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Abstract. We give a concrete combinatorial interpretation of the coefficients of the
Kazhdan–Lusztig polynomials of Dowling geometries, a family of matroids which
generalizes braid matroids of types A and B. Furthermore, we interpret the co-
efficients of the equivariant Kazhdan–Lusztig polynomials and the equivariant Z-
polynomials of Dowling geometries associated to non-trivial groups with respect to
their full automorphism groups.

1. Introduction

Inspired by the classical Kazhdan–Lusztig theory of Coxeter groups in representa-
tion theory, Elias, Proudfoot, and Wakefield initiated in [EPW16] an analogous theory
for matroids. To every loopless matroid M, one associates a polynomial PM(t) ∈ Z[t]
satisfying:
(i) If rk(M) = 0, then PM(t) = 1.
(ii) If rk(M) > 0, then degPM(t) < 1

2 rk(M).
(iii) For every matroid M, the polynomial

ZM(t) =
∑

F∈L(M)

trk(F )PM/F (t)

is palindromic1 of degree rk(M).
HereL(M) denotes the lattice of flats ofM. The polynomial PM(t) is called the Kazhdan–
Lusztig polynomial of M, and ZM(t) is called its Z-polynomial. The above conditions
determine PM(t) and ZM(t) uniquely; the existence of these polynomials was established
by Proudfoot, Xu, and Young in [PXY18].

As in the classical Kazhdan–Lusztig theory for Weyl groups, these polynomials have
a geometric interpretation for realizable matroids. If the matroid M is represented by a
linear subspace L ⊆ Cn, then the coefficients of both PM(t) and ZM(t) may be interpreted
in terms of intersection cohomology: the Z-polynomial is the intersection cohomology
Poincaré polynomial of the closure of L in (P1)n, while the Kazhdan–Lusztig polynomial
is the Poincaré polynomial of the stalk of the intersection cohomology sheaf at the most
singular point (∞, . . . ,∞) of the closure of L; see [EPW16, PXY18].

The braid matroid Kn+1 is the matroid associated to the hyperplane arrangement de-
fined by the type An root system. Its lattice of flats is naturally identified with the lattice
of set partitions of {0, 1, . . . , n}. Since the introduction of Kazhdan–Lusztig polynomials
of matroids, a major problem has been to understand these polynomials for braid ma-
troids; see, for example, [EPW16, Appendix A], [GPY17a, Section 4], [PY17], [PXY18,
Section 4], [KW19], and [Tos22, Example 1.4]. This problem was, in a certain sense,
resolved by the authors of the present paper in [FL24]. There, we gave a combinatorial
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1A polynomial f(t) is palindromic if f(t) = tdf(t−1), where d = deg f .
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interpretation of the coefficients of PKn+1(t) and ZKn+1(t) in terms of certain matroids
on [n] = {1, . . . , n}, namely quasi series-parallel matroids; see Section 2.1 for their pre-
cise definition. This interpretation led to explicit formulas for the generating functions
of these polynomials. These results were subsequently used in [GPYZ24, PXY25] to
obtain simple formulas for the coefficients of Kazhdan–Lusztig and Z-polynomials of
braid matroids.

There is also an equivariant refinement of this theory. Suppose that a finite group
Γ acts on L and preserves the hyperplane arrangement induced by the coordinate hy-
perplanes. Then Γ acts on the corresponding intersection cohomology, and also on the
stalk at (∞, . . . ,∞). This upgrades the Kazhdan–Lusztig and Z-polynomials to poly-
nomials whose coefficients lie in the representation ring of Γ. In [Ged17] and [PXY18],
this construction is extended beyond the realizable setting: for any matroid equipped
with an action of Γ, one can define the equivariant Kazhdan–Lusztig polynomial PΓ

M(t)
and the equivariant Z-polynomial ZΓ

M(t) by a recursion analogous to the one above; see
Definition 2.5.

The symmetric group Sn+1 acts on Kn+1 by permuting the set {0, . . . , n}. Let Sn

denote the subgroup that fixes 0. The main result of [FL24] gives a formula for the
coefficients of PSn

Kn+1
(t) and ZSn

Kn+1
(t) as permutation representations on sets of quasi

series-parallel matroids on [n]. Somewhat surprisingly, this description does not seem
to extend directly to the full Sn+1-equivariant Kazhdan–Lusztig and Z-polynomials.

