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ABSTRACT. A Lefschetz module is a module over a commutative graded algebra A that satisfies
analogues of Poincaré duality, the hard Lefschetz property, and the Hodge–Riemann relations with
respect to an open convex cone K in the degree one part of A. We analyze its decomposition into
indecomposable modules over subalgebras of A that are generated by elements in the closure of K,
establishing structural results that parallel the decomposition theorem for morphisms of complex
projective varieties. We use our theorems to recover key statements in combinatorial Hodge theory
and to illuminate the Hodge-theoretic aspects of the decomposition theorem in algebraic geometry.

1. INTRODUCTION

Let A “
À

kě0A
k be a finite-dimensional commutative graded algebra over R, and let KA

be a nonempty open convex cone in A1. Let M “
À

kě0M
k be a finite-dimensional graded

A-module equipped with a symmetric bilinear form Q : M ˆM Ñ R that is A-invariant:

Qpax1, x2q “ Qpx1, ax2q for all a P A and all x1, x2 P M .

We say that pM,Qq is a Lefschetz module of degree d over pA,KAq if it satisfies the following three
properties, called the Kähler package for pQ,KAq:

(PD) The induced bilinear pairing between the graded pieces

Q : M i ˆM j ÝÑ R

is nondegenerate if i` j “ d, and it is zero if i` j ­“ d (Poincaré duality).

(HL) For each nonnegative k ď d
2 and η P KA, the linear map

Mk ÝÑ Md´k, x ÞÝÑ ηd´2kx

is an isomorphism of vector spaces (hard Lefschetz property).

(HR) For each nonnegative k ď d
2 and η P KA, the symmetric bilinear form

Mk ˆMk ÝÑ R, px1, x2q ÞÝÑ p´1qkQ
´

x1, η
d´2kx2

¯

is positive definite on the kernel of the linear map

Mk ÝÑ Md´k`1, x ÞÝÑ ηd´2k`1x

(Hodge–Riemann relations).
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A classic example of a Lefschetz module of degree d is given byA “
À

kě0H
k,kpX,Rq, where

X is a compact Kähler manifold of dimension d andHk,kpX,Rq “ Hk,kpXqXH2kpX,Rq, viewed
as a module over itself. Here

Q “ the Poincaré pairing on
à

kě0

Hk,kpX,Rq and KA “ the Kähler cone in H1,1pX,Rq.

In this case, the Kähler package for pQ,KAq is a consequence of the Hodge theory of harmonic
forms [Huy05, Chapter 3].1 In addition, assuming Grothendieck’s standard conjectures on al-
gebraic cycles [Gro69], the ring of algebraic cycles modulo numerical equivalence on a smooth
projective variety is a Lefschetz module with respect to the ample cone (Proposition 3.5). Further
examples of Lefschetz modules include the various “intersection cohomology without spaces”
discussed below. For a recent survey on this topic, see [BP26].

Example 1.1.

(1) The combinatorial intersection cohomology of a convex polytope is a Lefschetz module with
respect to the cone of strictly convex piecewise linear functions on its normal fan [Kar04].

(2) The reduced Soergel bimodule of an element in a Coxeter system is a Lefschetz module with
respect to the open dominant cone [EW14].

(3) The Chow ring of a matroid is a Lefschetz module with respect to the cone of strictly
submodular set functions [AHK18]. Similarly, the augmented Chow ring of a matroid
[BHM`22] and the conormal Chow ring of a matroid [ADH23] admit the structure of Lef-
schetz modules.

(4) The intersection cohomology of a matroid is a Lefschetz module with respect to the cone of
positive functions [BHM`].

(5) The Chow ring of a unimodular quasi-projective quasilinear fan is a Lefschetz module with
respect to the cone of strictly convex piecewise linear functions [AP25].

See Example 2.5 for a Lefschetz module that cannot arise from Kähler geometry or algebraic
geometry.

In the remainder of this paper, we suppose that pM,Qq is a Lefschetz module of degree d over
pA,KAq and deduce a number of structural results. Let B be an R-subalgebra of A generated by
a subset of the closure KA Ď A1 of KA, and set

KB – the nonempty open convex cone given by the interior of KA XB1 in B1.

When KB contains an element that satisfies the conclusion of the hard Lefschetz property forM ,
for example when KB contains an element of KA, we say that the graded B-module structure

1The Hodge decomposition splits HpX,Cq into Lefschetz modules with complex coefficients. For formulations of
our main results over C instead of R, see Theorems 3.10 and 3.13. For a discussion of our main results over Q instead of
R, see Examples 2.9 and 2.10.
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on M is semismall. When every element of KB acts as zero on M , for example when KB “ 0, we
say that the graded B-module structure on M is trivial.

We work in the category of finite-dimensional graded B-modules and degree-preserving
homomorphisms of graded B-modules. For a graded B-module N , we define the shifted B-
module N r´ks as the direct sum of the vector spaces N i´k placed in degree i.

Our main results show that an arbitrary decomposition ofM into indecomposable gradedB-
modules has a number of remarkable properties that we call the decomposition package. Choose
any decomposition

(1.1) M »
à

α

à

k

Nαr´ks‘mpα,kq,

where Nα “ N0
α ‘ ¨ ¨ ¨ ‘N

dpαq
α are indecomposable graded B-modules satisfying

N0
α ‰ 0, Ndpαq

α ‰ 0, and Nα fi Nβ as graded B-modules for all α ‰ β.

By the Krull–Schmidt theorem applied to the category of finite-dimensional graded B-modules
[Ati56], the collection tNαu and the multiplicities mpα, kq are independent of the choice of de-
composition of M . We then have the following properties.

Theorem 1.2 (Simplicity). For each α, we have an isomorphism of R-algebras

HomBpNα, Nαq » R, C, or H.

If α “ β and k is positive, or if α ‰ β and dpαq ď dpβq ` 2k, then

HomBpNα, Nβr´ksq “ 0.

Each of the three finite-dimensional division algebras over R arises as the endomorphism
ring of some Nα; see Examples 2.6 and 2.7. The condition dpαq ď dpβq ` 2k says that the middle
degree of Nα is at most the middle degree of Nβr´ks.

Theorem 1.3 (Duality). For each α, up to a nonzero real multiple, there is a unique nonzero
real-valued B-invariant symmetric bilinear form Qα on Nα satisfying the degree orthogonality
relations

QαpN i
α, N

j
αq “ 0 unless i` j “ dpαq.

This B-invariant symmetric bilinear form Qα is nondegenerate.

We show that, for each α, the bilinear form Qα gives Nα the structure of a Lefschetz module
of degree dpαq over pB,KBq, up to a sign.

Theorem 1.4 (Hard Lefschetz). For each nonnegative k ď
dpαq

2 and ℓ P KB , the linear map

Nk
α ÝÑ Ndpαq´k

α , x ÞÝÑ ℓdpαq´2kx

is an isomorphism of vector spaces.
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Theorem 1.5 (Hodge–Riemann). There is a unique sign ϵα “ ˘1 such that, for each nonnegative
k ď

dpαq

2 and ℓ P KB , the symmetric bilinear form

Nk
α ˆNk

α ÝÑ R, px1, x2q ÞÝÑ p´1qkϵαQα

´

x1, ℓ
dpαq´2kx2

¯

is positive definite on the kernel of the linear map

Nk
α ÝÑ Ndpαq´k`1

α , x ÞÝÑ ℓdpαq´2k`1x.

Throughout the paper, an important role will be played by an increasing filtration

P “

´

0 Ď P0 Ď P1 Ď ¨ ¨ ¨ Ď P2d “ M
¯

,

called the perverse filtration of M over B, defined as follows: Choose any element ℓ P KB , and
choose any decomposition of M into a direct sum of cyclic graded Rrℓs-modules of the form

dpxq
à

e“0

spanpℓexq,

where x is an element of degree kpxq in M . We then define Pj as the subspace of M spanned by
those summands with dpxq ` 2kpxq ď j. Equivalently, we can define the perverse filtration as

(1.2) Pj XMk “

k
ÿ

c“0

im
´

M c ℓk´c

ÝÝÝÑ Mk
¯

X ker
´

Mk ℓj´c`1´k

ÝÝÝÝÝÝÑ M j´c`1
¯

,

where the kernels of ℓe are set to be zero for e ď 0. Informally speaking, the perverse filtration
is defined so that each Pj{Pj´1 satisfies the hard Lefschetz property with respect to ℓ.

It follows from Theorem 1.4 that the perverse filtration P is independent of the choice of
ℓ P KB . Indeed, we can refine the given decomposition (1.1) to a decomposition into indecom-
posable graded Rrℓs-modules and deduce from Theorem 1.4 that, for each j, we have

(1.3) Pj “
à

dpαq`2kďj

Nαr´ks‘mpα,kq.

In particular, the right-hand side does not depend on the choice of the decomposition (1.1), and
the left-hand side is a graded B-submodule of M :

bPj Ď Pj for all j and all b P B.

Let Gr –
À

j Pj{Pj´1 be the associated graded of the perverse filtration of M over B. Note that

Gr “
à

i,j

Gri,j , where Gri,j – pM i X Pjq{pM i X Pj´1q,

and that Gr has the structure of a graded B-module such that Bk Gri,j Ď Gri`k,j . By construc-
tion, M and Gr are isomorphic as graded B-modules. We consider the graded vector space

Vα –
à

k

V k
α , where V k

α – HomBpNαr´ks,Gr‚,dpαq`2k
q.

Let Dα be the division algebra HomBpNα, Nαq from Theorem 1.2, and note that Nα and Vα are
modules over Dα. It follows from the vanishing statement in Theorem 1.2 that, for each j, k, and



A DECOMPOSITION THEOREM FOR LEFSCHETZ MODULES 5

α satisfying dpαq ` 2k “ j, the natural map V k
α bDα Nα Ñ Gr‚,j is injective, and the images of

these maps give a decomposition of Gr‚,j .

Corollary 1.6. For each j, there is a canonical decomposition of B-modules

Gr‚,j
“

à

dpαq`2k“j

V k
α bDα

Nα, with dimDα
V k
α “ mpα, kq.

In other words, Gr‚,j has a unique isotypic decomposition, where for each α, the corresponding
summand is the sum of all the B-submodules of Gr‚,j that are isomorphic to Nαr´ks.

In particular, in the “semismall” case where all the graded pieces Gr‚,j are zero except for
Gr‚,d, we have a unique isotypic decomposition of M into graded B-modules. This is the clas-
sical Lefschetz decomposition of M when B is generated by a single element in KA.

We now formulate analogues of the relative hard Lefschetz theorem and the relative Hodge–
Riemann relations using Gr. Inspecting (1.2), we see that

aPj Ď Pj`2k for any a P Ak.

We therefore have an A-module structure ˚ : Aˆ Gr Ñ Gr such that

Ak ˚ Gri,j Ď Gri`k,j`2k for all k and i, j.

Note that, when the graded B-module structure on M is semismall, this A-module structure
on Gr is trivial. At the other extreme, when the graded B-module structure on M is trivial, we
have Grk,2k “ Mk, and the A-module structure on Gr is that of M . In any case, the symmetric
bilinear form Q on M induces a bilinear form

Q : Gri,j ˆGrd´i,2d´j
ÝÑ R

satisfying the degree orthogonality relations; see Lemmas 4.1 and 4.6. Note that Q is both A-
invariant and B-invariant:

Qpa ˚ x1, x2q “ Qpx1, a ˚ x2q and Qpbx1, x2q “ Qpx1, bx2q for all a P A, b P B, and x1, x2 P Gr.

This Q is nondegenerate, giving a relative version of Poincaré duality; see Proposition 4.8. Let
KA{B be the open convex cone KA `B1 in A1.

Theorem 1.7 (Relative Hard Lefschetz). For each nonnegative j ď d and η P KA{B , the linear
map

Gr‚,j
ÝÑ Gr‚`d´j,2d´j , x ÞÝÑ ηd´j ˚ x

is an isomorphism of vector spaces.

Note that, for each η P A1, post-composition by η ˚ ´ defines a linear map V k
α ÝÑ V k`1

α .

Corollary 1.8. For each nonnegative k ď pd´ dpαqq{2 and η P KA{B , the linear map

V k
α ÝÑ V d´dpαq´k

α , φ ÞÝÑ ηd´dpαq´2k ˚ φ
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is an isomorphism of vector spaces. In particular, for each α, the multiplicities mpα, kq “

dimDα V
k
α form a symmetric and unimodal sequence in k.

For each η P KA{B , ℓ P KB , and nonnegative integers j ď d and i ď j{2, set

Primi,j
η,ℓ – kerpGri,j

ηd´j`1
˚

ÝÝÝÝÝÑ Gri`d´j`1,2d´j`2
q X kerpGri,j

ℓj´2i`1

ÝÝÝÝÝÑ Grj´i`1,j
q.

It follows from Theorem 1.4 and Theorem 1.7 that there is a direct sum decomposition

(1.4) Gr “
à

jďd
iďj{2

à

0ďsďd´j
0ďtďj´2i

ηs ˚

˜

ℓt Primi,j
η,ℓ

¸

.

Theorem 1.9 (Relative Hodge–Riemann relations). For each nonnegative j ď d and i ď j{2, and
for each η P KA{B and ℓ P KB , the symmetric bilinear form on Gri,j defined by

px1, x2q ÞÝÑ p´1qiQpx1, η
d´j ˚ ℓj´2ix2q

is positive definite when restricted to the subspace Primi,j
η,ℓ.

Corollary 1.10. For each nonnegative j ď d and η P KA{B , the B-module

Prim‚,j
η – kerpGr‚,j ηd´j`1

˚
ÝÝÝÝÝÑ Gr‚`d´j`1,2d´j`2

q,

equipped with the form Qpx1, η
d´j ˚ x2q, is a Lefschetz module of degree j over pB,KBq.

Corollary 1.11. For each nonnegative k ď d and ℓ P KB , the A-module

Prim
‚,rks

ℓ – kerpGr‚,2‚`k ℓk`1

ÝÝÝÑ Gr‚`k`1,2‚`k
q,

equipped with the form Qpx1, ℓ
kx2q, is a Lefschetz module of degree d´ k over pA,KA{Bq.

Let C be any graded B-subalgebra of A that preserves the perverse filtration of M over B,
so that Gr has the structure of a graded C-module such that Ck Gri,j Ď Gri`k,j . Note that,
unlike B, the graded algebra C need not be generated by its degree one elements. For example,
when the graded B-module structure on M is semismall, we may take C to be any graded
B-subalgebra of A. We assume that C1 is generated by a subset of KA. Set

KC – the nonempty convex cone given by the interior of KA X C1 in C1.

Because we assumed that C1 is generated by a subset of KA, KC is open. Choose any decom-
position of M as a direct sum of indecomposable graded C-modules

(1.5) M »
à

α

à

k

Lαr´ks‘µpα,kq,

where Lα “ L0
α ‘ ¨ ¨ ¨ ‘ L

epαq
α are indecomposable graded C-modules satisfying

L0
α ‰ 0, Lepαq

α ‰ 0, and Lα fi Lβ as graded C-modules for all α ‰ β.

