implies that x(Wp, E;dﬂ) =0, so w(M) = 0. If D(M, M) has rank equal to 2r — 1,
then Corollary implies that Hi(WL,L’I\_/Ii) =0 unless i =r — 1, so (—1)T_1x(WL,£;Aﬂ) > 0. O

Remark 9.31. If k£ is a field of characteristic 0, then a trick used in [BF22| (see also [Liu25|) implies
vanishing theorems for Schur functors of tautological bundles. If £ is a vector bundle over a variety over a
field k of characteristic 0, then one has an isomorphism

(26) Sym®(£%%) = P Mk @ SM (&),

A <s

where S* is the Schur functor associated to \; see [Wey03, Corollary 2.3.3]. In particular, if Sy, is a tautological
subbundle of a subspace arrangement, then so is 8?8, and so applying Corollary implies that the
higher cohomology of S* S) vanishes for any partition A. If k has positive characteristic, then there is no
decomposition like in general.

As discussed in Section [7.3] one cannot expect the same cohomology vanishing results for tautological
quotient bundles. On the permutohedral toric variety, however, cohomology vanishing results for tautological
quotient bundles can be deduced from those for subbundles.

Recall that X,, is the wonderful variety of the Boolean arrangement k™ C k™. There is an involution
crem: X, — X,, called the Cremona involution, which restricts to inversion on the dense torus in X,,. Let
L CkS @-- @k be a realization of a polymatroid. We have

crem* Sy, & QXL.

Indeed, if |S1|+ -+ + |Sn| = N, then crem* O®¥ is the trivial bundle linearized so that t = (¢1,...,t,) acts
by scaling the coordinates labeled by each S; by ¢;. The bundle crem* Sy, is the unique subbundle whose
fiber over the identity is L; QX 1 can be described in the same way. Corollary and Theorem then
imply the following result.

Corollary 9.32. For any a > 0, H(X,,,Sym® Q1) = 0 for all i > 0, and the map H°(X,,Sym® O®V) —
HY(X,,Sym® Qy) is surjective.

The analogues of the results in this section for non-realizable matroids have yet to be developed.
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9.3. Omega positivity via free resolutions. Finally, we discuss the technique used in [BF24] to prove
Theorem The statements and proofs in this section are somewhat different from those in [BF24], but
all of the ideas are due to Berget and Fink. Let L; and Ly be subspaces of k™, and consider the vector bundle
S, ® 8y, over X,,. Let p: Tot(Sr, ® Sr,) — A?" be the map induced by the inclusion Sy, & Sr, C 02"

Set Y1,.1, = p(Tot(Sr, ®SL,)). Because p is proper, this is a closed subvariety of A2". Tt can be described
as the closure of the set {(t~'v,t7'w) : v € Ly, w € Lo, t € T'}. We will use coordinates o1, ..., Tn, Y1, -, Yn
on A?" with the z coordinates corresponding to the O®" summand which contains Sg,. If the matroids
realized by L; and L9 have no loops in common, then let Y7, 1, denote the quotient of YLI L, by the T-
action, i.e., the multiprojectivization. This is a subvariety of (Pl)" If L1 and Ly do have a loop in common,
then Yz, 1, is contained in V (z;,y;) for some 4, and so it does not define a subscheme of (P*)". Note that
YL, 1, is the closure of the semi-inverted Hadamard product in (P')", and that YLl,LQ is the spectrum of
the homogeneous coordinate ring of Y7, 1.

We will use an action of G2, x T on A?", where T' = G”,. Here the G2, factor acts by (s1,s2)(z1,...,yn) =
(811, ..., 81%Tn, S2Y1,- - -, S2Yn), and the action of the T factor is given by (t1,...,t,) - (T1,...,yn) =
(t11,- - tnTn, t1y1, - - -, tnYn). The subvariety Yr, 1, is preserved by this action, and so this induces a

Z2 x 7" grading on the ideal I, 1, of fthL2 in the coordinate ring A = k[z1,...,y,] of A?". Note that the
quotient of ?Ll, L, by the T-action is the closure of the semi-inverted Hadamard product (see Example
of Ly and Ly in (P1)".

For (m,p) € Z? x Z", let A[—m, —p] denote the rank 1 free A-module with generator in degree (m, p).
We will be interested in the minimal Z? x Z"-graded free resolution of A/Iy, r,. This is an exact sequence

27) 0= @ Al-m,—¢]"¥me - P A[-m —qﬁl"’qe@A ,—q)Poma — A/Ip, 1, — 0,

(m,q) (m,q) m,q)

where the differentials respect the Z2 x Z"*-grading. That the complex is minimal means that after we tensor
this complex over A with k, the differentials are all 0. The {8; m 4} are called the multigraded Betti numbers
of A/Iy, ,; the indexing is set up so that S3; 4 = 0 if m or ¢ has a negative coordinate. We will also
consider the Z?- and Z"-graded Betti numbers of A/, 1,. For m € Z?, we will use S3; . to denote the ith
Z2-graded Betti number, and similarly use j; ., to denote the ith Z"-graded Betti number. We have

(28) ﬂi,m,* = Z Bi,vmq and /8i7*,q = Z Bim’uq-

q€zn mez?

Using the Z? x Z"-graded Betti numbers, we can describe the class of OYL L. in Kgz, w7 (A%"). From ( .7
1,2

we have
[OY/LI,Lz] = Z Z ) Bi ma[Al=m, —q]].

(m,q)€Z2XZ" i>0

This also determines the class of Oy~ —in Kgz (A?) and K7(A?"). Note that the class of Oy, ..

K7 (A?") is closely related to the class of Oy, . in K((P')"). Indeed, let Z =V (x1,y1)U---U V(acn, Yn) C
A and let U = A?\ Z. Then T acts freely on U with quotient (P!)", and one can identify K7 (U) with
K((P")"). In particular, the class of Oy, , is identified with the pullback of [OY’LI,LZ] to Kr(U).

In [BF24, Lemma 5.6], Berget and Fink give an explicit universal Grébner basis for I1, r,. In principle, it is
possible to use generators and relations to study the Betti numbers of A/Iy, 1, explicitly (see Example ,
but we will need more powerful techniques. The following result, which is a variant of Weyman’s geometric
method for studying free resolutions [Wey03], will allow us to relate the free resolution to the cohomology of
tautological bundles.

in
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Proposition 9.33. [BF24, Theorem 7.17] Let Ly and Lo be subspaces of k™ which do not have a loop in
common. For each i € Z, set

Fi= @ H""™'(XnA"Qf, @ A°Q},) @ Al(—a,—b),0],
(a,b)eN2

viewed as o Z? x Z™ graded free module using the Z™ grading on the cohomology of A® Qzl RNb QXZ. Then, for
i > 1, there are differentials d;: F; — F;_1 such that this is the minimal graded free resolution of A/IL, .