Main result. The purpose of this paper is to prove a generalization of the main result
of [FL24], which in turn explains why the subgroup Sn is the natural symmetry group
in this context. Dowling introduced in [Dow73] a construction which associates to every
finite group G of order q and every nonnegative integer n a matroid Qn(G) of rank n on
n+ q

(
n
2
)
elements. These matroids are known as Dowling geometries. They have played

an important role in matroid theory, where they form one of the two families of “universal
objects” in the sense of [KK82]. Equivariant invariants of Dowling geometries have also
been studied in several works; see [Han84, Han91, Bon95, Sch02, Hen06, MRS21, BG22].

We shall use the definition of Qn(G) given in Dowling’s original paper [Dow73], al-
though many other equivalent descriptions are available; see [DRS72, Zas91, BB91,
BBB94]. A partial G-partition of [n] consists of a subset S ⊆ [n], a function f : S → G,
and a partition S = A1 ⊔ · · · ⊔ Ak of S into unordered nonempty blocks. Two par-
tial G-partitions (S, f,A1, . . . , Ak) and (T, h,B1, . . . , Bℓ) are declared to be equivalent
if S = T , the two set partitions agree after relabeling of their blocks, and there exist
elements g1, . . . , gk ∈ G such that f |Ai = gi · h|Ai for every i.

The refinement order on partial G-partitions is defined as follows. We say that
(S, f,A1, . . . , Ak) refines (T, h,B1, . . . , Bℓ) if the latter is equivalent to a partial G-
partition obtained from the former by a sequence of operations consisting of merging
blocks and deleting blocks. This gives a partial order on partial G-partitions. Under
this order, the minimal element is represented by the partition of [n] into n singleton
blocks, with all choices of f equivalent. The maximal element is represented by the
empty subset.

Dowling proved in [Dow73, Theorem 3] that the lattice of partial G-partitions is the
lattice of flats of a matroid, which we denote by Qn(G). As noted above, this matroid
has n+q

(
n
2
)
atoms, with n atoms corresponding to partial partitions with n−1 singleton

blocks, and q
(
n
2
)
atoms corresponding to partial partitions with n−2 singleton blocks and

one block of size 2. When G is trivial, Qn(G) is the braid matroid Kn+1, since partitions
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of subsets of [n] may be identified with partitions of {0, 1, . . . , n}. When G = Z/2Z, the
Dowling geometry Qn(G) is the type B braid matroid, namely the matroid of the type B
braid arrangement, whose hyperplanes in Cn are given by the n2 equations of the form
xi ±xj = 0 for 1 ≤ i ≤ j ≤ n. More generally, if G = Z/mZ, then Qn(G) is the matroid
of the reflection arrangement associated to the complex reflection group G(m, 1, n).

There are several natural symmetries of Qn(G). The group Sn acts by permuting
the underlying set [n], the group Gn acts on the right on the G-valued functions, and
Aut(G) acts by applying automorphisms to the values of these functions. Let Γ be
the subgroup of Aut(Qn(G)) generated by these actions; see Section 2.3 for an explicit
description. When G is a nontrivial group and n ≥ 3, Bonin [Bon95] proved that

Γ = Aut(Qn(G)), (1)

and when G is trivial, Γ is the subgroup Sn of Aut(Kn+1) = Sn+1.

In this paper, we introduce a notion of group-labeled matroid. Let G be a finite
group. A G-labeling of a matroid M on a ground set E is a function φ : E → G. Two
G-labelings φ, ψ : E → G are said to be equivalent if, for every connected component C
of M, there is an element gC ∈ G such that φ|C = gC · ψ|C .

Let AG(n, r) be the set of all equivalence classes of G-labeled quasi series-parallel
matroids on [n] of rank r, and let SG(n, r) be the subset consisting of the simple quasi
series-parallel matroids. These sets carry natural actions of Γ, described in Section 2.3.

Theorem 1.1 The coefficient of ti in the Γ-equivariant Kazhdan–Lusztig polynomial of
Qn(G) is the permutation representation on SG(n, n − i). The coefficient of ti in the
Γ-equivariant Z-polynomial of Qn(G) is the permutation representation on AG(n, n− i).

Passing to dimensions, we obtain the following enumerative interpretation. The coef-
ficients of the Kazhdan–Lusztig polynomial of Qn(G) count simple quasi series-parallel
matroids on [n], while the coefficients of the Z-polynomial count quasi series-parallel
matroids on [n], in both cases with a weight qn−c(M) assigned to a matroid M. Here
q = |G| and c(M) denotes the number of connected components of M. In particular,
the ordinary polynomials PQn(G)(t) and ZQn(G)(t) depend only on the order of G. This
is consistent with the fact that Kazhdan–Lusztig and Z-polynomials are valuative in-
variants of matroids [AS23, Theorem 8.9], [FS24, Theorem 9.3], together with the fact
that the class of Qn(G) in the symmetrized valuative group depends only on q [BK18,
Proposition 4.8].