Theorems 1.2, 1.3, 1.4, and 1.5 can be strengthened as follows.
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Theorem 1.12. For each α, there is an isomorphism of R-algebras

HomCpLα, Lαq » R, C, or H.

If α “ β and k is positive, or if α ‰ β and epαq ď epβq ` 2k, then

HomCpLα, Lβr´ksq “ 0.

Up to a nonzero real multiple, there is a unique nonzero real-valued C-invariant symmetric
bilinear form Qα on Lα satisfying the degree orthogonality relations

QαpLi
α, L

j
αq “ 0 unless i` j “ epαq,

and there is a unique ϵα “ ˘1 such that pLα, ϵαQαq is a Lefschetz module of degree epαq over
pC,KCq.

The proof of Theorem 1.12 produces a distinguished isomorphism of gradedC-modulesM »

Gr, whose construction depends on the choice of η P KA{B .2

In Section 2, we illustrate some notable features of the main theorems through explicit combi-
natorial examples. Examples 2.1 and 2.2 give a detailed analysis of a Lefschetz module obtained
from the Fano plane. Example 2.3 compares the conclusions of Theorem 1.12 for various pos-
sible choices of C. Example 2.4 demonstrates that the cones K arising from geometry are often
smaller than the maximum possible. Example 2.5 provides a Lefschetz module that cannot
appear inside the cohomology of a compact Kähler manifold or the Chow ring of a smooth pro-
jective variety over an algebraically closed field modulo numerical equivalence. Examples 2.6
and 2.7 show that both the field of complex numbers C and the quaternions H can occur in The-
orem 1.2. Examples 2.9 and 2.10 show that the uniqueness of Qα in Theorems 1.3 and 1.12 can
fail if one works with coefficients in Q rather than in R, and that not every such Qα satisfies the
conclusions of Theorems 1.5 and 1.12.

In Section 3, we give a number of applications of the main theorems. Motivated by com-
binatorial applications, many authors have shown that certain concrete modules are Lefschetz
[McM93, Kar04, EW14, AHK18, Kar19, BHM`22, ADH23, BHM`]. Theorems 1.4 and 1.5 pro-
vide a tool for producing new Lefschetz modules from a given one, and some of the results cited
above admit notably simpler proofs using our work. As an example, in Section 3.1, we give a
proof of the top-heavy conjecture of Dowling–Wilson [DW74, DW75] that avoids the long in-
ductive argument of [BHM`]. In Section 3.2, as another example, we give a combinatorial proof
of Stanley’s result on the unimodality of the local h-vector [Sta92] that avoids Karu’s relative
hard Lefschetz theorem for polytopal subdivisions [Kar19].

Our results can also be used to study Lefschetz modules arising from algebraic geometry. In
Section 3.3, we use our main theorems to verify new cases of Grothendieck’s standard conjec-
tures on algebraic cycles [Gro69]. In the forthcoming work [LS26], the authors use this to prove

2Following ideas of Deligne [Del94], in [dC13], de Cataldo constructs several distinguished isomorphisms using the
choice of η in the geometric setting.
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Fulton–Lazarsfeld positivity for matroids, settling a conjecture of Speyer and Berget–Fink. In
Section 3.4, by combining our results with [BBD82], we show that the intersection cohomology
of a complex projective variety admits a polarized pure Hodge structure, recovering a result of
Saito [Sai88, Sai90].

The proofs of our main theorems in Sections 4, 5, and 6 are inspired by the detailed anal-
ysis of the intersection cohomology of matroids in [BHM`] and by the beautiful work of de
Cataldo and Migliorini on the decomposition theorem [dCM02, dCM05, dCM09]. Although
our inductive strategy resembles theirs, important differences arise. For instance, the argument
of [dCM05] relies on the Lefschetz hyperplane theorem and the simplicity of certain perverse
sheaves, neither of which is available in our setting.

Acknowledgements. We thank Dave Anderson, Mark de Cataldo, Eduardo Cattani, Ben Elias,
Leonardo Mihalcea, and Geordie Williamson for helpful conversations and insightful com-
ments. We are especially grateful to Christian Schnell for discussions related to Example 2.4.
ChatGPT and Claude were used for proofreading. Part of this work was carried out at the Korea
Institute for Advanced Study, and we thank the institute for a pleasant working environment.
June Huh was partially supported by the Simons Investigator Grant.

2. EXAMPLES

We illustrate the decomposition package explicitly using combinatorial examples.

Example 2.1. The Fano plane F7 is the configuration of seven points and seven lines shown in the
following figure:

3 5

1

62

4

7

The graded Möbius algebra of F7 is the graded vector space A “ A0 ‘A1 ‘A2 ‘A3, where

A0 “ Ry∅,

A1 “ Ry1 ‘ Ry2 ‘ Ry3 ‘ Ry4 ‘ Ry5 ‘ Ry6 ‘ Ry7,

A2 “ Ry123 ‘ Ry147 ‘ Ry156 ‘ Ry257 ‘ Ry345 ‘ Ry367 ‘ Ry246,

A3 “ RyE .

The degree one basis elements yi are labeled by the seven points of F7 and the degree two basis
elements yL are labeled by the seven lines of F7. The multiplicative structure is given by the



A DECOMPOSITION THEOREM FOR LEFSCHETZ MODULES 9

rules

y∅ “ 1, yi ¨ yj “

$

&

%

yij if i ‰ j,

0 if i “ j,
and yi ¨ yL “

$

&

%

yE if i R L,

0 if i P L,

where ij is the unique line of F7 containing i and j. Let KA be the set of positive linear combina-
tions of the generators y1, . . . , y7 in A1. Let Q : AˆA Ñ R be the unique A-invariant symmetric
bilinear pairing satisfying Qp1, yEq “ 1 and the degree orthogonality relations

QpAi, Ajq “ 0 unless i` j “ 3.

One can then check that pA,Qq is a Lefschetz module of degree 3 over pA,KAq. This is a spe-
cial case of the statement that the intersection cohomology module of a matroid is a Lefschetz
module over the graded Möbius algebra [BHM`, Theorem 1.6].

Let B be the subalgebra of A generated by the elements y1, y3, y5, y7.3 There are infinitely
many different decompositions of M – A into indecomposable graded B-modules, each of
which has three summands. One of the three summands is common to all the decompositions:
the one-dimensional summand spanned by

ξ – y1 ´ y2 ` y3 ´ y4 ` y5 ´ y6 ` y7.

For example, M “ S1 ‘ S2 ‘ S3, where S1, S2, S3 are graded B-submodules of M given by

S3
1 “ spanpyEq, S3

2 “ 0, S3
3 “ 0,

S2
1 “ spanpy123, y147, y156, y257, y345, y367q, S2

2 “ 0, S2
3 “ spanpy2 ¨ ξq,

S1
1 “ spanpy1, y3, y5, y7, y2, y4 ´ y6q, S1

2 “ spanpξq, S1
3 “ 0,

S0
1 “ spanpy∅q, S0

2 “ 0, S0
3 “ 0.

We also have M “ T1 ‘ T2 ‘ T3, where T1, T2, T3 are graded B-submodules of M given by

T 3
1 “ spanpyEq, T 3

2 “ 0, T 3
3 “ 0,

T 2
1 “ spanpy123, y147, y156, y257, y345, y367q, T 2

2 “ 0, T 2
3 “ spanpy4 ¨ ξq,

T 1
1 “ spanpy1, y3, y5, y7, y4, y2 ´ y6q, T 1

2 “ spanpξq, T 1
3 “ 0,

T 0
1 “ spanpy∅q, T 0

2 “ 0, T 0
3 “ 0.

Note that S1 » T1 and S3 » T3 as graded B-modules, but S1 ‰ T1 and S3 ‰ T3. Note also that
S2 “ T2 and S1 ` S2 “ T1 ` T2. These identities illustrate the description (1.3) of the perverse
filtration of M over B, which follows from Theorem 1.4:

P0 “ P1 “ 0, P2 “ S2 “ T2, P3 “ S1 ` S2 “ T1 ` T2, P4 “ P5 “ P6 “ M.

One implication of the main results (Theorems 1.3, 1.4, and 1.5) is that, for any decomposition
of M into indecomposable graded B-modules

M “ N1 ‘N2 ‘N3 with dimN2 “ dimN3 “ 1,

3The same structure arises from any other choice of four points of F7 in general position.
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the restriction of the Poincaré pairing Q on M to N1 is nondegenerate, and pN1,Qq satisfies
the hard Lefschetz property and the Hodge–Riemann relations with respect to pB,KBq. These
assertions can be checked, for example, for S1 and T1. Another consequence is the relative hard
Lefschetz property of Theorem 1.7, which says that, for any real numbers a1, a3, a5, a7 and any
positive real numbers a2, a4, a6, we have

pa1y1 ` a2y2 ` a3y3 ` a4y4 ` a5y5 ` a6y6 ` a7y7q ξ R spanpy123, y147, y156, y257, y345, y367q.

Indeed, the coefficient of y246 in the expansion of the left-hand side is ´2a2 ´ 2a4 ´ 2a6. The
relative Hodge–Riemann relations of Theorem 1.9 for Gr1,2 state that

pa1y1 ` a2y2 ` a3y3 ` a4y4 ` a5y5 ` a6y6 ` a7y7q ξ2

is necessarily a negative multiple of yE . A straightforward computation shows that the dis-
played element is, in fact, equal to ´8pa2 ` a4 ` a6qyE .

In general, in any decomposition of M into indecomposable graded B-modules, the isomor-
phism classes and multiplicities of the summands are unique, but the summands need not be
uniquely determined as submodules, as illustrated in Example 2.1. One implication of Theo-
rem 1.2 is that, when the gradedB-module structure ofM is semismall,M has a unique isotypic
decomposition into graded B-modules.

Example 2.2. Let A be the graded Möbius algebra of F7 as above, and let B be the subalgebra of
A generated by the elements y1, y3 ` y5, and y2 ` y4 ` y6 ` y7. The B-module structure of M
is semismall because the sum of the three generators of B is an element of KA. In this case, one
can check that M – A decomposes uniquely into indecomposable graded B-modules N1 ‘N2,
where

N3
1 “ spanpyEq, N3

2 “ 0,

N2
1 “ spanpy147, y246, y345, y123 ` y156, y257 ` y367q, N2

2 “ spanpy123 ´ y156, y257 ´ y367q,

N1
1 “ spanpy1, y4, y7, y3 ` y5, y2 ` y6q, N1

2 “ spanpy3 ´ y5, y2 ´ y6q,

N0
1 “ spanpy∅q, N0

2 “ 0.

Note that the summands N1 and N2 are orthogonal with respect to Q, as predicted by Theo-
rems 1.2 and 1.3. That N2 is an indecomposable graded B-module follows from the property
that

N2
2 “ spanpy1, y3 ` y5, y2 ` y4 ` y6 ` y7q ¨ ξ for any nonzero ξ P N1

2 .

ThatN2 satisfies the Hodge–Riemann relations with respect to KB is equivalent to the statement
˜

a` 3c a´ c

a´ c a` 2b` c

¸

is positive definite for any a, b, c ą 0,

as can be checked directly. In Example 2.1, each indecomposable Lefschetz module appearing in
the decomposition of M had a lowest-degree nonzero homogeneous component of dimension



A DECOMPOSITION THEOREM FOR LEFSCHETZ MODULES 11

1. In the current example, we see that indecomposable Lefschetz modules with lowest-degree
components of dimension 2 appear in the decomposition of M .

Example 2.3. Consider the graded real vector space M “ M0 ‘M1 ‘M2 with

M0 “ Re01 ‘ Re02, M1 “ Re11 ‘ Re12, M2 “ Re21 ‘ Re22.

Let Q : M ˆM Ñ R be the symmetric bilinear form satisfying

Qpe01, e
2
1q “ Qpe11, e

1
1q “ Qpe02, e

2
2q “ Qpe12, e

1
2q “ 1, Qpe21, e

0
2q “ Qpe11, e

1
2q “ Qpe01, e

2
2q “ 0,

and the degree orthogonality relations QpM i,M jq “ 0 for i` j ‰ 2. Let A be the graded algebra
generated by the commuting endomorphisms y, z, z1 of M given by

y ¨ e01 “ e11, z ¨ e01 “ e22, z1 ¨ e01 “ e21,

y ¨ e11 “ e21, z ¨ e11 “ 0, z1 ¨ e11 “ 0,

y ¨ e21 “ 0, z ¨ e21 “ 0, z1 ¨ e21 “ 0,

y ¨ e02 “ e12, z ¨ e02 “ e21, z1 ¨ e02 “ ´e22,

y ¨ e12 “ e22, z ¨ e12 “ 0, z1 ¨ e12 “ 0,

y ¨ e22 “ 0, z ¨ e22 “ 0, z1 ¨ e22 “ 0,

so that A “ A0 ‘ A1 ‘ A2 “ R1 ‘ Ry ‘ pRy2 ‘ Rz ‘ Rz1q. Then Q is A-invariant, and pM,Qq is
a Lefschetz module of degree 2 over pA,KAq, where KA is the cone of positive multiples of y in
A1.

Let B be the graded subalgebra of A generated by y, so that the perverse filtration of M
over B satisfies P0 “ P1 “ 0 and P2 “ P3 “ P4 “ M . Theorem 1.12 applies to any graded
B-subalgebra C of A. We note that, as C varies, the conclusions of Theorem 1.12 are generally
incomparable in strength.

(1) When C is generated by y, the graded C-module M admits infinitely many decompo-
sitions of the form N1 ‘ N2, where N1 » N2 as graded C-modules. The space of C-
invariant symmetric bilinear forms on each Ni satisfying the degree orthogonality rela-
tions is 1-dimensional, as predicted by Theorem 1.12. The space of C-invariant symmet-
ric bilinear forms on M satisfying the degree orthogonality relations is 3-dimensional, and
HomCpM,Mq » Mat2ˆ2pRq.

(2) When C is generated by y and z, the graded C-module M has a unique decomposition
L1 ‘ L2, where L1 is generated by e01 ` e02 and L2 is generated by e01 ´ e02. The space of
C-invariant symmetric bilinear forms on each Li satisfying the degree orthogonality rela-
tions is 1-dimensional, as predicted by Theorem 1.12. The space of C-invariant symmet-
ric bilinear forms on M satisfying the degree orthogonality relations is 2-dimensional, and
HomCpM,Mq » R ‘ R.
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(3) When C is generated by y and z1, the graded C-moduleM has a unique decomposition L1
1 ‘

L1
2, where L1

1 is generated by e01 and L1
2 is generated by e02. The space ofC-invariant symmet-

ric bilinear forms on each L1
i satisfying the degree orthogonality relations is 1-dimensional,

as predicted by Theorem 1.12. The space of C-invariant symmetric bilinear forms on M

satisfying the degree orthogonality relations is 2-dimensional, and HomCpM,Mq » R ‘ R.