Proof. Note that Tot(Sr, ®Sr,) is a subscheme of X,, x A?". Let 7 denote the projection of X,, x A?" to X,,,
and r denote the rank of Sy, & Sr,. There is a distinguished section of 7*(Qy, ® Qp,) which transversely
cuts out Tot(Sz, @ Sr,) inside of X,, x A?". This gives a Koszul resolution, i.e., the complex

o NP (rFQY, @ Q)) T Q) @ QY - O —0.
is equal to Oro(s,, @s,,) in the derived category of coherent sheaves on X, x A?" If we push forward

Orot(s,, ®S1,) O A?" then, recalling that X,, is a wonderful variety, Corollary implies that we get
O);L .- If we push forward the above Koszul complex, then a homological algebra argument shows that we
1.-5~2

get the complex in the statement of the proposition and that it is minimal. See [Wey03, Theorem 5.1.3]. O

In particular, if i < 0, then HoT0=%(X,,, A Qfl QAP QXQ) = 0, because the minimal graded free resolution is
supported in non-positive cohomological degree. Also, as Fy = A, we see that HT°(X,,, A® Xl QAP L) =0
unless a = b = 0.

We will analyze the Z? x Z"-graded Betti numbers of A/Iy, 1, by degenerating YLl .L,- The key fact is that
multigraded Betti numbers are upper semicontinuous under degenerations which preserve the multigrading.
That is, let C be a curve, and let X be a subvariety of A?" x C' which is preserved by the action of G2, x T'
on A?" and which is flat over C. Then for each i, m, and ¢, the function which assigns a point of C to the
associated Z? x Z™-graded Betti number of the fiber is upper semicontinuous. This means that the graded
Betti numbers of YLI, L, are bounded above by the graded Betti numbers of any degeneration.

However, the equivariant K-class of OYLl,L is preserved under degenerations which respect the grading.
The modules appearing in the minimal graded free resolution can get bigger when we degenerate, but the
new terms must “cancel in consecutive pairs”’; see |[MS05, Remark 8.30].

For a matroid M on [n], let T\ (z,y) denote the Tutte polynomial of M. The independence complex of M
is the simplicial complex on [n] whose facets are given by the bases of M.

Proposition 9.34. [Sta77, Theorem 9] Let M be a matroid on [n], and let 3; 4 denote the Z"-graded Betti
numbers of the Stanley—Reisner ring of its independence complex. We have 3; = 0 unless q is the indicator

function of the complement of a flat of M*. If q is the indicator function of the complement of a flat F of
M~ then

TML/F(O,].), ZfZ:I‘k(MJ'/F)
Bi,q = .
0, otherwise.

Proposition 9.35. Let My and My be the matroids of Ly and Lo, respectively, and assume that they have
no loops in common. Then the Z"™-graded Betti numbers of A/l 1, are the same as the Z™-graded Betti
numbers of the Stanley—Reisner ring of the independence complex of D(My, Ma).

Proof. By Example and Proposition YL, 1, is a kindred subscheme of (P!)" with progenitor matroid
D(M;,Ms;). By Lemma YL,,L, can be degenerated inside of (P*)" to Y, m,)- Proposition then

gives a flat degeneration of YLI’ L, to the product of the Stanley—Reisner scheme of the independence complex
of D(M;,My) with A™, which has the same Z"-graded Betti numbers as the Stanley—Reisner scheme. This
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flat degeneration respects the Z"-grading (but not the Z2-grading). Setting Bi,q to be the Z"-graded Betti
numbers of the Stanley—Reisner ring, we have

(29) Bi,*,q < ﬁi,q~
Note that, in K7(A%"), [Oy, , ]is equal to the class of the Stanley—Reisner scheme. Inspecting the formula
1,52

in Proposition gives the result, as there is no cancellation in the minimal Z"-graded free resolution, and
so the Betti numbers can’t have jumped. |

Proposition gives good control over the Z™-graded Betti numbers of A/Iy, 1,. However, Proposi-
tion W shows that the Z? or Z? x Z"-graded Betti numbers of A/I, 1, are really what is of interest. To
analyze those, we will need a different degeneration. We will make use of the G2"-action on A" by scaling.

Lemma 9.36. Assume that Ly and Lo have no loops in common. There is a degeneration of }A’LhLz to a
Stanley—Reisner subscheme of A%™ which respects the Z2 x Z"-grading. The 72 x Z™ graded Betti numbers
of A/IL, 1, are the same as those of this Stanley—Reisner ring.

Proof. As in the proof of Theorem there is a degeneration of Yz, 1, inside of (P')™ to a subscheme
X which is fixed by the action of T'; the point is that the torus-orbit closure of the point corresponding
to Yz, 1, in the Hilbert scheme of (P')"™ contains a T-fixed point. By Example X is kindred, and
so is reduced by Corollary The homogeneous coordinate ring of X is fixed by the torus G?" and is
reduced, so it is a Stanley—Reisner subscheme of A?". Proposition m gives a degeneration of )A/Ll’ L, to the
spectrum of the homogeneous coordinate ring of X. This degeneration respects the Z? x Z"-grading: the
Z2-grading is induced by the diagonal action of G,, on (P!)", which commutes with the action of 7. This
Stanley—Reisner scheme can be further degenerated to Ypu, m,), S0 an argument similar to the proof of
Proposition shows that the Z"-graded Betti numbers do not jump under the degeneration of YLl, L, to
this Stanley—Reisner scheme. Then implies that the Z? x Z™-graded Betti numbers also do not jump. O

Theorem 9.37. Let Ly and Lo be subspaces of k™ which do not have a loop in common. Then H?(X,,, \! Zl®
AMTEQY ) = 0 unless j = rk(D(My, My)).