Acknowledgements. We have benefited from conversations about Kazhdan–Lusztig
polynomials of braid matroids with June Huh, Trevor Karn, Jacob P. Matherne, Nick
Proudfoot, Lorenzo Vecchi, and Max Wakefield. The first author is a member of the
INdAM research group GNSAGA. This work was conducted while the second author
was at the Institute for Advanced Study, where he is supported by the Charles Simonyi
Endowment and the Oswald Veblen Fund.

2. Background

Throughout the paper we use the standard language and basic results of matroid
theory. Our notation and conventions largely follow Oxley [Oxl11].

2.1. (Quasi) series-parallel matroids. Series-parallel matroids form a fundamental
family of matroids which originate in graph theory and in the theory of electrical net-
works. The term “series-parallel” is used in several nearby settings, including graph
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theory and enumerative combinatorics, where it sometimes refers to closely related but
slightly different classes of objects. In order to separate these conventions, we introduced
in [FL24] the term quasi series-parallel for the class of matroids which we now recall.

Two basic operations underlie the construction of series-parallel matroids. Let M
and M′ be matroids on ground sets E and E′, respectively. We say that M′ is a parallel
extension of M if there is an element e ∈ E′ such that e belongs to a circuit of cardinality
2 in M′ and M′\e = M. Dually, M′ is called a series extension of M if there is an element
e ∈ E′ such that e belongs to a cocircuit of cardinality 2 in M′ and M′/e = M. Notice,
for example, that if M = U1,1 and M′ = U2,2, then M′ is not a series extension of M.

A series-parallel matroid is a matroid obtained from either a single loop or a single
coloop by performing a finite, possibly empty, sequence of series and parallel extensions.
Equivalently, every series-parallel matroid with at least two elements is obtained from
U1,2 by such a sequence.

Definition 2.1 A quasi series-parallel matroid is a matroid whose connected compo-
nents are all series-parallel matroids.

Several equivalent descriptions of quasi series-parallel matroids were given in [FL24,
Proposition 2.6]. In particular, they can be characterized by excluded minors: a matroid
M is quasi series-parallel if and only if it has no minor which is isomorphic to K4 or U2,4.

2.2. Group-labeled matroids. Motivated by Dowling’s definition of the matroids
Qn(G), we introduce the following notion of group labeled matroids.

Definition 2.2 Let G be a finite group. A G-labeling of a matroid M on a ground set E
is a map φ : E → G, where two G-labelings φ, ψ : E → G are considered to be equivalent
if, for each connected component C of M, there is a group element gC ∈ G such that
φ|C = gC · ψ|C .

Example 2.3 Consider G ∼= Z/2Z, viewed as the group on two elements {−1, 1} under
multiplication. The graphic matroid induced by the graph depicted in Figure 1 admits
exactly 16 equivalence classes of G-labelings. In Figure 2 we depict the 16 equivalence
classes of G-labelings, choosing representatives in such a way that the number of edges
labeled with a +1 is always greater than the number of edges labeled with a −1.

Figure 1. A graphic matroid M.

Note that, for each group G of size q and each matroid M on n elements, there
are exactly qn−c(M) equivalence classes of G-labelings of M, where c(M) stands for the
number of connected components of M.

2.3. Automorphisms. We first recall the structure of the group Aut(Qn(G)) of all
automorphisms of Qn(G), following Bonin [Bon95]. When G is trivial and n ≥ 2,
Aut(Qn(G)) is Sn+1. If G is nontrivial, then we will describe the automorphism group
of Qn(G) as a quotient of (G≀Sn)⋊Aut(G), the semidirect product of the wreath product
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Figure 2. The sixteen equivalence classes of {±1}-labelings on M.

of G with Sn and the automorphism group of G. As a set, the group (G ≀Sn)⋊Aut(G)
can be identified with Gn ×Sn ×Aut(G). The multiplication is given by

((g1, . . . , gn), σ, φ) · ((h1, . . . , hn), τ, ψ) =
((φ(h1)gτ(1), φ(h2)gτ(2), . . . , φ(hn)gτ(n)), στ, φψ),

where g1, . . . , gn, h1, . . . , hn lie in G, σ and τ lie in Sn, and φ and ψ lie in Aut(G).
We describe the action of the group (G ≀Sn)⋊Aut(G) on partial G-partitions. Given

a partial G-partition (S, f,A1, . . . , Ak) and an element ((g1, . . . , gn), σ, φ), we have an
associated partial G-partition given by σ(S) = σ(A1)⊔ · · · ⊔σ(Ak) and a function given
by