(4) When C is generated by y and z and z1, the graded C-module M is indecomposable. The
space of C-invariant symmetric bilinear forms on M satisfying the degree orthogonality
relations is 1-dimensional, as predicted by Theorem 1.12, and HomCpM,Mq » R.

Example 2.4. According to [KK87, Proposition 1.2.2], the set of elements of A1 that satisfy the
hard Lefschetz property and the Hodge–Riemann relations on pM,Qq is a disjoint union of open
convex cones K1 Y ¨ ¨ ¨ Y Km in A1, referred to as the polarizing cones of pM,Qq in [Cat08].

For example, consider the graded algebra A “ A0 ‘ A1 ‘ A2 “ Ry∅ ‘ pRy1 ‘ Ry2q ‘ RyE ,
with the multiplicative structure given by

y∅ “ 1, y21 “ y22 “ 0, and y1y2 “ yE .

Let Q : A ˆ A Ñ R be the unique A-invariant symmetric bilinear form satisfying Qp1, yEq “ 1

and QpAi, Ajq “ 0 for i` j ‰ 2. Then pA,Qq has two polarizing cones

K` “ ta1y1 ` a2y2 | a1 ą 0, a2 ą 0u and K´ “ ta1y1 ` a2y2 | a1 ă 0, a2 ă 0u.

When B is generated by ℓ P K˘, the B-module A decomposes uniquely into L‘N , where

L “ B ¨ y∅ and N “ kerpA1 ℓ
ÝÑ A2q.

When B is generated by y1, any decomposition of the graded B-module A is of the form Lptq ‘

N1ptq for a real parameter t, where

Lptq “ B ¨ y∅ and N1ptq “ B ¨ pty1 ` y2q.

When B is generated by y2, any decomposition of the graded B-module A is of the form Lptq ‘

N2ptq for a real parameter t, where

Lptq “ B ¨ y∅ and N2ptq “ B ¨ py1 ` ty2q.

Since P0 “ 0, we see from (1.3) that P1 “ Lptq does not depend on t.

Note that the even cohomology of the n-th Hirzebruch surface Fn with real coefficients
equipped with the Poincaré pairing is isomorphic to pA,Qq over R in exactly two ways, up
to scaling y1 and y2. Under any such isomorphism, the ample cone of Fn maps to one of the
polarizing cones, and the inclusion of the ample cone into the corresponding polarizing cone is
necessarily proper if n is positive. In this sense, the ample cone of Fn shrinks as n increases.4

4This example also shows that [KK87, Conjecture 2.1.7] is not true as stated. For example, for the positive definite
quadratic form fpx, yq “ 6x2´8xy`3y2, we have fpy1`y2, y1`2y2q “ 0 in A. One can also produce a counterexample
to [KK87, Conjecture 2.1.7] based on [RT23, Example 9.2].
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While the initial examples of Lefschetz modules came from algebraic geometry, there are
Lefschetz modules which provably do not appear inside the cohomology of a compact Kähler
manifold or the Chow ring of a smooth projective variety modulo numerical equivalence.

Example 2.5. Consider the cubic polynomial in three variables

fpw1, w2, w3q “ 14w3
1 ` 6w2

1w2 ` 24w2
1w3 ` 12w1w2w3 ` 6w1w

2
3 ` 3w2w

2
3,

and let A be the graded algebra over R cogenerated by f . In other words, A is the unique
quotient of Rrx1, x2, x3s equipped with an isomorphism deg : A3 » R such that the bilinear
forms A0 ˆA3 Ñ A3 » R and A1 ˆA2 Ñ A3 » R are nondegenerate and

degppw1x1 ` w2x2 ` w3x3q3q “ fpw1, w2, w3q.

Using the fact that f is a Lorentzian polynomial in the sense of [BH20], one can check that A
is a Lefschetz module over pA,KAq, where KA is the cone of positive linear combinations of
x1, x2, x3. However,A cannot be a subquotient of the ring of real pp, pq-forms on a 3-dimensional
compact Kähler manifold nor of the Chow ring modulo numerical equivalence of a 3-dimensional
smooth projective variety over an algebraically closed field because f does not satisfy the reverse
Khovanskii–Teissier inequality of [LX17, JL23]. For more details, see [Huh23, Example 14].

By Theorem 1.12, the endomorphism ring of an indecomposable Lefschetz module is a finite-
dimensional division algebra over R. We give examples illustrating that both the field of com-
plex numbers C and the quaternions H can occur.

Example 2.6. Let M0 be the 4-dimensional real vector space with basis e1, e2, e3, e4, and let M1

be the 4-dimensional real vector space with basis e˚
1 , e

˚
2 , e

˚
3 , e

˚
4 . Set M – M0 ‘ M1, and let

Q : M ˆM Ñ R be the symmetric bilinear form defined by

Qpei, ejq “ 0, Qpe˚
i , e

˚
j q “ 0, and Qpei, e

˚
j q “

$

&

%

1, if i “ j,

0, otherwise.

A linear map M0 Ñ M1 is given by a 4ˆ4 matrix, and Q is invariant under this map if and only
if this matrix is symmetric. Set A0 – R and

A1 –

#˜

X dY

dY t X

¸
ˇ

ˇ

ˇ

ˇ

ˇ

X “

˜

a c

c b

¸

, Y “

˜

0 1

´1 0

¸

, a, b, c, d P R

+

.

The direct sum A – A0 ‘ A1 has the structure of a graded algebra over R. Note that M is an
A-module and that Q is an A-invariant symmetric bilinear form on M . Setting KA to be the
intersection of A1 with the cone of 4 ˆ 4 positive definite matrices gives pM,Qq the structure of
a Lefschetz module of degree one over pA,KAq.

The ring of graded A-module endomorphisms of M is identified with the space of 4 ˆ 4

matrices that commute with all matrices in A1. It is easy to check that this space of matrices is
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spanned by the identity and the matrix

J –

˜

02 I2

´I2 02

¸

, where 02 “

˜

0 0

0 0

¸

and I2 “

˜

1 0

0 1

¸

.

As the algebra spanned by the identity and J is isomorphic to the complex numbers C, we
see that M is an indecomposable A-module and HomApM,Mq » C. In this case, the space of
A-invariant bilinear forms on M satisfying the degree orthogonality relations is 2-dimensional,
whereas the subspace of A-invariant symmetric bilinear forms satisfying the degree orthogo-
nality relations is 1-dimensional, as predicted by Theorem 1.3.

Example 2.7. Let M0 be the 8-dimensional real vector space with basis e1, e2, . . . , e8, and let M1

be the 8-dimensional real vector space with basis e˚
1 , e

˚
2 , . . . , e

˚
8 . Set M – M0 ‘ M1, and let

Q : M ˆM Ñ R be the symmetric bilinear form defined by

Qpei, ejq “ 0, Qpe˚
i , e

˚
j q “ 0, and Qpei, e

˚
j q “

$

&

%

1, if i “ j,

0, otherwise.

A linear map M0 Ñ M1 is given by an 8 ˆ 8 matrix, and Q is invariant under this map if and
only if this matrix is symmetric. Set A0 – R and

A1 –

$

’

’

’

&

’

’

’

%

¨

˚

˚

˚

˝

X eY dY fY

eY t X fY dY t

dY t fY t X eY

fY t dY eY t X

˛

‹

‹

‹

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

X “

˜

a c

c b

¸

, Y “

˜

0 1

´1 0

¸

, a, b, c, d, e, f P R

,

/

/

/

.

/

/

/

-

.

The direct sum A – A0 ‘ A1 has the structure of a graded algebra over R. Let KA be the
intersection ofA1 with the cone of 8ˆ8 positive definite matrices. Note that pM,Qq is a Lefschetz
module of degree one over pA,KAq. A direct computation shows that the space of 8ˆ8 matrices
that commute with A1 is spanned by the identity, J , K, and JK, where

J –

¨

˚

˚

˚

˝

02 02 I2 02

02 02 02 I2

´I2 02 02 02

02 ´I2 02 02

˛

‹

‹

‹

‚

, and K –

¨

˚

˚

˚

˝

02 02 02 I2

02 02 ´I2 02

02 I2 02 02

´I2 02 02 02

˛

‹

‹

‹

‚

.

As the algebra spanned by the identity, J , K, and JK is isomorphic to the quaternions H, we
see that M is an indecomposable A-module and HomApM,Mq » H. In this case, the space of
A-invariant bilinear forms on M satisfying the degree orthogonality relations is 4-dimensional,
whereas the subspace of A-invariant symmetric bilinear forms satisfying the degree orthogo-
nality relations is 1-dimensional, as predicted by Theorem 1.3.

Remark 2.8. Since an indecomposable Lefschetz module M is a graded vector space over its
endomorphism ring, Theorem 1.2 implies that the endomorphism ring of such a module is
necessarily isomorphic to R if some graded piece Mk is an odd-dimensional vector space over
R.
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The next examples show that the uniqueness of Qα in Theorems 1.3 and 1.12 may fail if one
works with coefficients in Q instead of R.

Example 2.9. Let M0 be the 2-dimensional rational vector space with basis e1, e2, and let M1 be
the 2-dimensional rational vector space with basis e˚

1 , e
˚
2 . Set M – M0 ‘ M1, and let Q : M ˆ

M Ñ Q be the symmetric bilinear form defined by

Qpei, ejq “ 0, Qpe˚
i , e

˚
j q “ 0, and Qpei, e

˚
j q “

$

&

%

1, if i “ j,

0, otherwise.

A linear map M0 Ñ M1 is given by a 2ˆ2 matrix, and Q is invariant under this map if and only
if this matrix is symmetric. Set A0 – Q and

A1 –

#˜

a b

b a` 2b

¸
ˇ

ˇ

ˇ

ˇ

ˇ

a, b P Q

+

.

The direct sum A – A0 ‘ A1 has the structure of a graded algebra over Q. Note that M is
an A-module and that Q is an A-invariant symmetric bilinear form on M . Set AR – A bQ R,
MR – M bQR, QR – QbQR, and let KA be the intersection ofA1

R with the cone of 2ˆ2 positive
definite matrices. Then pMR,QRq is a Lefschetz module of degree one over pAR,KAq.

The ring of graded A-module endomorphisms of M is identified with the space of 2 ˆ 2

matrices that commute with all matrices in A1. It is easy to check that this space of matrices is
spanned by the identity and the matrix

D –

˜

´1 1

1 1

¸

.

Thus HomApM,Mq » Qr
?
2s, and hence M is an indecomposable graded A-module. The space

of A-invariant symmetric bilinear forms Qα on M satisfying the degree orthogonality relations
is the 2-dimensional space over Q spanned by

px1, x2q ÞÝÑ Qpx1, x2q and px1, x2q ÞÝÑ QpDx1, x2q.

Some of these Qα satisfy the Hodge–Riemann relations up to a sign, whereas others do not. Note
that MR is a decomposable graded AR-module, and each of its indecomposable summands ad-
mits an essentially unique nonzero real-valued A-invariant symmetric bilinear form satisfying
the degree orthogonality relations.

Example 2.10. Consider the graded Q-algebra with trivial grading

A “ A0 “ Qrxs{px2 ´ x´ 1q,

and consider the graded A-module with trivial grading M “ M0 “ A0. Let Q : M ˆ M Ñ Q be
the A-invariant symmetric bilinear form given by

Qp1, 1q “ 1, Qpx, xq “ 1, and Qp1, xq “ 0.
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Since Q is positive definite, pMR,QRq is a Lefschetz module of degree 0 over pAR,KAq, where
KA is the zero cone in the zero vector space A1

R. Since AR preserves the perverse filtration of MR

over R, which is trivial, Theorem 1.12 applies to the AR-module MR.

The A-module M is indecomposable, and the space of A-invariant symmetric bilinear forms
Qα : M ˆ M Ñ Q is 2-dimensional over Q. Some of these Qα satisfy the Hodge–Riemann rela-
tions up to a sign, whereas others do not. On the other hand, we have a unique decomposition of
MR into two 1-dimensionalAR-submodules L1‘L2 with L1 fi L2, and the space ofAR-invariant
symmetric bilinear forms Li ˆ Li Ñ R is 1-dimensional over R for each i.

One ingredient in the proof of the uniqueness of Qα in Theorem 1.12 is that, when there are
two independent such forms on MR, there must be a nonzero degenerate AR-invariant symmet-
ric bilinear form MR ˆMR Ñ R. In the settings of Examples 2.9 and 2.10, it is easy to see that no
such form is defined over Q.

3. THE DECOMPOSITION PACKAGE IN PRACTICE

In this section, we discuss some variations on the main theorems and give applications.

3.1. Matroids. In recent years, significant progress in matroid theory has been made by proving
that certain combinatorially defined modules are Lefschetz; see, for example, [AHK18, ADH23,
BHM`]. Let M be a simple matroid of rank d on a finite ground set E. For each 0 ď k ď d, let
LkpMq denote the set of rank k flats of M.

Theorem 3.1. For any nonnegative k ď j ď d´ k, we have |LkpMq| ď |LjpMq|.

Theorem 3.1 was conjectured by Dowling and Wilson in [DW74, DW75]. It was proved for
realizable matroids in [HW17] using the hard Lefschetz theorem for ℓ-adic intersection coho-
mology of projective varieties over finite fields, and in full generality in [BHM`] through the
construction of the intersection cohomology of a matroid and the proof of the hard Lefschetz
theorem for it. Its best-known special case is the de Bruijn–Erdős theorem on point-line inci-
dences in projective planes [dBE48]:

Let E be a set of points in a projective plane that is not contained in any line. Then there
are at least |E| distinct lines that intersect E in at least two points.

We now show how the main results of [BHM`], and in particular Theorem 3.1, can be deduced
from the main results of this paper.

Let HpMq denote the graded Möbius algebra of M over R. As a graded vector space,

HpMq “

d
à

k“0

˜

à

FPLkpMq

RyF

¸

, with degpyF q “ rkpF q.
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The multiplicative structure is given by the formula

yF yG “

$

&

%

yF_G if rkpF q ` rkpGq “ rkpF _Gq,

0 otherwise.

See Examples 2.1 and 2.2 for the case of the Fano matroid. Note that HpMq is generated as an
R-algebra by the elements yi for each rank 1 flat i. In [BHM`22], the authors construct a graded
algebra CHpMq, called the augmented Chow ring of M, which contains HpMq as a subalgebra. By
[BHM`22, Theorem 1.3], the augmented Chow ring is equipped with a nonempty open convex
cone K in its degree one part and a linear map deg : CHpMq Ñ R such that the symmetric
bilinear form Qpx1, x2q “ degpx1x2q gives pCHpMq,Qq the structure of a Lefschetz module of
degree d over CHpMq with respect to K. Furthermore, each yi lies in the closure of K.