Proof. For p = (p1,...,p2n) € Z*", let 3; , denote the ith Z?"-graded Betti number of the Stanley-Reisner
ring constructed in Lemma Recall that for m = (a,b) € Z? and ¢ = (q1,-.-,qn) € Z", Bim,q is the ith
Z? x Z"-graded Betti number of A/Iy, ,. We have

ﬁi,m,q = Z /Bi,p'

pit-+pn=a
Pnt1+-+p2n=b
Pj+Pj+n=0q;

By Proposition if py + -+ 4+ p2n, = n, then B;, = 0 unless i = n — rk(D(My, My)). This means that if
m = (a,b) with a + b =mn, then §; , ¢ = 0 unless ¢ = n — rk(D(M;,M3)). Comparing with Proposition
gives the result. O

In order to prove stronger results, we will need to analyze the degenerations in Lemma In [BF22],
the authors define and extensively study a simplicial complex called the external activity complex of a pair of
matroids. This complex generalizes one introduced in [AB16]. The Stanley—Reisner scheme of this complex
is the degeneration constructed in Lemma [9.36

A circuit of a matroid is a minimal subset of the ground set which is not independent. Assume that M;
and Ms have no loop in common. In [BF24 Proposition 4.5], Berget and Fink show that if C' is a circuit of
D(M;y,M,), then C can be written as I; U I, where I is independent in M; and I5 is independent in M.
There are usually several such decompositions.
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Given w = (w1,...,w,) € Z", we say that w is sufficiently generic if for every circuit C' of D(My, M),
there is a unique decomposition C = I LI I3, with I; independent in M; and I, independent in My, with the
property that >, w; > Zie[{ w; for every other decomposition C' = I{UI,. For each basis B of D(M;, Ms)
and j ¢ B, there is a unique circuit C' contained in BU{j}. Let C' = I; U I3 be the decomposition of C into
independent sets of M; and My with Ziell w; maximal. We say that j is externally active if j € I, and
we say that j is externally passive if j € Io. Let EA(B) denote the set of externally active elements, i.e.,
EA(B) consists of the j € E\ B such that j lies in I; in the decomposition of the unique circuit contained
in BU{j}. Let EP(B) denote the set of externally passive elements.

Example 9.38. Let M; = Uj,, and let My be a matroid. Then D(M;, M) is equal to My, and the
notion of external activity and passivity introduced above agrees with the classically studied notion; see,
e.g., [Bjo92, Section 7.3].

Given a sufficiently generic weight w, let A,,(My, Ms) be the complex on {x1,...,2Zn,y1,---,yn} Whose
facets are {pupp(B)YBUEA(B) : B basis}. This complex, which was introduced by Berget and Fink [BF24],
is called the external activity complex of D(Mi,Ms). Note that it is only defined if M; and My have no loop
in common, as otherwise the circuit of D(M;, Ms) corresponding to the loop does not admit a decomposition
as a union of independent sets from M; and M.

Given w = (wy,...,wy,) € Z", there is an action of G,, on A?" given by t - (T1,...,Zn,Y1,---,Yn) =
(t*12q, ..., t*" %, Y1, .., Yn). The initial degeneration of Y/Ll,Lg corresponding to w is the flat limit lim;_,o ¢-
f/LhLz. Because the action of G, commutes with the action of G}, x T on A*", the class in Kg2 7 (A%") of
the structure sheaf of the initial degeneration is equal to [OY/LLQ].

Proposition 9.39. [BF24, Corollary 5.7] Let Ly and Lo be subspaces of k™ which realize matroids My and
Ms. Assume that My and Ms do not have a loop in common. If w is sufficiently generic, then the initial
degeneration of Y, 1, given by w is the Stanley—Reisner scheme of A, (M, Ma).

Proposition is proved using an explicit Grobner basis for Iy, r,, which is given in [Lil8, Theorem
1.1]. This Grébner basis can also be deduced using [HL24, Theorem 2.7]. Combined with Lemma and
its proof, Proposition [9.39|implies the following result.

Corollary 9.40. The Z? x Z™-graded Betti numbers of YLLLQ are equal to the Z? x Z"™-graded Betti numbers
of the Stanley—Reisner scheme of A, (My, Ma).

Combined with Proposition [9.:33] this implies the following remarkable result.

Corollary 9.41. Let Li and Lo be subspaces of k™ realizing matroids My and My, respectively. Then for
any a,b, and j, the character of the T-representation HI(X,,, \* QXI ® /\bQL) depends only on My and Ms.

Assume that M; and Ms do not have a loop in common. Using Proposition [9.34] as in the proof of
Theorem one can show that the T-equivariant Euler characteristic of A*Q} ® AP 7, is “cancellation-
free,” in the following sense. Each monomial with non-zero coefficient in x7 (X,,, A® Qfl ® /\bQL), viewed as
an element of Z[T:E ... TF'], is of the form T := [I;c5 7 for some subset S of [n]. Then [n]\ S is a flat
of D(My,Ms)*, and the dimension of the part of H*(X,, AQY ® /\bQXQ) where T acts by the character
T5 is 0 unless a + b — i = rk(D(My, M2)*/([n] \ 9)).

Example 9.42. Let L; and Lo be the row spans of the matrices
1

1111 11 0 0 1 11
1111 2 2 and {0 1 0 1 0 1],
0 01 0 11
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respectively. Using Theorem |4.15] one can compute that
X' (Xo, A°QY, @ N2Q),) = T3 T5Ts + VI3 T T5 T + T Ty T5 T

Then D(M;j, M) is matroid of rank 2 whose non-bases are given by {3,5},{3,6}, and {5,6}. The {1}, {2},
and {4} are all flats of D(My, My)*, and the rank of the contraction of D(My, Ma)1 by any of these flats is
1. This implies that dim H*(Xg, A3 Zl ® A2 QXZ) = 3, and all of the other cohomology groups vanish.

In a technical tour de force, Berget and Fink extend these results to non-realizable matroids. If M; and
M, do not have a loop in common, then the Stanley—Reisner scheme of A, (Mj, Ms) is not contained in
V(x;,y;) for any i, so it defines a subscheme of (P!)™. For the rest of this section, we will fix a weight w € Z"
which is sufficiently generic.

Theorem 9.43. [BF24] Lemma 7.1] If My and Mz are matroids on [n] which do not have a loop in common,
then for any w which is sufficiently generic, the subscheme of (P)" defined by A, (My, M) is kindred.

In the realizable case, this is a consequence of Example [8.13] and Proposition [9.39) The proof of Proposi-
tion then shows that the Z"-graded Betti numbers of the ideal of A,,(M;, Ms) are computed in terms
of D(My, M) by using the formulas in Proposition m This is useful because of the next theorem.

Theorem 9.44. [BF24| Theorem 7.4] Let My and My be matroids which do not have a loop in common.
The class in K(;,gnxT(AQ") of the structure sheaf of the Stanley—Reisner scheme A, (My, Ms) is equal to

Y (DN (X, AN, ] @ N[O, [Al(—a, =b), 0]).
(a,b)eN?

In the realizable case, this follows from Proposition [0:33] Both Theorem and Theorem are
proved by reducing to the realizable case by showing that the external activity complex is “bivaluative” in
an appropriate sense, that is, various numerical invariants associated to it define maps from Val, ® Val,.
The proof of the bivaluativity result is quite complicated; see [BF24, Section 6].

Once these results are known, the proof of Theorem [9.37| can be imitated to give the following positivity
result.

Corollary 9.45. Let M; and My be matroids on [n] which do not have a loop in common, then for any 1,
(_1)rk(D(M1,M2))X(Xn,/\i[Ql\\//Il] ® An_i[QKdg]) 2 0.