(((g1, . . . , gn), σ, φ) · f)(i) = φ(f(σ−1(i)))gσ−1(i). (2)
This action descends to an action on equivalence classes of partial G-partitions which

respects the partial order. Let N be the subgroup of (G≀Sn)⋊Aut(G) given by elements
{((g, . . . , g), id, inng)}, where inng is the automorphism given by inng(h) = ghg−1. Then
N is a normal subgroup of (G ≀Sn)⋊Aut(G), and N acts trivially on equivalence classes
of partial G-partitions.

Recall that Γ is the image of (G ≀ Sn) ⋊ Aut(G) in Aut(Qn(G)). In [Bon95, Theo-
rem 2.1], Bonin shows that if |G| > 1 and n ≥ 3, then Aut(Qn(G)) = Γ. The group
Aut(Qn(G)) was further studied in [Sch02].

Example 2.4 Let G = Z/2Z. Then (G ≀ Sn) ⋊ Aut(G) = (Z/2Z)n ⋊ Sn is the Weyl
group of type Bn. The element ((−1, . . . ,−1), id) acts nontrivially on the vector space
underlying the type Bn braid arrangement, but it preserves all of the hyperplanes, so
the automorphism group of the type Bn braid matroid is the quotient of the Weyl group
of type Bn by the subgroup generated by this element.

There is an action of Γ on equivalence classes of G-labeled matroids. First, note that
there is an action of (G ≀Sn)⋊ Aut(G) on the set of all functions f : [n] → G given by
the same formula as in (2). The action by the subgroup N preserves equivalence, so this
descends to an action of Γ on equivalence classes.

2.4. Equivariant Kazhdan–Lusztig polynomials. We recapitulate the definition of
equivariant KL and Z-polynomials. This definition was first stated in this form in
[BHM+20, Appendix A], but the objects were considered in [GPY17a, Pro21]. For a
group H, let VRep(H) be the ring of virtual representations of H.

Definition 2.5 There is a unique assignment associating to each action H ↷ M on a
loopless matroid2 a polynomial PH

M (t) ∈ VRep(H)[t] satisfying

2The action is required to send flats to flats.
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(i) If rk(M) = 0, then PH
M (t) = tr is the trivial representation.

(ii) If rk(M) > 0, then degPH
M (t) < 1

2 rk(M).
(iii) For every M, the polynomial

ZH
M (t) =

∑
[F ]∈L(M)/H

trk(F ) IndHHF
PHF

M/F
(t)

is palindromic of degree rk(M).
Here, HF denotes the stabilizer of F , and L(M)/H is the set of orbits of flats of M
under the action of H. The polynomial PH

M (t) is called the equivariant Kazhdan–Lusztig
polynomial, and ZH

M (t) is called the equivariant Z-polynomial.

3. Generating functions

We recapitulate some results about the enumeration of quasi series-parallel matroids
obtained in our prequel [FL24]. Further computational results were obtained by Proud-
foot, Xu, and Young in [PXY25]. Throughout we shall assume that the reader has some
acquaintance with generating functions and refer to [Sta99] for further details. This
section is not used in the proof of Theorem 1.1, but it provides a powerful tool for
computing Kazhdan–Lusztig and Z-polynomials of Dowling geometries.

Proposition 3.1 ([FL24, Proposition 2.3]) Let C(n, k) denote the set of series-parallel
matroids on [n] of rank k. Then the bivariate generating function

C(x, y) :=
∞∑

n=1

n∑
k=0

|C(n, k)|x
n

n! y
k,

is given by

C(x, y) = x(y + 1) + y

∫ [(
1
y
log(1 + xy) + log(1 + x)− x

)⟨−1⟩
]
dx. (3)

Here the symbol ⟨−1⟩ stands for the compositional inverse of the function inside the
parenthesis with respect to the variable x, i.e., treating y as a constant.

This generating function allowed us to deduce in [FL24, Proposition 2.8] a bivariate
generating function A(x, y) = exp(C(x, y)) for the number of quasi series-parallel ma-
troids on a fixed ground set and fixed rank, in particular also obtaining a generating
function for the Z-polynomial of braid matroids depending on their rank.

The following result provides a generalization for arbitrary Dowling geometries.