Choose a decomposition of CHpMq into indecomposable graded HpMq-modules. Let IHpMq

denote the unique summand which intersects the degree 0 part of CHpMq, so IHpMq contains
HpMq. By the Krull–Schmidt theorem, the graded HpMq-module IHpMq is well-defined up to iso-
morphism. This object is, by definition, the intersection cohomology of M introduced in [BHM`].

Proof of Theorem 3.1. The interior of KXH1
pMq contains the set of all positive linear combinations

of the yi. Thus, by Theorem 1.4, multiplication by p
ř

yiq
d´2k is an isomorphism from IHk

pMq

to IHd´k
pMq. In particular, multiplication by p

ř

yiq
d´2k induces an injection from Hk

pMq to
Hd´k

pMq, as multiplication by
ř

yi preserves the submodule HpMq of IHpMq. This injection
factors through Hj

pMq for each k ď j ď d ´ k. Since the dimension of Hk
pMq is the cardinality

of LkpMq, this implies the desired inequality. □

Applied to a decomposition of the HpMq-module CHpMq, the decomposition package de-
veloped in this paper recovers Poincaré duality, the hard Lefschetz theorem, and the Hodge–
Riemann relations for IHpMq established in [BHM`, Theorem 1.6]. It also yields the relative hard
Lefschetz theorem and the relative Hodge–Riemann relations for CHpMq over HpMq, which are
new.

The decomposition package also applies to several other constructions associated with ma-
troids. For example, in [BHM`22], the authors study the decomposition of the augmented
Chow ring of a matroid M as a module over the corresponding ring of a deletion MzS for S Ď E.
Since the augmented Chow ring of the deletion is a subalgebra generated by elements of K, The-
orems 1.7 and 1.9 apply to this decomposition, yielding the relative hard Lefschetz theorem and
the relative Hodge–Riemann relations in this setting.

3.2. Polytopes. We now give an application of the main theorems to invariants of subdivisions
of polytopes. In [Sta92], Stanley introduced the local h-vector of a triangulation of a simplex, and
he used the relative hard Lefschetz theorem of [BBD82] to prove that local h-vectors of regular
triangulations of simplices are unimodal. In [Sta96, page 134], Stanley asked for a proof of this
result which does not use results from algebraic geometry. We explain how Stanley’s result
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can be deduced from the main theorems of this paper and the work of McMullen on polytope
algebras [McM93]. An alternative argument was given by Karu [Kar19].

A geometric triangulation of a simplex ∆ is a simplicial complex r∆ together with an identifi-
cation of the geometric realization of r∆ with the geometric realization of ∆, where ∆ and each
simplex of r∆ are realized as Euclidean simplices. The triangulation is regular if it arises from
projecting the lower faces of a convex polytope obtained by lifting some of the points of ∆ and
taking the convex hull.

Given a geometric triangulation of a pd ´ 1q-dimensional simplex ∆, we obtain a proper
toric morphism to the affine space Ad as follows: View the geometric realization of ∆ as the
standard simplex in Rd. The cone over the triangulation r∆ is then a fan Σ supported on the
positive orthant. By perturbing the vertices, we may assume that the fan is rational; if the
initial triangulation was regular, then the perturbed triangulation will also be regular. The toric
variety X of Σ admits a proper toric morphism f : X Ñ Ad, which is projective if and only if
the triangulation is regular.

Instead of giving the combinatorial definition of the local h-vector of a triangulation of a sim-
plex [Sta92, Definition 2.1], we describe Stanley’s toric interpretation of the local h-vector [Sta92,
Theorem 5.2]. The constant sheaf RX coincides with the intersection complex up to a shift be-
cause X is a simplicial toric variety. Since f is toric, when we apply the decomposition theorem
[BBD82, Theorem 6.2.5] to f˚RX , all of the summands are supported on torus-orbit closures in
Ad. The local h-vector pℓ0, . . . , ℓdq of the triangulation counts the number of summands sup-
ported at the origin o of Ad according to their shifts. More precisely, in any decomposition of
f˚RX , there are ℓi summands isomorphic to Ror´2is. In [Sta92, Theorem 5.2], Stanley deduced
the following result from the relative hard Lefschetz theorem of [BBD82, Theorem 6.2.10].

Theorem 3.2. For any regular triangulation of a pd´ 1q-dimensional simplex, we have ℓi “ ℓd´i

and ℓ0 ď ℓ1 ď ¨ ¨ ¨ ď ℓtd{2u.

We explain how Theorem 3.2 follows from Corollary 1.8 and McMullen’s work on polytope
algebras [McM93]. Let Σ be the fan obtained by adding the ray generated by p´1, . . . ,´1q to
the fan Σ and, for each cone σ in Σ which is contained in the boundary of the positive orthant,
adding the convex hull of σ with this ray. The fan Σ is a subdivision of the fan of Pd, so there is
an induced map of the corresponding toric varieties f : X Ñ Pd, which is projective if and only
if the triangulation is regular. In particular, in this case, X is projective.

The degree one part of the Chow ring A of X is identified with the space of piecewise linear
functions on Σ modulo the space of globally linear functions, and it is equipped with an open
convex cone K given by the classes of strictly convex piecewise linear functions. The Chow
ring is also equipped with a linear map deg : Ad Ñ R such that the symmetric bilinear form
Qpx1, x2q “ degpx1x2q gives pA,Qq the structure of a Lefschetz module of degree d over A with
respect to K. A combinatorial proof of this fact was given in [McM93].
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Proof of Theorem 3.2. Let ℓ be the class of a nonzero convex piecewise linear function which is
pulled back from the fan of Pd. Since ℓ is convex, it lies in the closure of K. Consider the graded
vector space

V “ annApℓq
L`

ℓAX annApℓq
˘

.

In [Sta92, Theorem 4.6], Stanley constructed a graded vector space whose Hilbert function is
given by the local h-vector. It is straightforward to identify V with this graded vector space;
see [LS25, Lemma 2.5]. Since the Hilbert function of V counts the number of 1-dimensional
summands in a decomposition of A as a graded ℓ-module, Theorem 3.2 follows from Corol-
lary 1.8. □

In [BBFK02, BL03], an analogue of intersection cohomology for non-rational polytopes was
constructed, and it was proved to be a Lefschetz module in [Kar04]. In [Kar19], a version of the
relative hard Lefschetz theorem in this setting was proved. This result implies the unimodality
of local h-vectors of regular polyhedral subdivisions [KS16]. Our main theorems can be used to
formally deduce the main result of [Kar19] from [Kar04].

3.3. Algebraic cycles. Assuming Grothendieck’s standard conjectures [Gro69], the ring of alge-
braic cycles modulo numerical equivalence on a smooth projective variety is a Lefschetz mod-
ule; see Proposition 3.5. This statement is known unconditionally in certain cases, including
smooth projective varieties over C for which the Hodge conjecture holds, as well as several
classes of varieties over fields of arbitrary characteristic [Ito05]. Whenever it holds for a smooth
projective varietyX , our main theorems can be applied to any morphism fromX to a projective
variety Y by taking B to be the subalgebra generated by the pullbacks of ample divisor classes
on Y . In some cases, this yields instances of the standard conjectures for Y . This approach is
closely related to the work of Corti and Hanamura [CH00, CH07], who develop a version of the
decomposition theorem for Chow groups under several additional conjectural assumptions.

LetX be a smooth projective variety of dimension d over an algebraically closed field of arbi-
trary characteristic.5 LetAnumpXq denote its Chow ring of cycles modulo numerical equivalence
with real coefficients, equipped with the degree isomorphism

deg : Ad
numpXq

„
ÝÑ R.

We consider the following versions of standard conjecture A and the standard conjecture of
Hodge type [Gro69].

Conjecture 3.3. Let η be the class of an ample divisor. For any nonnegative k ď d{2, multiplica-
tion by ηd´2k induces an isomorphism

ηd´2k : Ak
numpXq

„
ÝÑ Ad´k

numpXq.

5Throughout this paper, a variety over k is by definition a reduced and irreducible scheme of finite type over k.
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Conjecture 3.4. Let η be the class of an ample divisor. For any nonnegative k ď d{2, the sym-
metric bilinear form

Ak
numpXq ˆAk

numpXq ÝÑ R, px1, x2q ÞÝÑ p´1qk deg
`

ηd´2kx1x2
˘

,

is positive definite on the primitive subspace kerpηd´2k`1q.

For a smooth projective variety X , let KX be the ample cone in A1
numpXq given by positive

real linear combinations of classes of ample divisors [Laz04, Definition 1.3.11]. Let QX be the
symmetric bilinear form on AnumpXq given by px1, x2q ÞÑ degpx1x2q.

Proposition 3.5. If Conjectures 3.3 and 3.4 hold for all smooth projective varieties, then, for any
d-dimensional smooth projective variety X , pAnumpXq,QXq is a Lefschetz module of degree d
over pAnumpXq,KXq.

Proof. We argue by induction on the dimension d ě 2 of X . The cases d ď 1 are immediate.

Let η P KX , and suppose that, for some integer k ă d{2, a nonzero class g P Ak
numpXq lies in

the kernel of multiplication by ηd´2k. Write

η “
ÿ

i

airDis,

where each ai is a positive real number and each Di is an ample divisor. By Bertini’s theorem,
we may choose the divisors Di to be smooth and irreducible. We then have

0 “ QX

`

g, ηd´2kg
˘

“
ÿ

i

ai QX

`

g, rDisη
d´2k´1g

˘

.

Let ι˚i be the restriction map AnumpXq Ñ AnumpDiq. By the projection formula, we have

QXpg, rDisη
d´2k´1gq “ QDi

pι˚i pgq, ι˚i pηd´2k´1gqq.

We claim that ι˚i pgq is nonzero for each i. Indeed, Conjecture 3.3 implies that rDis
d´2kg is

nonzero. Hence there is a class hi P Ak
numpXq such that

QXphi, rDis
d´2kgq “ QDipι

˚
i phiq, ι

˚
i prDis

d´2k´1qι˚i pgqq ‰ 0.

Since ι˚i pηd´2kgq “ 0 and AnumpDiq is a Lefschetz module by induction, the Hodge–Riemann
relations imply that

p´1qkQXpg, rDisη
d´2k´1gq ą 0.

Applying this inequality for every i contradicts QXpg, ηd´2kgq “ 0. This verifies the hard Lef-
schetz property for any η P KX . It follows that the signature of the Hodge–Riemann form on
Ak

numpXq does not change as we vary η within KX . Recall that the Hodge–Riemann relations
for η are equivalent to the signature of this form being

řk
i“0p´1qipdimAi

numpXq´dimAi´1
numpXqq

for each k. By Conjecture 3.4, this holds when η is the class of an ample divisor; hence the
Hodge–Riemann relations hold for every η P KX . □
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That AnumpXq is a Lefschetz module is sufficient for many applications of the standard con-
jectures. For example, if X is a smooth projective variety over the algebraic closure of a fi-
nite field, then AnumpX ˆ Xq being a Lefschetz module implies the Riemann hypothesis for X
[Kle94].

Let A be a graded R-algebra equipped with an isomorphism deg : Ad Ñ R and a nonempty
open convex cone KA in A1. Let QA be the symmetric bilinear form defined by px1, x2q ÞÑ

degpx1x2q. Suppose that pA,QAq is a Lefschetz module of degree d over pA,KAq.

Lemma 3.6. Let y1, . . . , ye be elements of KA. If the product y1 ¨ ¨ ¨ ye is nonzero, then

deg
`

ηd´ey1 ¨ ¨ ¨ ye
˘

ą 0 for every η P KA.

Proof. We iteratively apply Lemma 4.5 to conclude that A{ annpy1 ¨ ¨ ¨ yeq, equipped with the
bilinear form Q described in Section 4.2, is a nonzero Lefschetz module of degree d ´ e over
pA,KAq. The Hodge–Riemann relations for k “ 0 imply the required positivity. □

LetB be a graded subalgebra ofA for whichBe is one-dimensional andBs is zero-dimensional
for s ą e. Choose an isomorphism degB : Be Ñ R, and let QB be the symmetric bilinear form
given by QBpx1, x2q “ degBpx1x2q. We assume that QB is nondegenerate. This condition is
independent of the choice of isomorphism degB .

Proposition 3.7. Suppose that B is generated as an R-algebra by elements of KA, and let KB

be the interior of KA X B1 in B1. Then there is a unique sign ϵ “ ˘1 such that pB, ϵQBq is a
Lefschetz module of degree e over pB,KBq.

Proof. Since KB is open in B1, we may choose elements y1, . . . , ys from KB that generate B as
an R-algebra. Let η be a class in KA, and set ℓ “ y1 ` ¨ ¨ ¨ ` ys. Then

degpηd´eℓeq “
ÿ

pi1,...,ieq

degpηd´eyi1 ¨ ¨ ¨ yieq.

By Lemma 3.6, each term in this sum either vanishes or is positive. Since B is generated by
y1, . . . , ys and Be ‰ 0, at least one term is positive. We deduce that ℓe R annpηd´eq. Since Be is
one-dimensional, it follows that

Be X annpηd´eq “ 0.

The image of B under the quotient map A Ñ A{ annpηd´eq is isomorphic to B. Indeed, the
nondegeneracy of QB implies that every nonzero ideal inB intersectsBe. AsBeXannpηd´eq “ 0,
this implies that B X annpηd´eq “ 0. By Lemma 4.5, A{ annpηd´eq is a Lefschetz module over
pA,KAq. We may replace A by A{ annpηd´eq, and all the hypotheses are still satisfied. We may
therefore assume that d “ e.

Up to a nonzero constant, the restriction of QA to B is QB , and so the restriction of QA to B is
nondegenerate. This implies that B is a B-module summand of A, and it is indecomposable as
a graded B-module. Theorems 1.4 and 1.5 then show that pB,QA|Bq is a Lefschetz module over
pB,KBq. We set ϵ to be the sign of the constant relating QA|B to QB . □
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LetX Ñ Y be a surjective map of smooth projective varieties, and suppose that pAnumpXq,QXq

is a Lefschetz module of degree dimX over pAnumpXq,KXq.

Theorem 3.8. IfAnumpY q is generated by its degree one part as an R-algebra, then pAnumpY q,QY q

is a Lefschetz module of degree dimY over pAnumpY q,KY q.

Proof. The hypotheses of Proposition 3.7 hold, so it remains to check that the constant ϵ appear-
ing there is 1. This follows from the fact that QY p1, ℓdimY q ą 0 for an ample class ℓ on Y . □

Remark 3.9. Theorem 3.8 is used in [LP26] to prove cases of Conjectures 3.3 and 3.4 when X

is a projective bundle over a toric variety, and also to prove that certain algebras associated to
matroids which resemble the cohomology rings of projective bundles are Lefschetz modules
over themselves. This latter result is used in [LS26] to prove an analogue of Fulton–Lazarsfeld
positivity in [FL83] for matroids, which was conjectured implicitly in [Spe09, page 890] and
explicitly in [BF22, Conjecture 9.13].