In order to prove Theorem [5.38, we will need a vanishing result. The proof is a generalization of the proof
of [BF24, Lemma 7.6].

Proposition 9.46. Let My and Mz be matroids on [n] which do not have a loop in common, and suppose
that there is a component of D(My, M) which is not a union of components of M. Then

X (X, ATTHEO[QY T @ A [QY ) = 0.
Proof. Suppose that D(Mj, Ms) has connected components Sy, ..., S, with S;U---US. = [n]. Let d =
rk(D(M;, My)), and let d; be the rank of the restriction M>% to S;. Let r = rk(My), and let 7; = rk(M?>").
By [BF24, Lemma 4.23], A,,(M;,Mz) is the join of the complexes Aw(Mfi,Mgi) fori = 1,...,¢c. The
class of [Oa, My, My)] In Kg2 7 (A?") is the product of the pullbacks of the classes of the structure sheaves

of the A, (Mf,Mg) For matroids M, N on a set S, let V;(M,N) denote the representation of G2, x G2,
whose character is given by the ith Betti number of A,,(M,N). Then we have

Vimd (M1, Ma) = Q) Vis; -, (M7, M5").
=1
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By Theorem (—=1)x (X0, AV [QY, ] @ AT[QY,]) is the dimension of the (n —r,7)th Z?-graded piece of

Vi—a(M1, Mz). Applying Theorem [9.44| to the restriction to S;, we see that (—1)dix(X‘Si|, AlSil=ri [QK/IS] ®
1

/\”[Ql\\//[s,}) is the dimension of the (|S;| — r;,7;)th Z?-graded piece of V|g,|_q, (M7#, M5"), and the (a,b)th

i

Z*-graded piece is 0 for b < r;. Asr < Y ;_, r; because some S; is not a union of components of M, this
implies that the (n — r,r)th Z2-graded piece of V,,_4(M;, My) is 0. O

Proof of Theorem[5.38 By Proposition and Corollary it suffices to show that if M is a connected
matroid of rank r on n > 2 elements, then w(M) > 0. By Proposition we have

w(M) = —x(Xn, A"[Q] ® A"T[QN])-
If D(M, M) has the expected rank 2r—1, then Corollary states that (—1)*"~1x (X, AT[OY]@A" " [OQY]) >

0, implying the result. If D(M,M) does not have expected rank, then [BF24, Lemma 4.13] states that
D(M, M) is disconnected. It follows from Proposition that w(M) = 0. O

In |[FSS24] Section 12], Fink, Shaw, and Speyer study the omega invariants of connected matroids M of
rank r on [n] where n < 2r + 2. Note that if n < 2r, then w(M) = 0 by Corollary

Example 9.47. |BF24, Example 7.10] Suppose that n = 2r and M is connected. Suppose that D(M, M) has
expected rank and is connected; otherwise w(M) = 0 by Proposition Then A, (M, M) is a hypersurface
in A?" so the Z2-graded free resolution of its Stanley—Reisner ring A/I is 0 — A[(—a,—b)] — A — A/I
for some (a,b) with a + b = n. This implies that (—1)""1x(X,, A[QyY] ® Ab[QY)]) = 1. But A'[QY,] = 0 if
i>mn—r=n/2, so we see that « = b =n/2, and that w(M) = 1 in this case.

Example 9.48. |BF24, Example 7.11] Suppose that n = 2r+1 and M is connected. Suppose that D(M, M)
has the expected rank n — 2 and is connected; otherwise w(M) = 0. Then the minimal resolution of the
Stanley—Reisner ring of A,,(M, M) has length 2, and the second Z-graded Betti number is Ty (0, 1). Compar-
ing with Theorem we have T (0,1) = (=1)"2x (X, AT [QY ] @ ATTHOY ) + (= 1) 2x (X, ATTHOY ] @
AT[QY;])- This implies that w(M) = Ty (0,1)/2.

Example 9.49. Suppose that Ls is the 1-dimensional subspace of k™ spanned by (1,...,1), so Uy, is the
matroid of Ly. Let My be the matroid of L;. Then Y7, 1, is the matroid Schubert variety of Example
and A, (M, Uy ) is the external activity complex of [AB16]. In this case, Crowley and Proudfoot explicitly
computed the Z? x Z"-graded free resolution of Y7, 1, [CP25|.

For a linear subspace L of k™ realizing a matroid M of rank r, let Z;, denote its internal zonotopal algebra.
This is a quotient of Sym L by a certain homogeneous ideal; see |CP25, Section 1.1] for a definition and
discussion. Its Hilbert series is known to be ¢ "Ty\(0,¢~1) [HR11]. In particular, Z; = 0 if L has a coloop.
We write Z;, = 2% @ ZL @ - @ ZZ_T_l for the decomposition of Z, into graded pieces. For a subset S
of [n], let L be the image of L under the coordinate projection k™ — k%. Note that LI\ is coloopless if
and only if S is a flat of M*. If F; is the ith term of the Z? x Z"-graded free resolution of A/Iy, 1,, then
|CP25, Theorem 1.15] gives

n—|F|—i—1

Fi= @ @ Zﬁ[n]\F @ Al(—n+ [F|+i+{,—0— i), —ep\F],
k(M /F)=i  £=0 !

where eg\p € Z" is the indicator function of E'\ F, and F' ranges over flats of Mj. Comparing with
Proposition [9.33] gives that

HI(X,,\Q}, ® \QY.) = P Z7 e l-emrl.
rk(M{ /F)=a+b—j '
a+b=n—|F|
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For example, suppose that L; is coloopless and n > 1. Then /\”’1QX2 = E{Ji , which is the line bundle

denoted O(—p) in Example We have
- Zph it =r
0,

—1,n

H)(X,,Qf ® cgjfm

otherwise.

If n > 1, then the coefficient of y in Ty, (z,y) is S(My), the beta invariant of M;. In particular, we see that
dim H"(X,,, QY ® Ly, ) is equal to B(My).

From this description, one can see that the cohomology of A% Xl ® AP Xz need not be concentrated in
one degree. However, the proof that the dimension of H*(X,,, \® Xl QAP Q\L/z) only depends on the matroids
of Ly and Ly (Corollary still proceeds by showing that the cohomology is concentrated in one degree if
one considers the grading given by the T-action. In most other cases where the dimension of a cohomology
group of a coherent sheaf on some variety associated to a realization of a matroid is shown to be determined
by the matroid, the proof also proceeds by showing that the Euler characteristic is an invariant of the matroid
and that the cohomology is concentrated in one degree. The only exception that the author is aware of is
|CL26| Proposition 3.24].