Proposition 3.2 Let AG(n, k) denote the set of all G-labeled quasi series-parallel ma-
troids on [n] of rank k. Then the bivariate generating function

AG(x, y) :=
∞∑

n=0

n∑
k=0

|AG(n, k)|
xn

n! y
k,

is given by
AG(x, y) = exp(C(qx, y))1/q = A(qx, y)1/q, (4)

where C(x, y) is given as in equation (3) and q = |G|.

Proof. Let

CG(x, y) :=
∑
n≥1

n∑
k=0

cG(n, k)
xn

n! y
k
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be the bivariate exponential generating function for connected G-labeled quasi series-
parallel matroids. By [FL24, Proposition 2.8],

A(x, y) = exp(C(x, y)),

so C(x, y) is the connected part of the species of quasi series-parallel matroids.
If M is connected and has n elements, then M has exactly qn−1 distinct G-labelings,

since two labelings are identified precisely when they differ by left multiplication by a
single element of G on the unique connected component. Therefore

CG(x, y) =
1
q
C(qx, y).

Now an arbitrary G-labeled quasi series-parallel matroid can be constructed from a set
of connected ones, so the exponential formula gives

AG(x, y) = exp(CG(x, y)) = exp
(
1
q
C(qx, y)

)
= exp(C(qx, y))1/q = A(qx, y)1/q. □

If we restrict our enumeration to G-labeled simple quasi series-parallel matroids, we
were led3 in [FL24, Proposition 2.14] to the generating function S(x, y) = 1

x+1A(log(x+
1), y), and therefore to the generating function for Kazhdan–Lusztig polynomials of
braid matroids. We have the following generalization to arbitrary Dowling geometries.

Proposition 3.3 Let SG(n, k) denote the set of all G-labeled simple quasi series-parallel
matroids on [n] of rank k. Then the bivariate generating function

SG(x, y) :=
∞∑

n=0

n∑
k=0

|SG(n, k)|
xn

n! y
k,

is given by

SG(x, y) =
(

1
qx+ 1A(log(qx+ 1), y)

)1/q

= S(qx, y)1/q, (5)

where A(x, y) = exp(C(x, y)) and q = |G|.

Proof. Let T (x, y) := logS(x, y). Since a simple quasi series-parallel matroid is a di-
rect sum of connected simple quasi series-parallel matroids, T (x, y) is the exponential
generating function for connected simple quasi series-parallel matroids.

As in the proof of Proposition 3.2, a connected matroid on n elements has exactly qn−1

distinct G-labelings. Hence the exponential generating function for connected G-labeled
simple quasi series-parallel matroids is TG(x, y) = 1

q T (qx, y). Applying the exponential
formula again, we obtain

SG(x, y) = exp(TG(x, y)) = exp
(
1
q
logS(qx, y)

)
= S(qx, y)1/q.

Finally, [FL24, Proposition 2.14] gives

S(x, y) = 1
1 + x

A(log(1 + x), y),

and therefore

SG(x, y) = S(qx, y)1/q =
(

1
1 + qx

A(log(1 + qx), y)
)1/q

,

3Actually, in [FL24, Proposition 2.14] we were led to the generating function S(x, y) = 1
x+1A(log(x+

1), y) − 1, that is, we did not count the empty matroid as a simple quasi series-parallel matroid. This
difference is inessential for our computations, and our subsequent formulas will be much simpler if we
include the empty matroid in the count.
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as claimed. □

4. Proof of Theorem 1.1

We now recall some properties of the flats of Qn(G), following Dowling [Dow73, Theo-
rem 2]. Recall that a flat F of Qn(G) corresponds to a partialG-partition (S, f,A1, . . . , Ak).
The rank of this flat is n − k. Let ni = |Ai|, and set n0 = n − n1 − · · · − nk. The re-
striction of Qn(G) to a flat is isomorphic to Qn0(G) ⊕ Kn1 ⊕ · · · ⊕ Knk

. Indeed, let
A0 = [n] \ (A1 ⊔ · · · ⊔ Ak). Then an equivalence class of partial G-partitions which is
less than or equal to (S, f,A1, . . . , Ak) corresponds to an equivalence class of partial
G-partitions of A0 and a partition of Ai for i = 1, . . . , k.

We call the integer n0 and the multiset {n1, . . . , nk} the type of the flat. Note that Γ
acts transitively on the flats of a particular type.