3.4. Complex projective varieties. We explain how the results of this paper can be used to give
alternative proofs of several celebrated results about the intersection cohomology of algebraic
varieties and the Hodge-theoretic nature of the decomposition theorem. The main theorems
give a purely algebraic version of the decomposition theorem. The results of [BBD82] can be
used, in the setting of a map X Ñ Y of complex projective varieties, to relate the algebraic
decomposition to the usual decomposition theorem for perverse sheaves; see Proposition 3.14.
Using only the main theorems and results which were available when [BBD82] was written,
this allows us to show that the geometrically defined perverse filtration on the cohomology of
X is by Hodge substructures and that the relative Hodge–Riemann relations hold. This in turn
implies that the intersection cohomology of a projective variety carries a polarized pure Hodge
structure. This result attracted considerable attention in the 1970s and 1980s [Zuc79, Che80,
Zuc83, HP85, CKS87, KK87], and was finally proved using M. Saito’s theory of mixed Hodge
modules [Sai88, Sai90].

3.4.1. Lefschetz modules with Hodge structures. The results of this paper can be extended to mod-
ules with complex coefficients. Let A and KA be as in Section 1, and set AC “ A bR C. Let
M “

À

kě0 M
k be a finite-dimensional graded AC-module endowed with a Hermitian form

Q : M ˆ M Ñ C that is AC-invariant:

Qpax1, x2q “ Qpx1, āx2q for all a P AC and all x1, x2 P M.

We say that pM,Qq is a complex Lefschetz module of degree d over pA,KAq if it satisfies the Kähler
package for pQ,KAq:

(PD) The induced sesquilinear pairing between the graded pieces

Q : Mi ˆ Mj Ñ C

is nondegenerate if i` j “ d and it is zero if i` j ‰ d (Poincaré duality).
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(HL) For each nonnegative k ď d
2 and η P KA, the linear map

Mk ÝÑ Md´k, x ÞÝÑ ηd´2kx

is an isomorphism of vector spaces (hard Lefschetz property).

(HR) For each nonnegative k ď d
2 and η P KA, the Hermitian form

Mk ˆ Mk ÝÑ C, px1, x2q ÞÝÑ p´1qkQ
´

x1, η
d´2kx2

¯

is positive definite on the kernel of the linear map

Mk ÝÑ Md´k`1, x ÞÝÑ ηd´2k`1x

(Hodge–Riemann relations).

If M is a Lefschetz module of degree d over pA,KAq, then MC “ M bR C is a complex Lefschetz
module of degree d over pA,KAq in the obvious way.

The proofs of the main theorems can be easily adapted to the setting of complex Lefschetz
modules. Let B and KB be as in Section 1, and set BC “ B bR C. We choose a decomposition

M »
à

α

à

k

Nαr´ks‘mpα,kq,

where Nα “ N0
α ‘ ¨ ¨ ¨ ‘ N

dpαq
α are indecomposable graded BC-modules satisfying

N0
α ‰ 0, Ndpαq

α ‰ 0, and Nα fi Nβ as graded BC-modules for all α ‰ β.

Then Theorems 1.2, 1.3, 1.4, and 1.5 hold for complex Lefschetz modules in the following sense.

Theorem 3.10. For each α, we have an isomorphism of C-algebras

HomBCpNα,Nαq » C.

If α “ β and k is strictly positive, or if α ‰ β and dpαq ď dpβq ` 2k, then

HomBCpNα,Nβr´ksq “ 0.

Up to a nonzero complex multiple, there is a unique nonzero BC-invariant sesquilinear form Qα

on Nα satisfying the degree orthogonality relation

QαpNi
α,N

j
αq “ 0 unless i` j “ dpαq.

Then there is a unique ϵα of norm 1 such that ϵαQα gives Nα the structure of a complex Lefschetz
module of degree dpαq over pB,KBq.

The perverse filtration 0 Ď P0 Ď P1 Ď ¨ ¨ ¨ Ď P2d of M is defined as in (1.2) by

Pj “
à

dpαq`2kďj

Nαr´ks‘mpα,kq.

It follows from Theorem 3.10 that Pj does not depend on the chosen decomposition of M, and
the associated graded Gr is a graded BC-module and a graded AC-module with

Bk
C Gri,j Ď Gri`k,j and Ak

C ˚ Gri,j Ď Gri`k,j`2k.
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The Hermitian form Q on M induces a Hermitian form

Q : Gri,j ˆ Grd´i,2d´j ÝÑ C,

and this form is both AC-invariant and BC-invariant:

Qpa ˚ x1, x2q “ Qpx1, ā ˚ x2q and Qpbx1, x2q “ Qpx1, b̄x2q for all a P AC and b P BC.

With these modifications, the complex analogues of Theorems 1.7 and 1.9, as well as Corollar-
ies 1.8, 1.10, and 1.11 hold.

Example 3.11. Let X be a connected compact Kähler manifold of complex dimension d. For each
nonnegative integer r, the r-th cohomology with complex coefficients ofX is equipped with the
Hodge decomposition

Hr
pX,Cq “

à

p`q“r

Hp,q
pXq.

Let A “
À

k H
2k

pX,Rq XHk,k
pXq so that AC “

À

k H
k,k

pXq. The Poincaré pairing R gives A the
structure of a Lefschetz module over pA,KAq, where KA is the Kähler cone in H1,1

pX,Rq. For
each nonnegative integer n, let Mn be the graded AC-module defined by

Mn “
à

k

Mk
n “

à

k

Hn`k,k
pXq.

We endow Mn with the Hermitian form

Qn : Mn ˆ Mn ÝÑ C, Qnpα, βq “ in p´1qpn
2q Rpα, β̄q, where i “

?
´1.

Then, by the hard Lefschetz theorem and the Hodge–Riemann relations for compact Kähler
manifolds [Huy05, Section 3.3], each pMn,Qnq is a complex Lefschetz module of degree d ´ n

over pA,KAq.

We now discuss the behavior of the decomposition package with respect to Hodge structures.
As before, let A and KA be as in Section 1, and set AC “ A bR C. Let H “

À

rě0H
r be a

finite-dimensional graded real vector space with an A-action satisfying AkHr Ď Hr`2k, and let
R : H ˆH Ñ R be an A-invariant graded-symmetric bilinear form:

Rpax1, x2q “ Rpx1, ax2q and Rpx1, x2q “ p´1qstRpx2, x1q for all a P A, x1 P Hs, and x2 P Ht.

We writeHC for the complexification ofH , and we extend R to anAC-invariant graded-symmetric
complex bilinear form HC ˆHC Ñ C.

Definition 3.12. We say that H is a graded A-module with a Hodge structure if the following holds:

(HS1) For each r, the graded piece Hr
C is equipped with an effective pure Hodge structure

of weight r, and the elements of Ak
C act as morphisms of Hodge structures of bidegree

pk, kq:

Hr
C “

à

p`q“r,
p,qě0

Hp,q, Hp,q “ Hq,p, and Ak
C H

p,q Ď Hk`p,k`q.
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For each nonnegative n, consider the graded AC-modules

Hn “
à

kě0

Hk
n with Hk

n – Hk`n,k and H´n “
à

kě0

Hk
´n with Hk

´n – Hk,k`n.

We say that pH,Rq is a Lefschetz module with a Hodge structure of degree d over pA,KAq if the
following holds:

(HS2) The induced bilinear pairing between the AC-submodules

R : Hi ˆ Hj ÝÑ C

is nondegenerate if i` j “ 0, and it is zero if i` j ‰ 0.
(HS3) For each nonnegative n, consider the Hermitian form

Qn : Hn ˆ Hn ÝÑ C, Qnpα, βq “ in p´1qpn
2q Rpα, β̄q.

Then pHn,Qnq is a complex Lefschetz module of degree d´ |n| over pA,KAq.

The category of finite-dimensional graded A-modules with Hodge structures is an abelian
category in which every object has finite length, so the Krull–Schmidt theorem applies to it.
Since H0 and Hn ‘ H´n for positive n are defined over R, there are graded A-submodules H0

and Hn of H such that H0 bR C “ H0 and Hn bR C “ Hn ‘ H´n.6 Each Hn is a graded
A-module with a Hodge structure, and we have a decomposition in the category of graded
A-modules with Hodge structures

H “
à

ně0

Hn.

The object H0 is indecomposable in the category of graded A-modules with Hodge structures
if and only if H0 is an indecomposable graded A-module. For positive n, the object Hn is in-
decomposable in the category of graded A-modules with Hodge structures if and only if Hn is
an indecomposable graded AC-module. Note that pH,Rq is a Lefschetz module with a Hodge
structure of degree d over pA,KAq if and only if the same is true for pHn,Rq for all n ě 0. If
H “ H0, we say that H is of Hodge–Tate type.

Let B and KB be as in Section 1. Choose any decomposition of H in the category of graded
B-modules with Hodge structures, and let Nα be an indecomposable summand of H . We will
construct a B-invariant bilinear form Rα on Nα for each α. Either Nα is of Hodge–Tate type, or
Nα is a summand of Hn for some n ą 0. If Nα is of Hodge–Tate type, then Theorem 1.3 shows
that, up to a nonzero real multiple, there is a unique B-invariant symmetric bilinear form Qα

which satisfies the degree orthogonality relation; set Rα to be this form. If Nα is a summand
of Hn for some n ą 0, then the complexification Nα,C splits as pNα,C X Hnq ‘ pNα,C X H´nq.
The graded BC-module Nα,C X Hn is an indecomposable summand of the complex Lefschetz
module Hn, and so Theorem 3.10 equips it with a Hermitian form Qα which gives it the structure

6In our current convention, the degree 2k ` n part of Hn bR C corresponds to the degree k part of Hn ‘ H´n.
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of a complex Lefschetz module. Define the form Rα on Nα,C by the following formulas: for
v, w P Nα,C X Hn, set

Rαpv, wq “ Rαpv, wq “ 0, Rαpv, wq “ i´np´1qpn
2qQαpv, wq, and Rαpv, wq “ Rαpv, wq.

This form is the complexification of a real-valued B-invariant form on Nα, which is symmetric
if n is even and is skew-symmetric if n is odd.

Choose some ℓ P KB . Then we can define the perverse filtration ofH as before using a graded
Rrℓs-module decomposition. Let Gr be the associated graded of H with respect to the perverse
filtration.

Theorem 3.13. For each α, there is a unique sign ϵα “ ˘1 such that pNα, ϵαRαq is a Lefschetz
module with Hodge structure over pB,KBq. Moreover, the perverse filtration of H over B is
by Hodge substructures, and the graded pieces of the perverse filtration inherit pure Hodge
structures. For each η P KA{B and ℓ P KB , the primitive pieces of Gr carry polarized Hodge
structures.

Proof. Each Nα is a direct summand of some Hn. As described above when we were construct-
ing the bilinear form Rα, the first statement follows from Theorems 1.3, 1.4, and 1.5 if n “ 0, and
it follows from their complex analogues if n ą 0. To see that the perverse filtration is by Hodge
substructures, note that, because each Nα satisfies the hard Lefschetz property, we have

Pj “
à

dpαq`kďj

Nαr´ks‘mpα,kq.

As the degree i piece of Nα has a pure Hodge structure, this shows that Gri,j inherits a pure
Hodge structure.

The last part of the theorem amounts to checking the appropriate versions of the relative
hard Lefschetz property and the relative Hodge–Riemann relations. It suffices to check these
properties for each Hn. When n “ 0, the relative hard Lefschetz property and the relative
Hodge–Riemann relations follow from Theorems 1.7 and 1.9; when n ą 0, they follow from
their complex analogues. □

3.4.2. Hodge theory of the decomposition theorem. Let Y be a complex projective variety. For a local
system L on a smooth connected locally closed subset Z of Y , let ICpZ,Lq denote the inter-
section cohomology perverse sheaf in the bounded derived category of constructible sheaves
Db

cpY q. If L is a simple local system, then ICpZ,Lq is a simple object in the category of perverse
sheaves on Y . Let IHpZ,Lq “ HpICpZ,Lqr´dimZsq be the hypercohomology of ICpZ,Lq,
shifted so that its nonzero degrees lie between 0 and 2 dimZ.

Let HpY q denote the subalgebra of H‚
pY ;Rq generated by the Chern classes of line bundles

on Y . Then each IHpZ,Lq is a graded module over HpY q. Let KY denote the open convex cone
in H2pY q generated by the first Chern classes of ample line bundles.
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Now let f : X Ñ Y be a map fromX to a projective variety Y , and assume thatX is smooth of
dimension d. The decomposition theorem of Beilinson, Bernstein, Deligne, and Gabber [BBD82,
Theorem 6.2.5] states that there is an isomorphism in Db

cpY q

f˚RX »
à

i

ICpZi,Liqr´d´ eis,

where RX is the constant sheaf on X , the Zi are smooth connected locally closed subvarieties
of Y of dimension di, each Li is a simple local system on Zi, and the ei are integers. Taking
hypercohomology, for each k we obtain a direct sum decomposition

(3.1) Hk
pX;Rq »

à

i

IHk´d´ei`dipZi,Liq.

Both HpX;Rq and IHpZi,Liq are graded HpY q-modules, and the above isomorphism is an iso-
morphism of graded HpY q-modules.

Because X is smooth, the main theorems of Hodge theory give H‚
pX;Rq the structure of a

Lefschetz module with Hodge structure over HpXq; see, for example, [Huy05, Chapter 3]. We
will consider the decomposition of H‚

pX;Rq as a module over the image of HpY q in HpXq.

The perverse truncation functors on Db
cpY q induce a filtration P 1

‚ on Hk
pX;Rq, which we call

the geometric perverse filtration. In terms of the chosen decomposition (3.1), this filtration is
given by

P 1
j “

à

ei`dďj

IHpZi,Liq.

We also have a perverse filtration P‚ on the Lefschetz module H‚
pX;Rq, obtained by decompos-

ing H‚
pX;Rq in the category of graded HpY q-modules with Hodge structures.

Proposition 3.14. The geometric perverse filtration is equal to the perverse filtration on H‚
pX;Rq.

Proof. Let ℓ P H2pY q be an ample class. Since ℓ restricts to an ample class on the closure of
each Zi, [BBD82, Theorem 6.2.10] implies that multiplication by ℓdi´k induces an isomorphism
from IHk

pZi,Liq to IH2di´k
pZi,Liq for each nonnegative k ď di and each i. In particular, refining

the decomposition (3.1) into a decomposition of graded Rrℓs-modules, we see that the summand
corresponding to ICpZi,Liqr´d´eis is contained in Pd`ei , and it intersects Pd`ei´1 trivially. □

In particular, this implies that the geometric perverse filtration on H‚
pX;Rq is “Hodge-theoretic.”