It is tempting to use a strategy analogous to the one considered here to study the free resolution of semi-
inverted Hadamard products. Let L; and Ly be linear subspaces of k™ which realize matroids M; and Mo,
respectively, and assume that Ms is loopless. Recall that the semi-inverted Hadamard product of L; and
Lo is the image of the total space of Sp, over Wi, in A". Let Jr, , denote the ideal of the semi-inverted
Hadamard product. Let F; = @, H*™/(Wr,,A‘Q} ) @ k[z1, ..., zn][—{]. By [Wey03, Theorem 5.1.3], using
Corollary there is a minimal graded free resolution

0—)—)F1 _>F0_>k[x1>---;$n}/JL1,L2 — 0.

Using this, results on the minimal graded free resolution of Jy,, 1, imply results on the cohomology of exterior
powers of Qzl on W, and vice versa. For example, because F; = 0 for i < 0, we have H/ (W7, /\Zgzl) =0if
¢ > j. Because Fy has rank 1, this implies that H*(W,, A’ Q7 ) =0forall £ > 0. Because the semi-inverted
Hadamard product is Cohen—Macaulay by Corollary the Auslander—-Buchsbaum formula implies that
F; =0 for i > n —rk(D(My, My)), so HI (W, A*QY ) = 0 if £+ rk(D(My,Ms)) —n > j. However, the lack
of an action of T" makes it more difficult to control the graded Betti numbers.

One attempt to control the cohomology of /\ZQ\L’1 on Wy, by using Corollary[9.41l Let r be the dimension
of Lo. Tensoring the Koszul resolution of Wy, with A‘ Xl, one obtains a complex

0= AQY ®@A"TTQY = AN'Q @ ATTTTIQY = - 5 AQY. ® QY — 0.

The homology of this complex is A* QZI ® Ow,, in degree 0. The associated hypercohomology spectral
sequence is

(30) EYY = HYX,, A" QY ® NPQY ) = HP (W, N'QY ).

Corollary implies that each term on the E; page of this spectral sequence depends only on the matroids
of L1 and L. Each term on the F; page has a Z™-grading, but the differentials need not respect this grading.

We illustrate this in the case of the Orlik-Terao algebra; see Example [9.6] and Example [0.49] Let Ly be
the 1-dimensional subspace of k™ spanned by (1,...,1). Then the semi-inverted Hadamard product is the
closure of the image of Ly under the coordinate-wise inversion map on the torus GJ;, C A", i.e., it is the cone
over the reciprocal plane. Its coordinate ring is the Orlik—Terao algebra of L.

Imitating the strategy in the proof of Theorem one could attempt to understand the Z-graded Betti
numbers of the Orlik-Terao algebra by Grobner degenerating it. It is known that Grébner degenerating
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the Orlik—Terao algebra gives the Stanley—Reisner ring of the broken circuit complex of the matroid of Lo
[PS06).

This bounds the graded Betti numbers of the Orlik—Terao algebra in terms of those of the broken circuit
complex. However, this bound can be strict. Indeed, the broken circuit complex of a matroid depends on
the choice of an ordering on the ground set (which corresponds to the choice of weight used in the Grébuner
degeneration). In [Toh23, Example 3.2], Tohdneanu gives an example of a matroid where the graded Betti
numbers of the broken circuit complex depend on the choice of ordering.

Example 9.50. We illustrate how the spectral sequence works. Let Lo be the row span of the matrix

O O =
o = O
= o O
O = =
—_ O =

1
1
1

Le., Lo represents the matroid associated to the complete graph K. Let A = k[z1,...,x¢], so the Orlik—
Terao algebra is a quotient of A. Then the minimal graded free resolution of the ideal of the Orlik—Terao
algebra of Lo is

0 — A[-5]%% = A[-4]®3 @ A[-3]%? = A[-2]®* - A > 0.

Let L; be the span of the vector (1,...,1) in k5. From the free resolution, one deduces that the following
table gives dim H7(Wp,,A‘QY ).

j\elo|1]2]3]4]5
0 1[0[0]0[0]0
1 0[0[4[2[0]0
2 0[0[0[0][3]2

On the other hand, the cohomology of A* Xl on Wy, can be computed using the spectral sequence ,
whose E) page has the H*(Xs, A QXI ®APQY ) in its —pth row. The E; page can be computed using Exam-
ple For example, one can check that dim H3(Xg, A3 Xl ® A2 X2) = 6, and all the other cohomology
vanishes. Clockwise from the top left, the spectral sequences computing H*(Wp,, A* Qzl) for £ = 2,3,4,5
are depicted below.

-3 -2 -1 0 -3 -2 -1 0
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0 o0 o0 0] 0 0 0 O 0] 0

-3 -2 -1 0 -3 -2 -1 0

We see that all differentials on the F; page have maximal rank, and that Ey = F.

We now give an example showing that the graded Betti numbers of the Orlik-Terao algebra are not
combinatorial, i.e., they are not determined by the matroid of Ly. This shows that the cohomology of A QXI
on Wiy, is not combinatorially determined, complementing the results of Section

Example 9.51. Let £k = C and let (5 be a third root of unity. Let Lo be the row span of the matrix

1 1 0 ¢ 1 0 -1 0 -G
-1 —¢ 1 0 ¢ 1 0 1 0
0 0 -1 1 0 —¢G 1 ¢ 1

Then Lo is known as the dual Hesse configuration, which is related to the three-torsion points of an elliptic
curve. Let L; be the span of the vector (1,...,1) in k°. By computing the free resolution of the Orlik-Terao
algebra of Ly, one can check that the following table gives dim H7 (W7, A Qzl).

j\N¢|0f1|2|3|4]|5] 6 |7
0 1{0{0]O0J0O|0O] OO
1 0(0(12]16| 3|0 | 0 | O
2 00| 0|0 |33]96]|100|48|9

Let M be the matroid realized by Lo. On the other hand, let k be a field of characteristic 3, and let L}
be the linear span of the matrix

O O 0o

111111111
00120121 2
011122200

Then L} is known as the ternary affine plane, and it is also a realization of M. Then the graded Betti
numbers of the Orlik—-Terao algebra of L} are different from the graded Betti numbers of the Orlik-Terao
algebra of Lo. The following table gives dim Hj(WLé,/\Z Q7).

\flof1]2]3
1[0[0]0
001216
0[]0

OO =~

5
0
0

OO
S| O o

[en] Ren) Hen] N

0013996100489
# dim H' (W, , A*QY ) fori = 1,2, but that x(Wr,, A*QY ) = x(Wp,, A*QY ).