The simplification of the contraction of a flat F which is isomorphic to Qn0(G) ⊕
Kn1 ⊕ · · · ⊕ Knk

is isomorphic to Qk(G). Indeed, giving an equivalence class of partial
G-partitions which is greater than or equal to (S, f,A1, . . . , Ak) amounts to giving an
element of G for each of A1, . . . , Ak and merging some of the parts. After modding out
by equivalence, this is the same thing as an equivalence class of partial G-partitions on
[k]. There is an induced map from ΓF , the stabilizer of F in Γ, to Aut(Qk(G)) whose
image is the image of (G ≀ Sk) ⋊ Aut(G) in Aut(Qk(G)). That is, if k ≥ 3, then ΓF

surjects onto Aut(Qk(G)) if G is nontrivial, and its image is isomorphic to Sk if G is
trivial.

Proof of Theorem 1.1. We induct on n. Let P (t) ∈ VRep(Γ)[t] be the generating func-
tion of the permutation representations of Γ on G-labeled simple quasi series-parallel
matroids of rank n − i on [n], and let Z(t) ∈ VRep(Γ)[t] be the generating function of
the permutation representations of Γ on G-labeled quasi series-parallel matroids of rank
n − i on [n]. By [FL24, Proposition 2.10], a simple quasi series-parallel matroid on [n]
has rank greater than n/2, so the degree of P (t) is less than n/2. As Z(t) is palindromic
because the dual of a quasi series-parallel matroid is quasi series-parallel, it suffices to
verify that

Z(t) = P (t) +
∑

[F ]∈L(Qn(G))/Γ
[F ] ̸=0̂

trk(F ) IndΓΓF
PQn(G)/F (t). (6)

As mentioned above, the orbits of the action of Γ on the lattice of flats of Qn(G) are
given by types. Choose a flat F which is isomorphic to Qn0(G)⊕Kn1 ⊕· · ·⊕Knk

, and let
[n] = S0⊔ · · ·⊔Sk be the corresponding partition. By induction, PQn(G)/F (t) is the per-
mutation representation of ΓF on G-labeled simple quasi series-parallel matroids on [k];
by [FL24, Proposition 3.1], the equivariant Kazhdan–Lusztig polynomial is unchanged
by simplification.

Given a subgroup K of ΓF , the induction of the permutation representation of ΓF on
ΓF /K to Γ is the permutation representation of Γ on Γ/K. Given an orbit of equivalence
classes of G-labeled simple quasi series-parallel matroids of rank k − i on [k], we will
produce an orbit of equivalence classes of G-labeled quasi series-parallel matroids of rank
k − i = n− i− rk(F ) on [n] with the same stabilizer.

Because ΓF and Γ act transitively on the set of equivalence classes of G-labelings
of a fixed quasi series-parallel matroid on [k] or [n] elements, respectively, it suffices
to construct a quasi series-parallel matroid on [n] from a simple quasi series-parallel
matroid on [k]. Given a quasi series-parallel matroid M of rank k− i on [k], construct a
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matroid M̃ on [n] with set of loops given by S0 and parallel classes given by S1, . . . , Sk

which simplifies to M. Note that M̃ is quasi series-parallel and has rank k − i.
For each term on the right-hand side of (6), we have produced a matching term on

the left-hand side. Furthermore, every quasi series-parallel matroid on [n] induces a
partition [n] = S0 ⊔ · · · ⊔ Sk and a simple quasi series-parallel matroid on [k], so this
proves (6). □

Example 4.1 Let n = 3. Then we can describe Qn(G) as follows: it is a rank 3 simple
matroid with ground set {b1, b2, b3}∪{gi,j}1≤i<j≤3, g∈G. The rank 2 flats are as follows:

(1) There are three flats isomorphic to Q2(G), given by {bi, bj} ∪ {gi,j}g∈G.
(2) There are 3q flats isomorphic to Q1(G)⊕ K2, given by {bi, gj,k}, where i ̸= j, k

and g ∈ G.
(3) There are q2 flats isomorphic to K3, given by {g12, h23, (gh)13} for g, h ∈ G.

See Figure 3. The coefficient of trk(M)−1 in ZM(t) is the number of hyperplanes. The

b1 b2

b3

g12 x12

h23

y23(gh)13

(xy)13

Figure 3. The Dowling geometry Q3(G).

first group of flats correspond to the equivalence classes of G-labelings of the rank 1
quasi series-parallel matroids isomorphic to U0,2 ⊕ U1,1. The second group corresponds
to U0,1 ⊕U1,2. The third group corresponds to U1,3. The coefficient of t in PM(t) is the
number of hyperplanes minus the number of atoms, which is equal to the number of flats
isomorphic to K3. In [Dow73, Section 5], Dowling extends the definition of Q3(G) to a
more general algebraic object called a quasigroup. The above analysis gives a description
of the Z- and Kazhdan–Lusztig polynomial for Dowling geometries of quasigroups.