More precisely, Theorem 3.13 gives the following.

Corollary 3.15. The associated graded pieces of the geometric perverse filtration are endowed
with pure Hodge structures, and for any ample classes η P HpXq and ℓ P HpY q, the primitive
pieces Primi,j

η,ℓ – kerpηd´j`1 : Gri,j Ñ Gri`2d´2j`2,2d´j`2
q X kerpℓj´i`1 : Gri,j Ñ Gr2j´i`2,j

q

carry polarized Hodge structures.

Corollary 3.15 was first proved by Saito [Sai88, Sai90] using his theory of mixed Hodge mod-
ules, and a simpler proof was given by de Cataldo and Migliorini [dCM05]. The argument
above deduces Corollary 3.15 as a formal consequence of the results of [BBD82].
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We now explain how the main theorems can be used to put a polarized pure Hodge structure
on the intersection cohomology of a complex projective variety. This was first accomplished by
Saito [Sai88, Sai90]. Another proof was given by de Cataldo and Migliorini [dCM05].

Let Y be a complex projective variety of dimension d, and let IHpY q denote the intersection
cohomology of Y with coefficients in the trivial local system. Let

f : X ÝÑ Y

be a projective resolution of singularities. By the decomposition theorem [BBD82, Theorem
6.2.5], the intersection complex ICpY q is a direct summand of f˚RX rds. Consider the decompo-
sition of the Lefschetz module with Hodge structure H‚

pX;Rq over HpY q. By Proposition 3.14,

IHpY q Ď Pd and IHpY q X Pd´1 “ 0.

Thus, IHpY q may be identified with a subspace of Gr‚,d. This identification is canonical because
the perverse cohomology sheaf pH0

`

f˚RX rds
˘

is semisimple.

Let η be an ample class on X . Multiplication by η induces a morphism

pH0
`

f˚RX rds
˘

ÝÑ pH2
`

f˚RX rds
˘

,

whose kernel contains ICpY q. By Corollary 3.15, this realizes IHpY q as a summand of a Lef-
schetz module with Hodge structure over HpY q. Moreover, a standard argument shows that
IHpY q is a Hodge substructure of Gr‚,d; see [dCM05, Proof of Theorem 2.2.1]. The next result
therefore follows from the observation that, if a graded B-module summand of a Lefschetz
module with Hodge structure is also a Hodge substructure, then it is a Lefschetz module with
Hodge structure.

Corollary 3.16. There is a pure Hodge structure on IHpY q so that it is a Lefschetz module with
Hodge structure over pHpY q,KY q.

A standard argument shows that this Hodge structure on IHpY q is independent of the choice
of resolution X . The proof of [dC12, Theorem 4.3.5] shows that it agrees with the Hodge struc-
ture on IHpY q constructed by Saito.

Remark 3.17. The results on the Hodge-theoretic nature of the decomposition theorem [Sai88,
Sai90, dCM05] can be used to prove most of the main theorems in the case when H is the inter-
section cohomology of a d-dimensional complex projective variety X which is equipped with
a morphism to a complex projective variety Y , A is the subalgebra of H‚

pX;Rq generated by
Chern classes of ample line bundles, R is the natural pairing on H , KA is the ample cone of X ,
and B is the subalgebra of A generated by pullbacks of nef line bundles from Y . Applying the
decomposition theorem as in (3.1), we obtain a decomposition of H into a direct sum of graded
B-modules that satisfies Theorem 3.13; see [dCM05, Section 2]. These properties are preserved
by refining this decomposition into a direct sum of indecomposable graded B-modules with
Hodge structures.
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On the other hand, if B is the subalgebra of A generated by a face of the nef cone which
does not contain the class of a globally generated line bundle in its relative interior, then the
conclusions of our main theorems are new and cannot be deduced from the known geometric
results in an obvious way.

4. THE PERVERSE FILTRATION

Let pM,Qq be a Lefschetz module of degree d over pA,KAq, and letB be an R-subalgebra ofA
generated by a subset of the closure of KA inA1. In this section, we establish some fundamental
properties of the perverse filtration P of M over B.7

Choose any ℓ P KB , and choose any decomposition of M into indecomposable Rrℓs-modules

(4.1) M »
à

e

à

k

Cer´ks‘mpe,kq,

where Ce is the pe ` 1q-dimensional cyclic graded Rrℓs-module generated by C0
e . By definition,

Pj is the subspace of M spanned by the summands Cer´ks‘mpe,kq satisfying e ` 2k ď j. From
the alternative description of the perverse filtration in (1.2), we see that, for fixed ℓ, the perverse
filtration is independent of the choice of the decomposition (4.1).

4.1. Module structures. The following lemma endows the associated graded Gr of the perverse
filtration with an A-module structure ˚ : Aˆ Gr Ñ Gr satisfying As ˚ Gri,j Ď Gri`s,j`2s.

Lemma 4.1. For each s and j, we have AsPj Ď Pj`2s.

Proof. Recall from (1.2) that the degree k part of Pj is spanned by elements of the form ℓk´cm,
where m is a degree c element satisfying

ℓj´c`1´k ¨ ℓk´cm “ ℓj´2c`1 ¨m “ 0.

Observe that, for any a P As, the element

a ¨ ℓk´cm “ ℓps`kq´ps`cq ¨ am is annihilated by ℓj´c`1´k “ ℓj`2s`1´ps`kq´ps`cq.

Thus, the product a ¨ ℓk´cm lies in Pj`2s by (1.2), as required. □

It is clear that ℓPj Ď Pj for each j. We show that, in fact, Pj is a B-module for each j. The
main ingredient is a theorem of Cattani and Kaplan on nilpotent orbits [CK82, Theorem 3.3].

Proposition 4.2. The perverse filtration P is independent of the choice of ℓ P KB .

7As noted in the introduction, Theorem 1.4 implies that the perverse filtration can be described using any decompo-
sition of M into indecomposable graded B-modules, as in (1.3). However, we will not be able to prove this until after
the main theorems have been established.
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Proof. Choose an increasing family of open polyhedral cones K1
B Ď K2

B Ď ¨ ¨ ¨ whose union is
KB . Choose any η P KA, and let Kn

A be the open polyhedral cone generated by η and Kn
B for

each n.

Recall that the weight filtration W “
`

W´d Ď ¨ ¨ ¨ Ď Wd

˘

of M associated to ℓ P KB is the
unique filtration on M satisfying ℓWi Ď Wi´2 for all i and, for all nonnegative i, the map

Wi{Wi´1 ÝÑ W´i{W´i´1, x ÞÝÑ ℓix

is an isomorphism of vector spaces. By [Cat08, Theorem 3.1], for each n, we may apply [CK82,
Theorem 3.3] to the Lefschetz module pM,Qq over pA,Kn

Aq. Since KB “
Ť

n K
n
B , the conclusion

is that W is independent of ℓ P KB . The weight filtration determines the perverse filtration by
the formula Pj “

ř

i`2kďj Wi XMk, and hence P is independent of ℓ P KB . □

Since KB generates B as an R-algebra, Proposition 4.2 implies that the action of B preserves
the perverse filtration P .

Corollary 4.3. For any b P B and any j, we have bPj Ď Pj .

Corollary 4.3 implies that each Gr‚,j has the structure of a graded B-module, and it satisfies
the following hard Lefschetz property for KB .

Corollary 4.4. For every nonnegative 2i ď j ď 2d and ℓ P KB , the linear map

Gri,j ÝÑ Grj´i,j , x ÞÝÑ ℓj´2ix

is an isomorphism of vector spaces.

4.2. The descent lemma. For each a P Ak, consider the A-module Ma – M{ annpaq and the
quotient map φa : M Ñ Ma. The A-module Ma is equipped with an A-invariant symmetric
bilinear form Qa : Ma ˆMa Ñ R defined by

Qapφapx1q, φapx2qq “ Qpx1, ax2q for all x1, x2 P M.

By construction, the induced bilinear pairing between the graded pieces

Qa : M
i
a ˆM j

a ÝÑ R

is nondegenerate if i` j “ d´k and zero if i` j ‰ d´k. The next result was proved in [CKS87,
Lemma 1.16] and [Cat08, Theorem 3.2], where it is called the descent lemma, and also in [KK87,
Theorem 2.1.5], where it is called the vanishing cycle theorem.

Lemma 4.5. If γ is an element of the closure of KA, then pMγ ,Qγq is a Lefschetz module of
degree d´ 1 over pA,KAq.

We will frequently consider Mℓp “ M{ annpℓpq for a nonnegative integer p. By repeatedly
applying Lemma 4.5, we deduce that pMℓp ,Qℓpq is a Lefschetz module of degree d ´ p over
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pA,KAq. The chosen decomposition (4.1) ofM induces the following decomposition ofMℓp into
indecomposable Rrℓs-modules:

(4.2) Mℓp »
à

eěp

à

k

Ce´pr´ks‘mpe,kq.

4.3. The 1-dimensional summands. Let N be the direct sum of the 1-dimensional Rrℓs-module
summands in the chosen decomposition (4.1) of M . The restriction of the perverse filtration of
M over B to N coincides with the filtration induced by the grading of M , and hence N can be
identified with its image in Gr. The image of N does not depend on the decomposition (4.1),
and it admits the description

N » annM pℓq
L`

ℓM X annM pℓq
˘

,

where annM pℓq is the kernel of multiplication by ℓ in M . In fact, the image of N coincides with
the kernel of the map Gr‚,2‚

Ñ Gr‚`1,2‚ induced by multiplication by ℓ, and it is therefore an
A-submodule of Gr.

4.4. The bilinear form Q on Gr. We check that Q descends to a symmetric bilinear form

Q : Gri,j ˆGrd´i,2d´j
ÝÑ R.

Lemma 4.6. For all i and j, we have QpM i X Pj ,M
d´i X P2d´j´1q “ 0.

Proof. Note thatM iXPj is spanned by elements of the form ℓi´cm, wherem P M c with ℓe`1m “

0 for some e with e ` 2c ď j. Similarly, Md´i X P2d´j´1 is spanned by elements of the form
ℓd´i´c1

m1 with ℓe
1
`1m1 “ 0 for some e1 with e1 ` 2c1 ď 2d´ j ´ 1. Then

Qpℓi´cm, ℓd´i´c1

m1q “ Qpℓd´c´c1

m,m1q “ Qpm, ℓd´c´c1

m1q.

This vanishes if either e ` 1 ď d ´ c ´ c1 or e1 ` 1 ď d ´ c ´ c1. Adding the two inequalities
e` 2c ď j and e1 ` 2c1 ď 2d´ j ´ 1 implies that one of these must hold. □

We extend Q to a map GrˆGr Ñ R by setting QpGri,j ˆGri
1,j1

q “ 0 unless i ` i1 “ d and
j ` j1 “ 2d.

Recall from Section 4.3 thatN is the subspace ofM spanned by the 1-dimensional summands
in the chosen Rrℓs-module decomposition, and that it can be identified with annM pℓq{pℓM X

annM pℓqq, which is naturally a subspace of Gr. Since the perverse filtration on N coincides with
the filtration induced by the grading, the restrictions of the forms Q and Q toN can be identified.

Lemma 4.7. The restriction of Q to N is nondegenerate.

Proof. We need to show that each element x P annM pℓq which has Qpx, yq “ 0 for all y P annM pℓq

lies in ℓM . Note that annM pℓq is the orthogonal complement of ℓM with respect to Q. Then
Poincaré duality for Q implies that ℓM is the orthogonal complement of annM pℓq. □
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In particular, we deduce that dimN i “ dimNd´i. Recall that mpe, kq is the multiplicity of
Cer´ks in the Rrℓs-module decomposition of M .

Proposition 4.8. The form Q is nondegenerate.

Proof. We first show that dimGri,j “ dimGrd´i,2d´j for all i and j. It follows from Lemma 4.7
that mp0, kq “ mp0, d ´ kq. By (4.2), mpe, kq is equal to the multiplicity of C0r´ks in Mℓe . Using
Lemma 4.5 and applying Lemma 4.7 to Mℓe , we deduce that mpe, kq “ mpe, d ´ e ´ kq. This
implies that dimGri,j “ dimGrd´i,2d´j .

For each k, choose a basis for Mk which is compatible with the perverse filtration on Mk.
Lemma 4.6 and the above equality of dimensions imply that the matrix representing Q with
respect to this basis is triangular. As Q is nondegenerate, this implies that Q is nondegenerate.

□

4.5. Applications of the descent lemma. For γ P KA, let Pγ,‚ be the perverse filtration on Mγ ,
defined using our chosen element ℓ P KB . Let Grγ be the associated graded of Mγ with respect
to the perverse filtration. Let ψ : M Ñ Mℓ be the quotient map associated to ℓ.

Proposition 4.9. The quotient map ψ : M Ñ Mℓ satisfies ψpPjq “ Pℓ,j´1 for all j. The induced
map Grψ : Gri,j Ñ Gri,j´1

ℓ is an isomorphism if i ă j{2.

Proof. IfM »
À

e,k Cer´ks‘mpe,kq is the fixed Rrℓs-module decomposition ofM , thenψpCer´ksq “

Ce´1r´ks, where C´1 is interpreted as 0. By (4.2), we have an Rrℓs-module decomposition

Mℓ »
à

e,k

Ce´1r´ks‘mpe,kq.

As Cer´ks lies in Pe`2k and Ce´1r´ks lies in Pℓ,e`2k´1, this implies that ψpPjq “ Pℓ,j´1.

In terms of the chosen decomposition, we have

Gr‚,j
“

à

e`2k“j

Cer´ks‘mpe,kq and Gr‚,j´1
ℓ “

à

e`2k“j

ψpCer´ks‘mpe,kqq.

The restriction of ψ to Cer´ks is an isomorphism in degree i if i ă e` k. Since j{2 “ e{2` k and
i ă j{2, we see that i ă e` k, giving the result. □

The definitions of the forms Q on Gr and Qℓ on Grℓ in terms of liftings to M and Mℓ give the
following compatibility.

Corollary 4.10. For all x1 P Gri,j and x2 P Grd´i´1,2d´j , we have

QℓpGrψpx1q,Grψpx2qq “ Qpx1, ℓx2q.

Choose some η P KA, and let Mη “ M{ annpηq. Let φ : M Ñ Mη be the quotient map. Note
that the hard Lefschetz property implies that φ is an isomorphism in every degree less than d{2.

Proposition 4.11. The mapφ : M Ñ Mη satisfiesφpPjq Ď Pη,j , and the induced map Grφ : Gri,j Ñ

Gri,jη is injective for j ă d.
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Proof. That φpPjq Ď Pη,j follows from the description of the perverse filtration in (1.2). Choose
some ℓ P KB , and note that Corollary 4.4 implies that Gr‚,j and Gr‚,j

η are representations of sl2,
where ℓ acts as a raising operator. Furthermore, the map Grφ is a map of representations of sl2.
In particular, in order to check that it is injective for j ă d, it suffices to check that it is injective
when restricted to kerpℓj´2i`1 : Gri,j Ñ Grj´i`1,j

q for each i ď j{2.