J
0
1
2
We see that dim H* (W, A*QY )
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9.4. Comparing the approaches. We now compare the three approaches to the non-negativity of the
omega invariant that are discussed above. We begin by comparing the second and third approaches, as the
geometry is somewhat similar: both rely on the analysis of a map from the total space of a tautological
subbundle to an affine space, and in particular on Corollary However, they are genuinely different in
that they prove different vanishing statements: see Corollary [9.25 and Theorem [9.37]

There is a possible relationship between special cases of the second and third approaches. We make the
following conjecture, which would provide a geometric explanation for Proposition

Conjecture 9.52. Let Ly and Lo be linear subspaces of k™, with Ly coloopless and Lo loopless. Then, for
any p,q > 0 with p # q and any i, we have H (X, \’S, ® AN1QY ) =0.

Conjecture @ was proved in [Liu25, Theorem B] when p = 0 or ¢ = 0, and it is also an easy consequence
of Proposition [0.33]in this case. Conjecture[9.52)is open even when k has characteristic 0. The main evidence
for Conjecture is the following strengthening of Proposition [7.4] whose proof uses an analysis of the
Atiyah-Bott formula (Theorem [£.15)).

Proposition 9.53. [DES26, Proposition A.1] Let My and Ms be matroids on [n], with My coloopless and
My loopless. Then, for any p,q > 0 with p # q, X(Xn, AP[Snm,] ® AY[Qy,]) = 0.

Proposition would be a consequence of Conjecture for each p and ¢, the function which maps
(M, Mz) to x(Xn, AP[Sm,] ® A9[Qy; 1) factors through Val, ® Val,, by the proof of [BEST23| Proposition
5.6, so one can use Theorem and a version of Proposition [5.1] to reduce Proposition to the case of
realizable matroids.

If Conjecture holds, then we would have the following cohomological consequence. Tensoring the
Koszul resolution of the structure sheaf of Wy, with A‘Sy,, we have an exact sequence of sheaves on X,

0= A'SL, @A"7QY, = N'SL, @ A"TTTIQY ) - = NS, ® QF, — NS, = NS, lw,, — 0.

If Conjecture holds, then for each j, breaking up the long exact sequence into short exact sequences
produces an isomorphism

(31) HI(Wy,,N'Sp,) & HY (X, N'Sp, @ AN'QY.).

Let M; be the matroid realized by L1, and let r; denote its rank. Then A" Sy, = El\_/llf- = AT QXN and

gives a connection between the second and third approaches: if L, is coloopless and L is loopless, then
for each j, we have

Hj(Wsz‘Cl\_/[lli) o~ it (Xn7/\n7r1 QZ] ® AT sz)’

so Theorem [9.37] can be compared with Corollary [0.:25] Using Proposition [0.53] we can unconditionally
derive the consequence of this isomorphism for Euler characteristics.

Proposition 9.54. Let My be a coloopless matroid of rank r1 on [n], and let Ma be a loopless matroid on
[n]. Then

X(Ma, £54) = (<17 X(Xa A" 0N, ] © A7 OV,
Proof. By and the fact that [L’I\_/Ilf] = A" Q) | in K(X,,), we have

XMy, £ ) = S0 (= 1) x (X, A" [QN, ] © ATQY,))

i>0

As A"TTQN | = AT S, ] in K(X,), Proposition implies the result. O
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If M; has coloops, then let Ny be the matroid obtained by replacing them with loops. Then P(Myi) is a
translation of P(N{), so Lyrr = Ly1. Proposition then gives

XMz, £34) = (=1) (X, ARV [QK ] @ ANIQY ).

Omne can check that rk(D(My, Ms)) — rk(D(Ny, Ms)) is equal to the number of coloops of M;. Combining
Corollary and Proposition therefore gives the following result.

Corollary 9.55. Let M and My be matroids on [n], with Ma loopless. Then
(—1)"K(DM, M) —rk(M) y (], 51\_/[1%) > 0.

Example 9.56. The conclusion of Proposition may fail if My has coloops. Let k be an algebraically
closed field, and let

10 0 0 0
10 0 00 01 0 0 1

L1 = row span (0 111 1),andL2—row5pan 0010 1l
0 00 11

and let M; and Mz be the matroids on [5] realized by L; and Lo, respectively. Then D(Mj, My) is the
matroid of rank 4 whose unique circuit is {2, 3,4,5}. Using Corollary one can show that

' k, ifj=2
J “l) ’
H (WLzaLMli) - {0, otherwise,

S0 X(Wszﬁi/IllL) = 1. On the other hand, note that A2Qy =0, so x(X5,A\*Qf ® A?Q} ) =0.

However, vanishing theorems like Proposition [9.23] do not appear to be accessible using Theorem [9.37} or
even some hypothetical generalization of it to tautological bundles of polymatroids. Indeed, the conclusion
of Proposition fails badly for tautological bundles of polymatroids. For example, if L is a realization of
a polymatroid P, then (—1)3™B()y (X, detSy) is the number of lattice points in the relative interior of

B(P); see Remark

On the other hand, we do not know of even a conjectural connection between the first and the other two
approaches. Indeed, this is exemplified by the fact that the first approach gives a different formula for the
sign of Euler characteristics x(Ma, El\_/lli) from the other two approaches; compare Theorem and

1

with Corollary This has the following amusing consequence. Let d(Msy, M;) denote the quantity in (22)),
and let e = rk(D(My, Mp)) — rk(M;). If d(Ma, M;) # e (mod 2), then x(Ms, £, ) = 0. We conjecture that
1

X (Mo, £I\7[1L) = 01if d(Mga, M) # e; this holds if My and My are realizable over the same field by Theorem
1

and Corollary This conjecture would imply Conjecture [9.26

The technique in the first approach is also quite different from the technique in the other two approaches.
It is easier to extend the first approach to non-realizable matroids; compare |[EFL25, Proof of Proposition
3.4] with [BF24, Section 6]. Additionally, the formula for the sign of the Euler characteristic that results from
the first approach is somewhat simpler than the formula resulting from the second and third approaches,
especially for line bundles £y; where M is connected. However, the first approach gives no useful information
about the vanishing of Euler characteristics; there is no analogue of Proposition [9.40] in the first approach.
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10. CONNECTIONS WITH RIGIDITY THEORY

To conclude, we discuss a connection between the ideas discussed in these notes and graph rigidity in the
plane. Let G be a graph on n vertices with no loops or multiple edges. Throughout this section, we assume
that n > 3. We say that G is generically rigid in R? if for an open dense subset of (R?)", any motion of
the points which preserves the distances between any two points that are connected by an edge in G' can be
extended to an isometry of R2.