Example 4.2 We can use Theorem 1.1 to give a simple formula for the leading coeffi-
cient of PQn(G)(t) when n = 2m − 1 is odd. A simple quasi series-parallel matroid is a
direct sum of connected simple quasi series-parallel matroids. As a simple quasi series-
parallel matroid on [n] has rank greater than n/2, this implies that a simple quasi series-
parallel matroid of rank m on [2m− 1] is connected. It was shown in [FL24, Corollary
2.12] that there are (2m− 3)!!(2m− 1)m−2 simple quasi series-parallel matroids of rank
m on [2m−1], so the coefficient of tm−1 in PQ2m−1(G)(t) is q2m−2(2m−3)!!(2m−1)m−2.

A simple quasi series-parallel matroid of rank m + 1 on [2m] has either one or two
connected components. Connected simple quasi series-parallel matroids of rankm+1 on
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[2m] were enumerated in [GPYZ24, Corollary 1.6], so Theorem 1.1 can be used to give
an explicit formula for the leading coefficient of PQ2m(G)(t), but the resulting formula is
not very clean. See [FL24, Proposition 2.13].

5. Final Remarks

5.1. Inverse Kazhdan–Lusztig polynomials. In [GX21] Gao and Xie introduced
inverse Kazhdan–Lusztig polynomials of matroids, and Proudfoot introduced an equi-
variant generalization in [Pro21]. The inverse Kazhdan–Lusztig polynomial of M can
be computed (up to a sign) by inverting the Kazhdan–Lusztig function in the incidence
algebra of L(M) and specializing to the interval [0̂, 1̂].

Braden, Huh, Matherne, Proudfoot, and Wang proved in [BHM+20, Theorem 1.5]
that inverse Kazhdan–Lusztig polynomials of matroids have nonnegative coefficients.
Furthermore, they proved that the coefficients of the equivariant inverse Kazhdan–
Lusztig polynomial associated to H ↷ M are isomorphism classes of honest, rather
than virtual, representations of H.

The following remains an unsolved problem that we regard as especially interesting.

Problem 5.1 Find a combinatorial interpretation for the coefficients of the inverse
Kazhdan–Lusztig polynomial of Dowling geometries.

The above question is open even in the case of braid matroids. However, in this
special case some progress has been made: Gao, Proudfoot, Yang, and Zhang [GPYZ24]
interpreted the leading coefficient of the inverse Kazhdan–Lusztig polynomial of Kn.

An analogous question can be formulated about the inverse Z-polynomial introduced
in [FMSV24], recently studied by Gao, Ruan, and Xie [GRX25] and equivariantly by
Gao, Li, and Xie [GLX26].

5.2. Real-rootedness. Two striking conjectures by Gedeon, Proudfoot, and Young
[GPY17b] and by Proudfoot, Xu, and Young [PXY18] assert that, for every matroid M,
the polynomials PM(t) and ZM(t) have only nonpositive real zeros. The results in the
present paper can be used to test this conjecture.

From our generating functions, it is straightforward to deduce that the polynomials
PQn(G)(t) have integer coefficients after the change of variables t = t/q2. Furthermore,
one can compute them explicitly for relatively small values of n:

PQn(G)
(
t/q2

)
=



1 n = 1,
1 n = 2,
t+ 1 n = 3,
(q + 4)t+ 1 n = 4,
15t2 +

(
q2 + 5q + 10

)
t+ 1 n = 5,

25(3q + 4)t2 +
(
q3 + 6q2 + 15q + 20

)
t+ 1 n = 6,

735t3 + 35
(
8q2 + 16q + 11

)
t2

+
(
q4 + 7q3 + 21q2 + 35q + 35

)
t+ 1 n = 7,

105(89q + 64)t3 + 7
(
134q3 + 333q2 + 340q + 160

)
t2

+
(
q5 + 8q4 + 28q3 + 56q2 + 70q + 56

)
t+ 1 n = 8.

(7)

Similar computations can be made for the Z-polynomial of Qn(G) for relatively small
n, except that ZQn(G)(t/q2) does not have integer coefficients.
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Proposition 5.2 For all n ≤ 15 and every group G, the polynomials PQn(G)(t) and
ZQn(G)(t) are real-rooted.

The proof of this result is a direct computation that in fact yields a stronger fact:
for each n ≤ 14, the polynomial PQn(G)(t/q2) interlaces PQn+1(G)(t/q2) and, similarly,
ZQn(G)(t) interlaces ZQn+1(G)(t).