If i ă j{2, then, using Proposition 4.9, we may replace M by M{ annM pℓj´2iq. By Lemma 4.5,
the result is still a Lefschetz module, and hence we may assume that j “ 2i. As in Section 4.3,
we have an identification of A-modules

à

i

kerpℓ : Gri,2i Ñ Gri`1,2i
q “ annM pℓq

L`

ℓM X annM pℓq
˘

.

Suppose we have x P kerpℓ : Gri,2i Ñ Gri`1,2i
q with i ă d{2. Then Grφpxq “ 0 if and only if x is

in the kernel of the map

annM pℓq
L`

ℓM X annM pℓq
˘

ÝÑ annMη pℓq
L`

ℓMη X annMη pℓq
˘

.

In other words, lifting x to x̃ P M , we have φpx̃q “ ℓ ¨ y for some y P M i´1
η . Using Poincaré

duality, we can identify Mηr´1s with ηM Ď M . Then this means that η ¨ x̃ “ η ¨ ℓ ¨ y in M i`1.
Since i ă d{2, by the hard Lefschetz property, this implies that x̃ “ ℓ ¨ y, so x vanishes in Gri,2i,
as required. □

From the definitions of the bilinear forms Q and Qη , we have the following compatibility.

Corollary 4.12. For all x1 P Gri,j and x2 P Grd´i´1,2d´j´2, we have

QηpGrφpx1q,Grφpx2qq “ Qpx1, η ˚ x2q.

5. RELATIVE HARD LEFSCHETZ PROPERTY AND RELATIVE HODGE–RIEMANN RELATIONS

In this section, we prove Theorem 1.7 (relative hard Lefschetz property) and Theorem 1.9
(relative Hodge–Riemann relations). The two statements are established simultaneously by in-
duction on the degree d of the Lefschetz module pM,Qq over pA,KAq.

Proposition 5.1. Suppose that Theorems 1.7 and 1.9 hold for every Lefschetz module of degree
at most d´ 1. Then, for every nonnegative j ď d and η P KA, the linear map

Gr‚,j
ÝÑ Gr‚`d´j,2d´j , x ÞÝÑ ηd´j ˚ x

is an isomorphism of vector spaces.

Proof. We first show that the map is injective. Choose some ℓ P KB . By Corollary 4.4, there are
sl2 actions on Gr‚,j and Gr‚`d´j,2d´j where ℓ acts as the raising operator, and ηd´j˚ is a map of
representations of sl2. In order to check that this map is injective, it suffices to check that it is
injective on kerpℓj´2i`1 : Gri,j Ñ Grj´i`1,j

q for each i ď j{2. If j “ d, then ηd´j˚ is the identity,
so we may assume that j ă d. Suppose we have some element

x P kerpGri,j
ℓj´2i`1

ÝÝÝÝÝÑ Grj´i`1,j
q X kerpGri,j

ηd´j
˚

ÝÝÝÝÑ Gri`d´j,2d´j
q.
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Let φ : M Ñ Mη “ M{ annM pηq be the quotient map, and let Grφ : Gr Ñ Grη be the associated
graded map in Proposition 4.11. By construction, we have

Grφpxq P kerpGri,jη
ℓj´2i`1

ÝÝÝÝÝÑ Grj´i`1,j
η q X kerpGri,jη

ηd´j
˚

ÝÝÝÝÑ Gri`d´j,2d´j
η q.

That is, Grφpxq lies in the pi, jq-th graded piece of the primitive part of Grη . By induction on the
degree d, we have

p´1qiQηpGrφpxq, ηd´j´1 ˚ ℓj´2i Grφpxqq ě 0,

with equality if and only if Grφpxq “ 0. By Corollary 4.12, we have

QηpGrφpxq, ηd´j´1 ˚ ℓj´2i Grφpxqq “ Qpx, ηd´j ˚ ℓj´2ixq “ 0,

so we get that Grφpxq “ 0. By the injectivity part of Proposition 4.11, it follows that x “ 0.

We have shown that ηd´j˚ is injective. Multiplying by ℓj´2i and using Corollary 4.4, we have
an injection

ηd´j ˚ ℓj´2i : Gri,j ãÑ Grd´i,2d´j .

By Proposition 4.8, dimGri,j “ dimGrd´i,2d´j , so this map is an isomorphism. This proves that
ηd´j˚ is an isomorphism. □

Once we know that the conclusion of Proposition 5.1 holds for a Lefschetz module M , we
may decompose Gr into primitive pieces as in (1.4).

Proposition 5.2. Suppose that Theorems 1.7 and 1.9 hold for every Lefschetz module of degree
at most d ´ 1. If pi, jq ­“ pd{2, dq, then, for any η P KA and any ℓ P KB , the symmetric bilinear
form on Gri,j defined by

px1, x2q ÞÝÑ p´1qiQpx1, η
d´j ˚ ℓj´2ix2q

is positive definite when restricted to Primi,j
η,ℓ.

Proof. Let x P Primi,j
η,ℓ be a nonzero element. First, suppose that j ă d. Then, by Proposition 4.11,

there is an injective map Grφ : Gri,j Ñ Gri,jη . We claim that Grφpxq remains primitive. Because
the map Grφ respects both the A-module structure and the B-module structure, it is clear that

ℓj´2i`1 Grφpxq “ 0.

We check that ηd´j ˚ Grφpxq “ 0, which holds if and only if ηd´j ˚ ℓj´2i Grφpxq “ 0 by
Corollary 4.4. Using Proposition 4.9, we may replace M with Mℓj´2i , and we can therefore
assume that j “ 2i. As noted in Section 4.3, we have an identification

N –
à

q

kerpℓ : Grq,2q Ñ Grq`1,2q
q “ annM pℓq

L`

ℓM X annM pℓq
˘

.

It then suffices to note that, if x lies inN i with ηd´2i`1˚x “ 0, then the image of x inN{ annN pηq

is annihilated by ηd´2i. Since Theorem 1.9 holds for Mη , we have

p´1qiQηpGrφpxq, ηd´j´1 ˚ ℓj´2i Grφpxqq ą 0.
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The result then follows from Corollary 4.12.

Now suppose that j “ d, but i ă d{2. By Proposition 4.9, we have an isomorphism

Grψ : Gri,d
»

ÝÑ Gri,d´1
ℓ .

Since this map respects both the A-module structure and the B-module structure, it is clear
that η ˚ Grψpxq “ 0. It follows from the description of the perverse filtration in (4.1) that
ℓj´2i Grψpxq “ 0, so Grψpxq is primitive. Since Theorem 1.9 holds for Mℓ, the result follows
from Corollary 4.10. □

We now consider the remaining primitive part Prim
d{2,d
η,ℓ in the case when d is even. Our

approach is to analyze the signature of the restriction of Q to Grd{2,‚. An alternative approach
to a similar problem is given in [dCM05, Section 5.4]. We begin by computing the signature of
the restriction of Q to Grd{2,‚.

Proposition 5.3. The signature of the restriction of Q to Grd{2,‚ is equal to

d{2
ÿ

i“0

p´1qipdimM i ´ dimM i´1q.

Proof. Let bj “ dimGrd{2,j . By Proposition 4.8, we have bj “ b2d´j . Choose a basis x1, x2, . . . , xr
for Md{2 such that

xrj´1`1, . . . , xrj P Pj XMd{2 for all j,

where r “ dimMd{2 and rj “
ř

eďj be. Then the images of xi form a basis for Grd{2,‚.

Let T be the symmetric matrix defined by Ts,t “ Qpxs, xtq, so that T represents the restriction
of Q to Md{2. The Hodge–Riemann relations imply that the signature of T is

d{2
ÿ

i“0

p´1qipdimM i ´ dimM i´1q.

We can decompose T into blocks, representing how different pieces of the perverse filtration pair
with each other. By Lemma 4.6, T vanishes northwest of the blocks along the main antidiagonal,
which represent the pairing of complementary pieces of the perverse filtration.

The matrix representing the restriction of Q to Grd{2,‚ is obtained by setting the entries in
the blocks below the antidiagonal to 0. In particular, Q has the same signature as Q, giving the
result. □

Suppose that d is even and that Theorems 1.7 and 1.9 hold for all Lefschetz modules of degree
at most d´ 1. Propositions 5.1 and 5.2 then give a decomposition

Grd{2,‚
“

à

jďd
iďj{2

à

sďd´j
tďj´2i

s`t“d{2´i

ηs ˚ ℓt Primi,j
η,ℓ .
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This decomposition is nearly orthogonal with respect to Q: we have

Qpηs ˚ ℓt Primi,j
η,ℓ, η

s1

˚ ℓt
1

Primi1,j1

η,ℓ q “ 0,

unless i “ i1, j “ j1, s ` s1 “ d ´ j, and t ` t1 “ j ´ 2i. We pair the summand ηs ˚ ℓt Primi,j
η,ℓ

with the complementary summand ηd´j´s ˚ ℓj´2i´t Primi,j
η,ℓ. Whenever these two summands

are distinct, the restriction of Q to their direct sum has a matrix of the form
˜

0 U

U t 0

¸

,

whose signature is zero. Thus, only the self-complementary summands can contribute to the
signature, and the signature of Q is the same as the signature of the restriction of Q to Grd{2,d.
The decomposition of Grd{2,d takes the simpler form

Grd{2,d
“

à

jďd even
iďj{2

ηpd´jq{2 ˚ ℓj{2´i Primi,j
η,ℓ .

The following identity compares the signatures of the two sides of this decomposition.

Lemma 5.4. We have

d{2
ÿ

i“0

p´1qipdimM i ´ dimM i´1q “
ÿ

jďd even
iďj{2

p´1qi dimPrimi,j
η,ℓ .

Proof. We decompose Gr as in (1.4) and compute the contribution to the left-hand side of the
terms associated to Primi,j

η,ℓ. For each p, the dimension of the sum of the pieces associated to
Primi,j

η,ℓ in Grp,‚ is dimPrimi,j
η,ℓ times the number of pairs ps, tq with s ` t “ p ´ i, 0 ď s ď d ´ j,

and 0 ď t ď j ´ 2i.

The number of such pairs is 0 for p ă i, increases by one when we increase p by one until
p reaches i ` minpd ´ j, j ´ 2iq, which happens for some p ď d{2, and then is constant until p
reaches d{2. Therefore, the contribution of the terms associated to Primi,j

η,ℓ is
ÿ

0ďqďminpd´j,j´2iq

p´1qi`q dimPrimi,j
η,ℓ .

Since d is even, d´ j and j ´ 2i both have the same parity as j, so this sum is 0 if j is odd and is
p´1qi dimPrimi,j

η,ℓ if j is even. □

We continue to assume that d is even and that Theorems 1.7 and 1.9 hold for every Lefschetz
module of degree at most d´ 1.

Proposition 5.5. For any η P KA and ℓ P KB , the restriction of p´1qd{2 Q to Prim
d{2,d
η,ℓ is positive

definite.



A DECOMPOSITION THEOREM FOR LEFSCHETZ MODULES 37

Proof. Let n be the signature of Q on Prim
d{2,d
η,ℓ . By Proposition 5.3 and Lemma 5.4, the signature

of Q on Grd{2,‚ is equal to

d{2
ÿ

i“0

p´1qipdimM i ´ dimM i´1q “
ÿ

jďd even
iďj{2

p´1qi dimPrimi,j
η,ℓ .

On the other hand, using Proposition 5.2 and the discussion above about the decomposition
being nearly orthogonal with respect to Q, the signature of Q on Grd{2,‚ is

n`
ÿ

jďd even
iďj{2

pi,jq­“pd{2,dq

p´1qi dimPrimi,j
η,ℓ .

Comparing these expressions shows that n “ p´1qd{2 dimPrim
d{2,d
η,ℓ . □

Proofs of Theorems 1.7 and 1.9. We induct on d. Both statements are trivial when d “ 0. If Theo-
rems 1.7 and 1.9 hold for all Lefschetz modules of degree at most d ´ 1, then Propositions 5.1,
5.2, and 5.5 imply that the conclusions of Theorem 1.7 and Theorem 1.9 hold for all η P KA. The
action of B1 Ď A1 on Gr is 0. Then the result follows, as η P KA{B if and only if there is b P B1

such that η ` b P KA. □

Proofs of Corollaries 1.10 and 1.11. It follows from Corollary 4.4 that Prim‚,j
η satisfies the hard Lef-

schetz property with respect to KB . Let Rj be the B-invariant symmetric bilinear form

Prim‚,j
η ˆPrim‚,j

η ÝÑ R, px1, x2q ÞÝÑ Qpx1, η
d´j ˚ x2q.

It follows from Theorem 1.7 and Proposition 4.8 that, for any nonnegative i ď j{2 and ℓ P KB ,
the symmetric bilinear pairing

Gri,j ˆGri,j ÝÑ R, px1, x2q ÞÑ Qpx1, η
d´j ˚ ℓj´2ix2q

is nondegenerate. Combined with the hard Lefschetz property of Prim‚,j
η , this implies Poincaré

duality for pPrim‚,j
η ,Rjq. The Hodge–Riemann relations for pPrim‚,j

η ,Rjq over pB,KBq follow
from Theorem 1.9.

Similarly, it follows from Theorem 1.7 and Corollary 4.4 that Prim‚,rks

ℓ satisfies the hard Lef-
schetz property with respect to KA{B . Let Rrks be the A-invariant symmetric bilinear pairing

Prim
‚,rks

ℓ ˆPrim
‚,rks

ℓ ÝÑ R, px1, x2q ÞÝÑ Qpx1, ℓ
kx2q.

Poincaré duality for pPrim
‚,rks

ℓ ,Rrksq follows from Theorem 1.7 and Proposition 4.8 as before,
and the Hodge–Riemann relations for pPrim

‚,rks

ℓ ,Rrksq over pA,KA{Bq follow from Theorem 1.9.
□
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6. PROOF OF THE DECOMPOSITION PACKAGE

In this section, we prove Theorem 1.12, from which Theorems 1.2, 1.3, 1.4, and 1.5 follow. Let
pA,KAq be as in Section 1. We first discuss some general properties of Lefschetz modules. We
write ModA for the category of finite-dimensional graded A-modules with degree-preserving
A-module homomorphisms. For a nonnegative integer d, let Ld

pKAq be the full subcategory
of ModA consisting of those M for which there is a real-valued A-invariant symmetric bilinear
form Q on M such that pM,Qq is a Lefschetz module of degree d over (A,KAq.

Proposition 6.1. Ld
pKAq is a semisimple abelian subcategory of ModA.

We record the following formal implications of Proposition 6.1:

(1) Any graded A-module summand of an object M in Ld
pKAq is an object of Ld

pKAq, as it is
the kernel of a graded A-module homomorphism M Ñ M .