Using some differential topology, one can show that this is equivalent to the following condition. Let

k = C, and define the Cayley—Menger variety CM,, to be the closure of the image of (A%)" in AG) under the
map given by z; ; = (x; — xj)z + (yi — yj)27 where 21, Y1, T2,%2, - - -, Tn, Yn are the coordinates on (A%)" and

{%i,j }i<; are the coordinates on AG). Then a graph G with edge set F is generically rigid if the coordinate
projection CM,, — AF is generically finite. The intuition is that if the distances labeled by E are fixed, then
the rest of the distances are determined up to a finite number of choices. If G is embedded in a generic way,
then any motion of the vertices of G which preserves the distances in E must preserve all of the distances,
and so must come from an isometry. See [AR7S].

From the above description, we see that whether a graph is rigid is determined by the algebraic matroid
of the Cayley—Menger variety. As we will see, the Cayley—Menger variety is basically a Hadamard product
of two linear spaces, which makes it easy to compute this matroid. This description does not generalize to
graph rigidity in R” for any n > 3, and graph rigidity is poorly understood for n > 3.

Recall that if X and Y are subvarieties of A™, then the Hadamard product of X and Y is the closure of
{(z1y1, -, TnYn) : (@1,.. . 20) € X, (Yy1,.-.,yn) € Y} in A™. We denote this by X * Y. If we perform the
change of variables s; = x; + ¢y; and t; = x; — 1y;, then

(32) (si =)t —t;) = (wi —25)% + (i — y;)°

Let L, be the image of the map C" — c(3) given by (t1,...,tn) = (t; — tj)i<j. Then L,, is a realization
of the matroid of the complete graph M (K,), so dim L,, = n — 1. From , we see that CM,, is equal to
L, * L,,. This description of CM,,, which dates back at least to [LY82], is extremely useful.

Given an integral subvariety X of A™ which intersects the open torus, let X! be the closure in A™ of
the image of X under the inversion map on the torus. We previously analyzed the semi-inverted Hadamard
product of two linear spaces, i.e., L;l x L1 for Ly, Lo linear subspaces of A".

Proposition 10.1. Let X and Y be integral subvarieties of A™ which intersect the open torus. Then the
algebraic matroid of X Y is equal to the algebraic matroid of X'+ Y.

In particular, the dimension of X *Y is equal to the dimension of X ~' Y. To prove Proposition we
will use tools from tropical geometry. Given an integral subvariety X of A™ which intersects the open torus
in A", its tropicalization trop(X) is a subset of R™. This subset admits the structure of a rational fan of
dimension equal to the dimension of X, and this fan is equipped with a function w from the set of maximal
cones to the positive integers. See [MS15|.

The tropicalization can be described in terms of Minkowski weights; see [Kat09, Proposition 9.4]. There
is a fan structure on the tropicalization of X and a smooth projective toric variety Y such that the tropical-
ization of X is a subfan of the fan of Y. Furthermore, the fundamental class of the strict transform of X in
Y defines a Minkowski weight [FS97], and this Minkowski weight is the tropicalization of X. We can obtain
such a Y by repeatedly blowing up any toric compactification of A™. In other words, the tropicalization of
X contains exactly the data of the homology class of the strict transform of X in toric varieties.

Lemma 10.2. [Yul7, Lemma 2] Let X be a subvariety of A™ which intersects the open torus. Then the
coordinate projection X — A is dominant if and only if there is a cone of trop(X) whose image under the
coordinate projection to R® is full-dimensional.
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FIGURE 4. A basis for D(M (K, ), M (K,))

Proof. Let Y be a smooth projective toric variety which is obtained by repeatedly blowing up (P!)", and
such that the fundamental class of the strict transform of X is its tropicalization. Then the projection
X — A% is dominant if and only if the pushforward of the fundamental class of the strict transform of X
to (P1)® is non-zero. That the pushforward is non-zero if and only if there is a cone of the tropicalization
of X whose image under the coordinate projection to R is full-dimensional follows from the description of
the pushforward map in [FS97, (2.6)]. |

Proof of Proposition[10-1 It follows from a different description of the tropicalization [MS15, Theorem
3.2.3(3)] that trop(X *xY) = trop(X) + trop(Y), where the “+” denotes Minkowski sum. Similarly,
trop(X ! *Y) = (—trop(X)) + trop(Y). Given cones C; of trop(X) and Cy of trop(Y), the image of
C1 4 C5 in R is full-dimensional if and only if the image of (=C1)+Cs in RS is full-dimensional, so the
result follows from Lemma [[0.21 O

It has been long known in the graph rigidity literature that semi-inverted Hadamard products are simpler
than Hadamard products, and that this can be helpful to understand 2-dimensional rigidity; see [Whi96|
Section 4.1] and [Mar03]. We use this to give a description of graph rigidity in the plane.

For a graph G on n vertices, let M(G) denote the corresponding graphic matroid. This is the matroid
whose ground set is the set of edges of G, and whose bases are the spanning forests in G.

Theorem 10.3. [PG27,[Lam70] The algebraic matroid of CM,, is D(M(K,,), M(K,)).

Proof. As described in , CM,, is the Hadamard product L,, * L,,, where L, is a realization of M (K,,). By
Proposition [I0.1} its algebraic matroid is the same as the algebraic matroid of the semi-inverted Hadamard
product L, ! x L, which is computed to be D(M(K,), M(K,)) in Proposition O

Remark 10.4. The proof of Theorem shows that the algebraic matroid of a Hadamard product of two
linear spaces with matroids M; and My is D(Mj, Ma). This result was previously proven in [Ber22, Theorem
3.1] using a different technique.

As a consequence, a graph G is generically rigid in the plane if and only if the edges of G contain a basis
for D(M(K,,), M(K,)). We claim that for n > 3, the rank of D(M(K,,), M(K,)) is 2n — 3, i.e., it has the
expected rank. To see this, it suffices to exhibit a single independent set in D(M (K,,), M (K,,)) of size 2n—3.
It is easy to check that the version of the graph G depicted in Figure [4] with n vertices has 2n — 3 edges, and
if e is any edge of K,,, then G U e can be written as a disjoint union of two forests. This implies that G is a
basis for D(M(K,,), M(K,)), and so D(M(K,), M(K,)) has rank 2n — 3.

A graph on n vertices with 2n — 3 edges which corresponds to a basis of D(M(K,), M(K,)) is called
minimally rigid, because it is rigid, but no spanning subgraph is rigid. Such graphs have been extensively
studied; see [Whi96| Section 2.2]. For example, there is a recursive construction of any such graph using two
operations called “Henneberg moves.” Using an alternative description of the diagonal Dilworth truncation
[EAdm70, Theorem 8], one can show that a graph on n vertices with 2n — 3 edges is minimally rigid if and
only if every induced subgraph with at least m > 2 vertices has at most 2m — 3 edges.
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Given a collection of n generic points in R? and a graph on n vertices, one can ask how many configurations
of n points in the plane there are such that for every edge (u,v), the distance from u to v is the same as
the distance from u to v in the given configuration. If G is generically rigid and one counts up to isometry,
there will be finitely many. However, the number of such configurations will depend on the configuration;
the answer is not constant on a dense subset of (R?)". See [JO19, Figures 1 and 2].