To see this, a useful (finite) criterion for interlacing is given by the Bézoutian4. Con-
sider two polynomials f(x), g(x) ∈ R≥0[x] of degrees d and e ∈ {d, d−1}. The Bézoutian,
or the Bézout matrix, associated to the pair (f, g) is the symmetric matrix

B(f, g) := (aij)0≤i,j≤d−1 , where aij = [xiyj ]
(
f(x)g(y)− f(y)g(x)

x− y

)
.

A classical result in the theory of interlacing polynomials (see [KN81, Section 2]) asserts
that g (strictly) interlaces f if and only if B(f, g) is positive definite.

For a fixed group G of size q, let us denote Pn(x) = PQn(G)(x/q2) and Zn(x) =
ZQn(G)(x). We have verified with the help of a computer that the following holds.

Proposition 5.3 For each n ≤ 14, the matrices B(Pn+1, Pn) and B(Zn+1, Zn) are
totally positive. Moreover, all the minors of these matrices are polynomials in q−1 with
positive coefficients.

Since total positivity is a (much) stronger condition than positive-definiteness, this
shows that our polynomials are real-rooted and interlace in a very strong sense.

Example 5.4 Let us illustrate Proposition 5.3. For n = 5 we have:

B(P6, P5) =
(
q3 + 5q2 + 10q + 10 75q + 85

75q + 85 60q3 + 385q2 + 1025q + 700

)
For each q ≥ 1, this matrix is totally positive because it has strictly positive entries and
its determinant is equal to

detB(P6, P5) = 60 q6 + 685 q5 + 3550 q4 + 10275 q3 + 11975 q2 + 4500 q − 225

= 60 (q − 1)6 + 1045 (q − 1)5 + 7875 (q − 1)4 + 32525 (q − 1)3+

71850 (q − 1)2 + 77260 (q − 1) + 30820.

The threshold of n ≤ 15 in our results can likely be pushed further with additional
computational power. It is unclear, however, how to exploit this idea to prove the
real-rootedness of PQn(G)(x) and ZQn(G)(x) for arbitrary n (and arbitrary q).

Remark 5.5 It is tempting to ask about the meaning of the coefficients and the general
behavior of the polynomial appearing in equation (7) after substituting q = 0. Note that
P7(x) = 1 + 35x+ 385x2 + 735x3 is not real-rooted.

5.3. Intersection cohomology of Dowling lattices. One of the main results of
[BHM+20] states that ZM(t) is the Poincaré polynomial of a certain graded vector
space denoted IH(M), which is called the intersection cohomology of M. This graded
vector space is a module over the graded Möbius algebra H(M). Theorem 1.1 sug-
gests that IH(Qn(G)) has a basis indexed by equivalence classes of G-labelings of quasi
series-parallel matroids. Note that each flat of rank k of Qn(G) naturally gives rise
to a G-labeled quasi series-parallel matroid on [n] of rank n − k: if the partition is

4We learned of this idea thanks to a talk given by Nick Proudfoot at Banff in March 2023.
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S = A1 ⊔ · · · ⊔ An−k, then we take the direct sum of uniform matroids of rank 1 on
A1, . . . , An−k with loops on [n] \ S. Dowling showed that, if n ≥ 3, then Qn(G) is real-
izable over a field if and only if G is cyclic [Dow73, Theorem 11], so this would give an
explicit understanding of the intersection cohomology of some non-realizable matroids.

After the publication of [FL24], several people attempted to construct a basis for
IH(Kn+1) indexed by quasi series-parallel matroids. We recount one suggestion by June
Huh which has some interesting consequences. Because Kn+1 is a binary matroid, it is
a deletion of the binary full projective geometry Pn−1

F2
. This implies that IH(Pn−1

F2
) is a

module over H(Kn+1), and that IH(Kn+1) is an H(Kn+1)-module summand.
Because the matroid Pn−1

F2
is modular, IH(Pn−1

F2
) = H(Pn−1

F2
), and so it has a basis

labeled by subspaces of Fn
2 . Because binary matroids are uniquely representable, each

quasi series-parallel matroid on [n] gives rise to an element of IH(Pn−1
F2

). However,
the subspace of IH(Pn−1

F2
) generated by classes of quasi series-parallel matroids is not

preserved by the action of H(Kn+1) for n ≥ 7.
Because all binary matroids of rank at most 2 are quasi series-parallel, IHi(Kn+1) =

IHi(Pn−1
F2

) for i ≤ 2. There is an action of Sn+1 on IH(Pn−1
F2

) because we can view Fn
2

as the standard representation of Sn+1. This implies that IHi(Kn+1) is a permutation
representation of Sn+1 for i ≤ 2.
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