(2) The kernel of any graded A-module homomorphism M Ñ N with M and N in Ld
pKAq is a

graded A-module summand of M .

(3) An object of Ld
pKAq is simple in Ld

pKAq if and only if it is indecomposable in ModA.

(4) Any gradedA-module homomorphism between two indecomposable gradedA-modules in
Ld

pKAq is either zero or an isomorphism.

For an object M of ModA, the graded dual M_ is the module
À

kPZpMkq˚rks, where pMkq˚

is the dual vector space to Mk. This is a graded A-module, with module structure given by
pa ¨ fqpmq “ fpa ¨mq.

Proof. We first show that Ld
pKAq is an abelian subcategory of ModA. Clearly, if pM1,Q1q and

pM2,Q2q are Lefschetz modules of degree d over pA,KAq, then pM1 ‘M2,Q1 ‘Q2q is a Lefschetz
module of degree d over pA,KAq.

We check that, if M and N are in Ld
pKAq, then the kernel of any graded A-module homo-

morphism φ : M Ñ N is in Ld
pKAq. Let K be the kernel of φ, and choose Q so that pM,Qq is a

Lefschetz module of degree d over pA,KAq. We claim that pK,Qq is a Lefschetz module of degree
d over pA,KAq. For this, it is enough to show that the restriction of Q to K is nondegenerate.
Indeed, this implies that dimKi “ dimKd´i for all i, and hence the hard Lefschetz property and
the Hodge–Riemann relations for pM,Qq imply those for pK,Qq. Let x be any nonzero element
of Ki, let c be the minimum of i and d´ i, and let η be any element of KA. By the hard Lefschetz
property of M with respect to η, we have the Lefschetz decomposition

x “ ηiy0 ` ηi´1y1 ` ¨ ¨ ¨ ` ηi´cyc,

where yj is an element of M j which is annihilated by ηd´2j`1. This gives

0 “ ηiφpy0q ` ηi´1φpy1q ` ¨ ¨ ¨ ` ηi´cφpycq,
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and the uniqueness of the Lefschetz decomposition of N with respect to η shows that yj P Kj

for all j. By the Hodge–Riemann relations for pM,Qq and the orthogonality of the primitive
Lefschetz summands of x with respect to η, for any nonzero yj , we have

Qpx, ηd´i´jyjq “

c
ÿ

k“0

Qpηi´kyk, η
d´i´jyjq “ Qpηi´jyj , η

d´i´jyjq “ Qpyj , η
d´2jyjq ‰ 0.

Since ηd´i´jyj is an element of Kd´i, this shows that the restriction of Q to K is nondegenerate.

We check that, if M and N are in Ld
pKAq, then the cokernel of any graded A-module homo-

morphism φ : M Ñ N is in Ld
pKAq. Choose Q and R so that pM,Qq and pN,Rq are Lefschetz

modules of degree d over pA,KAq. Using Poincaré duality for pM,Qq and pN,Rq, we may define
ψ : N Ñ M by the property that

Qpx, ψpyqq “ Rpφpxq, yq for all x P M and y P N .

Since Q and R are A-invariant, ψ is a graded A-module homomorphism. By the previous argu-
ment, the kernel of ψ is in Ld

pKAq. Since kerpψq_r´ds » kerpψq in ModA by Poincaré duality,
cokerpφq » kerpψq_r´ds is in Ld

pKAq.

We next show that Ld
pKAq is semisimple. It is enough to show that the kernel of any graded

A-module homomorphism φ : M Ñ N is a direct summand of M for any M and N in Ld
pKAq.

Choose Q so that pM,Qq is a Lefschetz module of degree d over pA,KAq. Let K be the kernel
of φ, and let KK be the orthogonal complement of K in M with respect to Q. Since Q is A-
invariant, KK is a graded A-submodule of M . By the previous argument, the restriction of Q to
K is nondegenerate, so M “ K ‘KK. □

Corollary 6.2. If M is an indecomposable graded A-module in Ld
pKAq, then there is an isomor-

phism of R-algebras
HomApM,Mq » R,C, or H.

If M and N are nonisomorphic indecomposable graded A-modules in Ld
pKAq, then

HomApM,Nq “ 0.

Corollary 6.2 implies that, for example, an indecomposable graded A-module in L2d
pKAq is

either 1-dimensional or has no nonzero socle in degree d.

Proof of Corollary 6.2. This follows from Schur’s lemma applied to Ld
pKAq, combined with Frobe-

nius’ theorem on finite-dimensional division algebras over R. □

For any M in ModA, consider the vector space SdM of all real-valued A-invariant symmetric
bilinear forms Q on M satisfying the degree orthogonality relations

QpM i,M jq “ 0 whenever i` j ‰ d.

Let Cd
M “ Cd

M pKAq be the subset of all Q in SdM such that pM,Qq is a Lefschetz module of degree
d over pA,KAq. Note that the Hodge–Riemann relations impose a convex condition on Q: If
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pM,Q1q and pM,Q2q satisfy the Hodge–Riemann relations with respect to KA, then so does
pM,Q1 ` Q2q. This implies that Cd

M is a convex cone in SdM .

Proposition 6.3. If M is an indecomposable graded A-module in Ld
pKAq, then dim SdM “ 1.

Proof. Note that, assuming Poincaré duality and the hard Lefschetz property for pM,Qq, the
validity of the Hodge–Riemann relations for pM,Qq is equivalent to the statement that, for any
nonnegative k ď d

2 , η P KA, and R P Cd
M , we have

signature
´

Qp´, ηd´2k´q : Mk ˆMk Ñ R
¯

“ signature
´

Rp´, ηd´2k´q : Mk ˆMk Ñ R
¯

.

The hard Lefschetz property depends only on the graded A-module structure of M . Therefore
a limit point Q of Cd

M lies in Cd
M if and only if Q satisfies Poincaré duality. This implies that Cd

M

is open.

Suppose that SdM has dimension larger than 1. In this case, since Cd
M X ´Cd

M “ ∅, there is a
nonzero Q in the closure of Cd

M but not in Cd
M .8 This Q must fail Poincaré duality, and it follows

that the graded A-module homomorphism

φ : M Ñ M_r´ds, x ÞÝÑ
`

y ÞÝÑ Qpx, yq
˘

is nonzero and has a nonzero kernel. Since M is in Ld
pKAq, there is an isomorphism of graded

A-modules M_r´ds » M . It follows from Proposition 6.1 that the kernel of φ is a nonzero
proper graded A-module summand of M , contradicting the indecomposability of M . □

We conclude the preliminary material with two simple facts relating Ld
pKAq for different

values of d.

Proposition 6.4. IfM P Ld
pKAq andM r´ks is nonnegatively graded, thenM r´ks P Ld`2k

pKAq.

Proof. If pM,Qq is a Lefschetz module of degree d over pA,KAq, then p´1qkQr´ks gives M r´ks

the structure of a Lefschetz module of degree d` 2k over pA,KAq. □

Proposition 6.5. If M is in Ld
pKAq and N is in Le

pKAq with d ă e, then

HomApM,Nq “ 0.

Proof. Let φ : M Ñ N be a graded A-module homomorphism. Let x be any nonzero element of
M i, let c be the minimum of i and d ´ i, and let η be any element of KA. By the hard Lefschetz
property of M with respect to η, we have the Lefschetz decomposition

x “ ηiy0 ` ηi´1y1 ` ¨ ¨ ¨ ` ηi´cyc,

where yj is an element ofM j annihilated by ηd´2j`1. Thus φpyjq is an element ofN j annihilated
by ηd´2j`1, and hence by ηe´2j . The hard Lefschetz property of N implies that φpyjq “ 0 for all
j, so we conclude that φpxq “ 0. □

8This is the step which fails in Examples 2.9 and 2.10 over Q. In those cases, all the rays in the boundary of the cone
Cd
M are irrational.
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Let pB,KBq and pC,KCq be as in Section 1. Recall that C is a graded B-subalgebra of A that
preserves the perverse filtration of M over B, so Gr has the structure of a graded C-module
such that Ck Gri,j Ď Gri`k,j .

Proposition 6.6. There is an isomorphism of graded C-modules M » Gr.

The proof follows an argument of Deligne [Del94] and produces a distinguished isomor-
phism for each η P KA{B . See [VdB04, dC13] for related discussions.

Proof. Choose η P KA{B , and set M0 – M . Using Theorem 1.7, we can produce a splitting of
the inclusion P0 ãÑ M0 by the composition

M0 M0 Gr‚,2d Gr‚,0
“ P0.

ηd pηd
q

´1

This gives a decomposition of graded C-modules

M0 “ P0 ‘M0,1 “ Gr‚,0
‘M0,1,

where M0,1 » M0{P0 is the kernel of the displayed composition. The perverse filtration on M0

induces a filtration on M0,1 whose associated graded is ‘2d
j“1 Gr‚,j . Using Theorem 1.7 again,

we can produce a splitting of M0,1 Ñ M0 Ñ Gr‚,2d by the composition

Gr‚,2d Gr‚,0 M0 M0 M0,1.
pηd

q
´1 ηd

This gives a decomposition of graded C-modules M0,1 » Gr‚,2d
‘M1, and hence

M0 » Gr‚,0
‘M0,1 » Gr‚,0

‘Gr‚,2d
‘M1, where M1 » P2d´1{P0.

The filtration on M0,1 induces a filtration on M1 whose associated graded is ‘
2d´1
j“1 Gr‚,j .

Suppose that, after r steps, we have constructed a C-module summand Mr of M with a
filtration whose associated graded is ‘

2d´r
j“r Gr‚,j . We use Theorem 1.7 to split Gr‚,r

Ñ Mr by

Mr M Mr Gr‚,2d´r Gr‚,r .
ηd´r pηd´r

q
´1

This gives a graded C-module decomposition

Mr “ Gr‚,r
‘Mr,r`1,

and the filtration on Mr induces a filtration on Mr,r`1 with associated graded ‘
2d´r
j“r`1 Gr‚,j .

Next we use Theorem 1.7 to split Mr,r`1 Ñ Gr‚,2d´r by

Gr‚,2d´r Gr‚,r Mr M Mr Mr,r`1.
pηd´r

q
´1 ηd´r

This gives a graded C-module decomposition

Mr,r`1 » Gr‚,2d´r
‘Mr`1,

and the filtration on Mr,r`1 induces a filtration on Mr`1 with associated graded ‘
2d´r´1
j“r`1 Gr‚,j .
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After the step r “ d ´ 1, the remaining summand is isomorphic to Gr‚,d. Combining these
decompositions gives a graded C-module isomorphism M » Gr. □

Proposition 6.6 and the decomposition of M in (1.5) give a graded C-module isomorphism

(6.1) Gr »
à

α

à

k

Lαr´ks‘µpα,kq.

We will compare this decomposition with the Lefschetz decomposition of Gr obtained from
Theorem 1.7: For any η P KA{B , we have an identification of graded C-modules

(6.2) Gr “
à

0ďjďd

à

0ďiďd´j

ηi ˚ Prim‚,j
η ,

where Prim‚,j
η is the kernel appearing in Corollary 1.10.

Proof of Theorem 1.12. We first check that the perverse filtration on M over B is the same as the
perverse filtration onM over the subalgebra of C generated by C1. The perverse filtration onM
over the subalgebra generated by C1 is the unique C1-stable filtration for which some element
of C1 satisfies the hard Lefschetz property on the associated graded. The perverse filtration on
M over B has this property.

By replacing B with the subalgebra of C generated by C1, we may assume that B1 “ C1 and
KB “ KC . Under this assumption, Corollary 1.10 states that Prim‚,j

η is in Lj
pKCq.

Comparing (6.1) and (6.2), we deduce from the Krull–Schmidt theorem for ModC that every
indecomposable graded C-module summand of M must appear as a summand of ηi ˚ Prim‚,j

η

for some i and j. By Theorem 1.7, we have

ηi ˚ Prim‚,j
η » Prim‚,j

η r´is in ModC .

Therefore, for each α, any summand Lαr´ks of M with the smallest possible k among those
with nonzero µpα, kq must be a summand of Prim‚,j

η for some j. Since Prim‚,j
η is in Lj

pKCq by
Corollary 1.10, it follows from Proposition 6.1 that Lαr´ks is in Lj

pKCq.

By Proposition 6.4, this means that Lα is in Lepαq
pKCq. In other words, there is a C-invariant

symmetric bilinear form Qα onLα satisfying the degree orthogonality relations such that pLα,Qαq

is a Lefschetz module of degree epαq over pC,KCq. Since Lα is indecomposable in ModC , Propo-
sition 6.3 applies, and this Qα is the uniqueC-invariant symmetric bilinear form onLα satisfying
the degree orthogonality relations, up to a nonzero real multiple. By Corollary 6.2, there is an
isomorphism of R-algebras

HomCpLα, Lαq » R,C, or H.

By the same token, if Lα and Lβ are not isomorphic in ModC and epαq “ epβq ` 2k, then

HomCpLα, Lβr´ksq “ 0.

By Proposition 6.5, if α “ β and k is positive, or if α ‰ β and epαq ă epβq ` 2k, then

HomCpLα, Lβr´ksq “ 0.
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This completes the proof. □

Theorems 1.2, 1.3, 1.4, and 1.5 follow from the case C “ B.
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[KK87] Masaki Kashiwara and Takahiro Kawai, The Poincaré lemma for variations of polarized Hodge structure, Publ.

Res. Inst. Math. Sci. 23 (1987), no. 2, 345–407. MR 890924 12, 22, 30
[Kle94] Steven L. Kleiman, The standard conjectures, Motives (Seattle, WA, 1991), Proc. Sympos. Pure Math., vol. 55,

Part 1, Amer. Math. Soc., Providence, RI, 1994, pp. 3–20. MR 1265519 21
[KS16] Eric Katz and Alan Stapledon, Local h-polynomials, invariants of subdivisions, and mixed Ehrhart theory, Adv.

Math. 286 (2016), 181–239. MR 3415684 19
[Laz04] Robert Lazarsfeld, Positivity in algebraic geometry. I, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3.

Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series.
A Series of Modern Surveys in Mathematics], vol. 48, Springer-Verlag, Berlin, 2004, Classical setting: line
bundles and linear series. MR 2095471 20

[LP26] Matt Larson and Ethan Partida, Hodge theory for combinatorial projective bundles, arXiv:2604.21925v1. 22
[LS25] Matt Larson and Alan Stapledon, Lefschetz properties of local face modules, Algebr. Comb. 8 (2025), no. 6,

1473–1491. MR 5011470 19
[LS26] , Positivity properties of Schur classes, in preparation. 7, 22



A DECOMPOSITION THEOREM FOR LEFSCHETZ MODULES 45

[LX17] Brian Lehmann and Jian Xiao, Correspondences between convex geometry and complex geometry, Épijournal
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