However, if one counts complex realizations, then this problem goes away. This can be described as
computing the degree of the projection map from CM,, onto its image in C¥, where E is the set of edges
in the graph. Counting the number of complex realizations of all minimally rigid graphs on n vertices is
equivalent to describing the fundamental class of the closure of CM,, in (Pl)(g) The following conjecture
has attracted a lot of attention; see, e.g., [CGGT18,GGS20,BEV22,CDT " 25].

Conjecture 10.5. [JO19, Conjecture 10.3] Let G be a minimally rigid graph on n vertices. Then G has at
least 2™~3 complex realizations.

For a rigid graph G on n vertices, let Lg be the image of L, in k¥, where E is the set of edges of G.
Because G is rigid, it is connected, and so dim Lg = n — 1. Let P CM,, denote the projectivization of CM,,.
We have a diagram

PLg x PLg ----- y PIEI-L,

The number of complex realizations of G is the degree of the right vertical arrow onto its image, which is
generically finite because G is rigid. Note that the left vertical map is an isomorphism. The top horizontal
map has degree 2.

Counting complex realizations of a minimally rigid graph is a special case of the following problem:
let L1 and Lo be linear subspaces of k™ realizing matroids M; and My with ranks r; and ro. Suppose
that 7 + ro = n + 1, and that D(M;, Ms) has the expected rank, i.e., it is Boolean. What is the degree
of the dominant generically finite map PL; x PLy --» P*~! induced by the Hadamard product? When
L1 = Ly = Lg, this is twice the complex realization number of G.

Remark 10.6. In this framework, one might generalize Conjecture[I0.5] to the statement that if L is a linear
subspace of k™ of dimension 7 with 2r = n + 1, then the degree of the Hadamard product map PL x PL --»
P*~1! is at least 2" ! if the map is dominant. However, a counterexample is given in |[CDGT25, Example
9.3], when L is a realization of the dual of the Fano matroid. The Hadamard product map is dominant with
degree 6, which is less than 2471,

If 71 + 7o < n+ 1 and D(M;, M) has expected rank, then the map PL; x PLy --» P?~1 is generically
finite onto its image, and one can ask about the degree of this map. This generalizes the problem of counting
the number of complex realizations of a rigid graph which is not minimally rigid: when L; = Ly = Lg, it is
twice the complex realization number of G. In general, this degree is not determined by the matroids of L
and LQ.

Example 10.7. Let L be a subspace of k™ realizing a connected matroid M, with n > 2. Then D(M, M*)
is Uy,—1,n, and so it has the expected rank. By Proposition the closure of the image of the Hadamard
product map PLxPL+ --» P"~! is a hyperplane, and the map has degree (M) onto its image. In particular,
if L is a realization of a uniform matroid U, ., then L+ is a realization of the uniform matroid Up—rn, and

the degree of the Hadamard product map onto its image is B(U,,,) = (7~7).



88 MATT LARSON

Example 10.8. Let L; be a general realization of U, , for some 0 < r < n, and let Ly be a general
realization of U,_,,. In [BCK16, Theorem 6.8], the authors show that the closure of the image of the
Hadamard product map PL; x PLy --» P*~! is a hypersurface of degree (f:f), and the Hadamard product
map is birational onto its image.

Note that in these examples, the product of the degree of the map with the degree of the image is (::12),
independent of the choices of realization. We show that this is a general phenomenon.

Proposition 10.9. Let Ly and Lo be linear subspaces of k™ which realize loopless matroids My and My of
ranks r1 and ro, respectively. LetY be the closure of the image of the rational map m: PLy x PLy —-» P™~ 1,
Let deg(Y) denote the degree of Y, viewed as a subvariety of P"~!, and let deg(m) denote the degree of m,
which is defined to be 0 if m is not generically finite. Then
deg(Y) - deg(m) = degyy, (cr,—1(Sype))-

Proof. As discussed in Section the projective bundle Py, _( Zf) is a subvariety of Wr, x P"~1 it is
birational to PL; xP Ly, and the projection of Py, (QZ%) to P"~1 is identified with m. By [EH16, Proposition
9.13], we have

ro—1
(33) Puy, (QU)] = 3 5i(QY) - e1 (O()"™"1 =" in A*(Wy, x P,

i=0
where s;( Zf) is the ith Segre class of sz. The short exact sequence 0 — sz — 0% SZ% —
0 implies that s;(Qy,) = ¢i(S/.), which is equal to ¢;(Sy;.). When we pushforward [Py, (Q).)] to
A*(P" 1), we get degzm) -[Y]. On the other hand, using ,1we see that the pushforward of [Py, (IQXL)]
is degyy, (CT’2—1(811//11L)) ~c1(O(1))n~m1=r2H+L: the pushforward of a class a - ¢1(O(1))/, with a € A‘(I/VL2),1 is

equal to degyy, (a) - ¢1(O(1))7 in A*(P"~1). -

When 7 + 72 = n+ 1, this recovers [CDG ™25, Theorem 1.3]. In this case, if the Hadamard product map
is generically finite, then it is dominant, and so deg(Y') = 1. The phenomenon shown in Examples and
does not occur in this case: the degree of the Hadamard product map is determined by the matroids of
Ly and Ls.

This symmetry of the Hadamard product and an argument using Theorem to reduce to the case of
realizable matroids imply that, for any loopless matroids M; and Ms, we have

degag, (cra—1(S)g4)) = degyg, (er,—1(8Y;).

If M; and M5 are realized by L; and Lo, then the Hadamard product map is generically finite if and only
if D(My, M) has the expected rank. In particular, we have the following corollary.

Corollary 10.10. Let My and My be loopless matroids on [n] which are realizable over the same field. Then
degyy, (¢ry—1(Sype)) > 0 if and only if D(My, My) has the expected rank.
1
We conjecture that the conclusion of Corollary [10.10 holds for any loopless matroids M; and Ms, even if

they are not realizable. If rk(M;) + rk(Mz) = n + 1, then [Ber22, Theorem 3.3] implies that the conclusion
of Corollary [10.10] holds.

Remark 10.11. The behavior of Hadamard products of linear spaces is much more complicated than the
behavior of semi-inverted Hadamard products of linear spaces. For example, if L1 and Ly are linear subspaces
of k™ with dim L; + dim Ly = n + 1, then the semi-inverted Hadamard product map PL; x PLy --» P*—1
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is birational if it is dominant; see Example [8.13] Example [8.13] also implies that semi-inverted Hadamard
products of linear spaces are normal and Cohen—Macaulay, properties that can fail for Hadamard products
of linear spaces. See Example
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